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Empowering Student Presentations

Susan NortorScott

Abstract: When | was a young student, | remember watching classmates solve math
homework problems on the chal kboard (Yes, | 6 m
have to sit through this when | already got the rigist ane r ? 0 My attention oft
during math class which for me, was often borivgars later, as a teacher of mathematics, |
recognized this same mindset in the facial expressions and lackluster energy of some students in
my classes. This realizatiomotivated me to experiment with new ways to develop
mathematical understanding, aiodlevise a method that thoroughly engages students. Using
the 5step method describédthis article st udents firun the classo ar

Agui de den ot he si

Ratherthai ocusi ng on t he_f

wayo t o sol vgoalfortheclasdid te
generate many different ways to solve the
problem, in the allotted amount of time.All
students participate, regardlegsvhether they
successfully sohathe problem at the start, or not.
was astonished when students generated four, fiv
or even six different solution approaches, some of

which never crossed my mind. My jaw dropped (6 Wﬁyﬁ\l
when the nurber of solution methods reached nine &

FIGURE 1.Students show they found

The dAwor | asdl! Teconomemorate their
six ways to solve the problem.

achievements, | took photos of the students with
fingers raised to indicate the number of solution methods. Behind the students is the board
covered with numbers, diagrams, and formiilkagir solution approaches.

| shared thisnethod with several elementary and middle school colleagues, many of
whom now use this technique to review homework and test performance. They reported that,
although it takes time to teach students to search for alternate solutions, this methodesydefini
worthwhile because of the consistently high levels of student engagement it engenders. One
teacher reported that when employing this technique, her principal stepped into the room to

JRATIM
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briefly observe the lesson. He stayed for the entire period! etestmared his positive

impressions with all other staff at the next faculty meeting, which embarrassed her, but in a good
way.

SETTING THE SCENE

Returning student work

Novemser 18, 2008
for Elementary and Midde

While correcting and recording results of math [’ CMWW 0 ‘

=

problem sets or tests, make no markshenpapers.

1A Time: 3 minutes
Whatis the value of the following?
55-11+44-22+33-33+22-44+11-55

N

Instead, record a fraction that shows the number of 3 Q
correct responses with no indicatiorvdfich problems T — :m; | 5 S.
were solved correctly. ( R g Ires
atentom) ¢ =

As well, circle one problem on each test or PR, - a %
homework assignment (Seegure2.) This is the 7-:w 3
problem that the student is assigned to present to the 7Wh ?§
class in collaboration with other students who are alst 7Hm ?\i
assigned that problem. To enable this activity, it is
important for students to have access to the scratch FIGURE Example of problem
paper they usd originally to work out the solution. selectedo be presented.
Assigning groups

| really enjoy the fAsoci al engineeringo as
pair a fismart studento who has an incorrect
have the corre@a n s we r . Or , I 61 | group a shy student
students with incorrect answers. Occasionally an entire group will discover that none of them has
the correct solution. (Manipulativesin 6t i t ?)

ABut what i f hkbepgobupmpiesentectl| y?0 you

bestpossible situation because it offers the richest teachable moments. Keep reading.
Preparation Time
Because the problems to be presented are circled on all papers, those with same number

will move to sit together. Ideally, there are no more than 5 students in each group.

V
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Once students are in a group, their job is to present the problem and its solution to the
class in such manner thedch person in the group shows part of the solution and all
studentsspeak.Typi cal ly the conversation starts with
sure at the start, but they have 10 minutes t

them unless the struggle seems overwhelming.

PRESENTING THE PROBLEM
Behavioral Expectations of the Audience and the Presenters

The audience must be silent during the presentation and look at the speakers.
Presenters need to stand straight and not lean on the board.

Speakers must speak loudly so all can hear.

Presenters ost record numbers and words on the board that are large enough for all to
see.

A Presenters do not to turn their backs to the class for more than a few seconds.

To To Do o

The 5 Action Steps for Group Presenters

1. " Who wants to read the probl em?590
The presentation gup gains the attention of classmates and then selects one student in
the class to read the problem aloud.

2. Presenting the Solution
Group members take turns showing their gro
a part to the solution. If someone do®t participate in the presentation for any reason,
that person is required to answer at least one question posed by classmates.

3. MAre there any questions?o
After a solution has been reached, group members open the floor and respond to peer
questions. It her e are no questions, | +Mbygidse my ha
qguestions, liken What do you think the most common i

oriwWhat vocabulary did you have to underst a

| f t he g onasunpodrect, Ismile to tnyself, sit back, and let the process unfold.
| remain silent during the incorrect solution presentation. At the conclusion, the student
audience is usually ready to let loose and critique. To do sonthstyphrase their

Agbectionsd in the form of questions (not a

JRATMN
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respectful, civil discourse, and avoids an
opportunity, classmates want to fAenlighten
to revise their solutiowithoutteacher participation. Itis a joy to observe students

engaged in this process. (Of course, | will ask probing questions to get them on the right

track, butonly if absolutely necessary.)

On one occasion, my students dellaover a single problem for three class periods! It

was both entertaining and frustrating to witness, but at the end of the year, students

reported that the exchange was the most memorable math experience they ever had.
4. ADid anyone doy?2d a different wa

After all questions have been answered about thg

groupds solution, the
input. If an audience member solved the proble
a different way, that student walks to the front of

the room, describes the alternate solution metho

and asks, fiDoes anyone il ons?
Hint: It helps to use markers of different colors

for each method in order to focus on the 8 WayS!

commonalities and differences in approaches. FIGURE 3.Students show they found

l'tds also helpful to eigrhtrwfaysto rsolvgtheiprroblerm.r il es

employed, as for examplmake an organized list, draw a diagraamdwork backwards

The guestion is repeated again and again until no new methods are suggested. (The

teacher is welcome to contribute too.)

Looking for alternate ways to solve problems starts to become amtibthe students. It
is not uncommon for other classes in the school to try to break the classroom record for

the greatest number of solution methods.

Not all problems | end themselves to differ

been surprisd at the variety of ways students think about how to solve problems.

Arizona Association of Teachers of Mathematics
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5. AWhich group wants to go next?0
This is the transition question, to get another group to present a different problem.
Sometimes | need to remind students to mark their own papemsyswithknow which
problems they got right and which they got

correct
REFLECTION

At the end of the cl ass, | ask students to
of paper, and inone sentence,stammi ze a tip theydd | i ke to reme

be:

A A reminder to continue to do something that workedi Dou bl e check my arit
AAreminderto avoid apitfall " Read t he question slowly and c
ADondét f or g e tofidormation (tfi @nad ips emceet a pri me numbe
AA note about presenting more effectivglyi Tal k | ouder and stand up

AA prompt about their attitude. (AThe first
be over confident. Try solvingite pr obl em anot her way. 0)

RESOURCES

Below are four problems that lend themselves particularly well to being solved in a
variety of ways. (They were the genesis of the three photos in this article.) You might consider
Inserting one or more of these intpr@ablem set you already use.

1. Emma has 4 more quarters than nickels. The total value of her coins is $3.10. How
many nickels does Emma have?

2. Aaron, Becky, and Chris are wearing different color shirts. One is red, one is yellow, and
one is white, thoughot necessarily in that order. Aaron is not wearing the yellow shirt.
Becky says to Chriég, What i &kel gouirs wBeéd¢ly sWwe

3. The Patriots and the Giants played football. The sum of their two game scores was 44.
The Patriots bedhe Giants by 20 points. How many points did the Patriots score?

4. Peter has one of each of the following coins in his pocket: a penny, a nickel, a dime, a
guarter, and a hatlollar. Without looking, he takes four of these coins out of his pocket,
and @lculates their total value. How many different total amounts of money are

possible?

Arizona Association of Teachers of Mathematics
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These problems came from the Math Olympiads for Elementary Students program, at

www.moems.org Similar problems are available fnothe MOEMS website, under tkéeneral

Informationt ab: A Sampl eso and fAiProblem of the Month

FINAL THOUGHTS

There are a couple of additional benefits to
empowering students to give presentations. Students
often explain and connect critical concepts in a
different way than | would (often more effectively).
Watching my students Ateachbo
di verse ways that my student ¢
humbled after hearing some surprisingly intense and

sophisticated exchanges about mathematics

Working effectively in groups is another
FIGURE 4.Students show they found critical skill that students need to practice. As future
nine waydo solve the problem. employees, students will rarely get to choose with
whom they work. Regardless of career choices, students will need to communicate their ideas
clearly andconvincingly to others who may or may not agree with them. The process described
in this article provides a safe opportunity for students to refine their communication and debate
skills.

| sometimes wonder what would have happened had my own math sesxtbgrated
social interactions with math more effectively. Certainly, my attitude would have improved and
perhaps my academic performance would have been more noteworthy. However, without my
OwWnN poor experiences as a young math student, | would netidesan motivated to develop a
new way to engage students in the study of mathematics. My feelings are in concert with Guy
Gavi el Kayb6s obsTgana atiiThrerien almies nmowelong tur ni
no known we wer e nmRainng tao fvpadikde dnl 9t19M0e si deo
studemdr i ven classroom of energetic youngsters w

child, but it has certainly been a rewarding one.

Arizona Association of Teachers of Mathematics
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Reference
Kay, G. G. (1990)Tigana London, England: Viking

As a teacher of elementary music and gifted students, Sue Nectihwas

always innovative. While coaching a Math Olympiad team, she developed
AEmpowering Student Presentations, 0 a s
numerous pathways to findjrand presenting solutiondlow retired from thirty

years of teaching in the Mesa Public Schools, she is a popular presenter at math
conferences in Arizona. When not teaching for Rio Salado Colegemnay find her

participating in the local art and masicenes Always a teacher at heart, she offers interesting,

unusual, and insightful approaches to actively engaging students in the classroom.
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Recognizing the nAnWholeo i n F|

Henry Borenson

Abstract It is important for teacherstounderand t he reasoning behin
solution, even if at first glance the solution seems incorrect. Indeed, the solution may reveal an
alternative, but valid, reading of the problem, and a correct solution to that reading. In this article
the authorconsder s a studentés solution to a fractio
the whole to be a composite quantity. This led the author to wonder if elementary students could
successfully deal with problems in which the whole is a composite quantigxgeriment
conducted with a fifth grade class suggests that students may have little exposure to such

problems.

Why Understanding Unexpected Solutions Is Important

In an eighthgrade class | presented a picture of a parallelogram and asked the students
what they could tell me about the opposite angles. Alyson, an average student, volunteered that
they were equal. I t h e nBecausktleey arehatiennates ihtexior knglesw. S
of parallel 1lines. 0 Thi sHowooulgpshe sayesometimieg.likeMy f i r
this?But | put that aside and simply asked if she could explain what she meant.

Herebs what Alyson sai d: Alf you roll over
then those opposite angles become alternate intenog | es of paral |l el l i nes
After all, this class was not studying solid geometry, and yet Alyson wanted to take the
parallelogram into three dimensions and form a cylinder. | noticed that other students began to
smile. Thenlheardexclaat i ons from various students: MnAYea
right! o Soon it seemed as though the entire ¢
And 1, the teacher of this average class, was trying to catch up.

The thing that remained #his point was to carry out the experiment. A student drew a
large parallelogram on a piece of paper and then cut it out using scissors. The moment of truth
arrived. We rolled the figure to make a tube, and there it was: The opposite angles of thk origin

parallelogram did indeed create alternate interior angles of parallel lines.

Arizona Association of Teachers of Mathematics



Reurn to TOC

FIGURE 1.0pposite angles of the rolled parallelogram become alternate interior angles
of parallel lines when the form is folded into a cylinder.

Fortunately, by this poirih my teaching career, | had developed the habit of inquiring
into the thinking behind students6 responses
surface, appeared to be wrong. In many cases | discovered that students corrected their own
errors as they attempted to verbalize their reasoning. In other cases, such as the example above, |
was pleasantly surprised by a new mathematical insight coming from a student.

The instance above came to mind recently when | read an article in the jdeatiing
Children Mathematicdyy Pitsolantis and Osana (2013) about the teaching of fractions. | was
particularly intrigued by t hetisixthshbiachoewktei on of

cake and Steven ate thrsi@ths of a strawberry cake.Hawuch of a cake was ea:
Michelle, a sixth grade student, came up with the answerafd provided the picture and

explanation shown in Figure 2.
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Michelle's initial reasoning is common and probably stems
from misapplying whole-number knowledge to addition with
fractions (Ni and Zhou 2005}

{a) Her explanation and symbolic procedure pointed to a lack
of understanding of both fraction concepts and the procedures
used to add fractions.

Alexa ate two-sixths of a chocolate cake, and Steven ate three-sixth of a
strawberry cake. How much of a cake was eaten altogether?

wWe bhove Yo add them up S She ote 3
ord he ofe 3 g0 Hals _% because I

i
Compined H cakeS loecause. s 13 cirer
Al fogether when Yo Odd Hhevn,

FIGURE2Mi chel |l eds solution t owithpgeenissioa ke pr obl e

Theas hors commented about this solution that
across both the numerators and denominators to get her answercof They went on t o

explanation and her symbolic procedure point to a lack of understanding difamitn
concepts and procedures used to add fractions
Keeping in mind Alysond6s unusual but corre
angles of a parallelogram, | decided to exami
another w of looking at her thinking.
First, | looked at her drawing. | noticed that the two original circles, representing the

chocolate cake and the strawberry cake are equal in size to each other but are smaller than the

Acombi ned cakeo tehexplanation.e also eoficedrtratrthe &astioa notedh

in reference to the smaller chocolate cakfer the smaller strawberry cake, ardfor the

combined larger cake.
We can express her thinking mathematically: If we consider theinethbake as the
whole and each smaller cake as half of the whole, then her equation reads as follows:
cp 0Op v

oc vc pc’

Arizona Association of Teachers of Mathematics
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This is clearly a true statement because:
C

o v
PC PG PG

We might wonder what prompted Michelledombineboth cakes. We are not able to ask
Michelle, but we can make an educated guess that the lack of clarity in the statement of the
problem |l ed her in that dir eadakewoans. €lahtee rp rtodd eet
The phrase fa cMickeldedto corclgde that theacake was end formed by
adding the two smaller chocolate and strawberry cakes together. This larger, combined cake
would consist of the six slices from each of the two smaller cakes, or a total of 12 slices.

From this point oWiew, a different perspective emergesof Mitked s abi | ity t o
understand and work with fractions. We can no longer say, as Pitsolantis and Osana concluded,
that she does not wunderstand Afraction concep
surface it may appear as if Michelle is adding fractions by adding across the numerators and the
denominators, but a closer examination of her equation, diagram, and explanation reveals

otherwise.

Will the Real AWholedo Please Stand Up

After going throughthetho v e anal ysi s odfwhMirceh etlhlee éfisw hsool | euc
neither of the given cakésbut rather a composite quantity, the question arose in my mind
whether elementary school students would be successful with a problem specifically structured
so that the Wwole would be a composite quantity. | found a private school in New Jersey that
provided me with a fiftlgrade class willing to participate in a fractions lesson through a webinar
because at the time | was not available for an actual classroom visit.

Fromprior experience | had found the use of pattern blocks to be a powerful tool for
working with fractions. Consequently each student was given a pattefnblocks for our
lesson (see Figur®. First, | verified that the students could recognize theevafihe fractional
pattern blocks, considering the yellow as the whole. The red block is a half, the blue block is a

third, and the green block is a sixth.

Arizona Association of Teachers of Mathematics
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FIGURE 3.Pattern Blocks

Together we noted that two green blocks were equal to one blue block and that

three green blocks were equal to one red bleck - . Finally, | verified that they could add

fractional parts of the same whole.

Next, I posed t hTée WymanlEleovic @ogpapyrwaskgbirey through
tough financal times. Mr. Carson, one of the engineers at the Wyman Electric Company,
normally gets $600 a month salary. However, due to the financial difficulties, the company could

only pay him- of his wages in January an@f his wages in February. Altether, what fraction

of his regular wages did Mr. Carson receive
The students were encouraged to work in groups of two or three and were given five

minutes to come up with a solution and an explanation. Without exception, allstfitkeats in

the class added the given fractions to get the answer ofnterestingly, even the four groups

of students who calculated the total salary earned for both months at only $700 (instead of the
usual $1200), still had- as the answenot recognizing that their answer was greater than the
whole, whereas Mr. Carson earned less than his regular salary for these two months.

One group of students displayed the fractienas well ap -, apparently not able to reconcile

the two (ge Figured).

f
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3. The Wyman Electric Company was going through tough financial times. Mr. Carson, one
of the engineers at the Wyman Electric Company, normally gets $600 a month salary.

However, due to the financial difficulties, the company could only pay him gof his wages

in January and iof his wages in February. Altogether, what fraction of his regular wages
did Mr. Carson receive for these two months? (5 minutes)

i ‘/6

5 G - ‘f '% of ‘;?'}J.}b ;'-”."”']’r 00

-.‘;

700 moa =7/py

(RS f ¥
reos of Uoa 5t 200

FIGURE 4 A group of three students were not able
to reconcile their answers of- and—.

Regarding this problem, the onsteordinator, Daniel Jayepmmented:
As Icirculated among the students, they all showed me - and

asked me if that was correct. | pointed to the equation that they wrote and said,
AYes, this equation is correct. o However,
to the verbal problem. Instead they were only focused on the fractionozadaitd
not the feasibility of their answer. Those few students who calculated each
mont hés salary were able to see that Mr. C
and $300 the second month. Thus, they could more easily see that he earned a
total of $700 oubf a possible $1,200. However, they still gave the wrong answer
because they could not reconcile how the fraction addition could be wrong.
The studentsd inclination to rush throu
thinking about it resulted in all of them gig the wrong answer. However, when
they were advised to use the pattern blocks (after getting the wrong answer), there
was the Eureka moment when many of them realized they needed to consider both
months and use two yellow blocks to represent the wiBylglacing the two blue
blocks p¥o each) on one yellow block and a red blogKq) on the other yellow
block, it became clear that they had covex@d cof total area(see Figure 5)

Hence, over the course of the two months, Mr. Carson recgiKgedof his

PRATIVIN
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normal salary. There was a palpable sense of relief when this understanding was
confirmed bythe instructor Finally, those who did the monetary calculation had

an answer that matched the pattern block answer.

FIGURE5. This model enabled the fiftirade students to realize that
Mr. Carson received onky of this normal salary over two months

The result of this teaching experiment suggests that elementary school students may not
have sufficient exposure to problems where the whole is a compbgiteen quantities. The
eventual success of the students in this instance further indicates that they can benefit from

exposure to such problems.
Following are four additional problems that a teacher might provide to his or her

elementary school studentshelp them recognize the real whole. The visual nature of the

pattern blocks can be helpful in solving these problems.

1. In the problem with Mr. Carson, in the third month he received his normal salary. What
fraction of his normal salary did he receiverh January through March?

2. Fromc¢ - cups of yogurt, bw manyservings measuringcupcan you prepafeHow
much yogurt igeft?

3. Howmuchis- ¢-

What is the whole in this problem?

4. Ramon has a collection consisting of two jars of marlid@sh jar has 60 marbles. In one
jar he has 50 yellow marbles. In the other one he has 10 yellow marbles. What fraction of

his collection are yellow marbles?

Arizona Association of Teachers of Mathematics
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In summary, it is important for teachers to understand the reasoning behind student
solutions,even if at first glance the solution seems incorrect. In some instances, the teacher will
be pleasantly surprised by a new mathematical insight coming from the student. In other cases,
understanding the student 0s rrebkerssdospenifgallc an | ea
target a focus area, such as determining Athe

composite quantity.

A note of thanks:
| would like to thank the Solomon Schechter Day School of Bergen County, New Jersey,

and its chiefacademic officer, Daniel Jaye, for providing the class for this study.
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Why You Never Win the Lottery

Brian Beaudrie

Abstract Being quantitativelyiterate means more than being able to calculate.
guantitatively literate persaimderstandaumbers in cotext, is able to ke inferences about
relationships among numbeendcancommunicate effectively with numberggardless of their
magnitudes. B contrast, few people understand and can work with very large or very small
numbersThi s article presents activities designed
very large and very small numbers. The activities involvelifeatontexts, intuding the U.S.
national debt (a very large number) and the probability of winning the Powerball® Lottery (a

very small number).

Introduction
Although many politicians and educators speak of enstlraigtudents in our schools
are Aquantt da,d itvlediyr lideeasa of what @Abeing quar
miss the mark. As pointed out by University of Delaware Sociology professor Joel Best (2008),
AfBecause mathematics instruction i dororganized
guantitative literacy tend to assume that students are not sufficiently adept as calculators, and
that they need to be@égelp) t heir calculating s
Being quantitatively literate isot about becoming betteuman calculat@a A
guantitaively literate person understaswumbers in their contextand how they relate to other
numbers in the same contextheyunderstand the importance ofiamber as it relates to the
situation under study, make inferences about the situation, and coratewsfiectively with
numbers. Quantitativiiierate people are able to use numbers to seladife problems and to
make informed decisionsAs stated ilMMathematics and Democracy: The case for Quantitative
Literacy(Steen, 2001 Qu a nt i t até ditizeasinged o knowermore than formulas and
equations. They need a predisposition to look at the world through mathematical eyes, to see the
benefits (and risks) of thinking quantitatively about commonplace issues, and to approach
complex problems wiht confidence in the value of careful reasoning. Quantitative literacy

empowers people by giving them tools to think for themselves, to ask intelligent questions of

Arizona Association of Teachers of Mathematics
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experts, and to confront authority confidently. These are skills required to thrive iodeem
wo r |(Rhge@)

The importance for people to be quantitatively literate cannot be overstated. Our society
has become increasingijumbers drivedover the last half centuryVe are constantly
bombarded with data and statistics throughous meda (TV, radio, Interngt Possessing
guantitative abilities as those described above will allow people to make sense of these numbers,
function at a higher level in everyday life, understand more about the,\wwaddverall, tdhave
a higher quality of fie ard a higher standard of living.

How large is large? How small is small?

One aspect of being quantitatively literate is the ability to understand very large and very
small number s. I n general, people @&msas fairly
these are usually values they have gained familiarity with over their lifetif@sexample
most people would recognize ttg for a gallon of gasoline would be a bargain, wiigor
the same gallon would expensive. @ if told they were boutto mees o me o nethey 6 t al | ,
would have a good sensethie persoa s appr oxi mate height.

Very Large Numbers

The activity that follows, An Introduction to Very Large Numbers, will provide students
withfi b e n c homawakyss of r e al ilianis noghpared tawonb billgpn, bow big t r i |
one billion is compared to one millipand so on For most students, these numbers (million,
billion, trillion) have no contextual meaningy Bsing the examplés this activity, students are

ableto give those smbers some context.

Activity: An Introduction to Very Large Numbers
Directions: Read each question (in bold) aloud, or put in a PowerPoint presentation.

Havestudents estimatenawers to each of trguestions. #er eachquestion give the answer
(provided in itaics), and ask any of the follewp questions, ippropriate, omodify as needed.
Note that the followup questions may be used at any time.
Question: How long ago wa one thousand secondq26 minutes, forty seconds apo

Follow-up Questions:What were you doing one thousand seconds ago? Two

thousand seconds ago? About how many thousands of seconds have passed since the

school day began today?
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Question: How long agowas one million seconds®{11 days, 13 hours 46 minutes and 40
seconds ago Note: You should calculate approximatetshen this occurred, based
on the day/time you give this question to the students
Follow-up Questions:How many million seconds have gasl since the beginning
of the month? Of the year? Since the beginning of the school year?

Question: How long ago was one billion second¢Rpproximately 31 and orlealf years As
of the writing of this document iRebruary 2014one billion seconds agecurred in
June of 1982, sadjust as necessary).

Follow-up Questions:Are you a billion seconds old? Do you know someone who
is? Do you know someone who is two billion seconds old? Three billion seconds
old? Approximately how many billioseconds al is our state? @ country?
Question: How long ago was one trillion secondsfOne trillion seconds would take
approximately 31,688 years. That would have been around 29,675 B.C., which is
roughly 24,000 years before the earliest civilizations in Egypt Mesopotamia
began to take shape
Follow-up Questions:Were you surprised by the size of the difference between one
million seconds and one billion seconds? Between one billion seconds and one
trillion seconds?
Once students begin to develop this eafityou may be able to introduce the following
guestions. Have your students estimate the answers to each question in bold, then have them
calculate the answeusing calculators when needed. Answers are in italics.
Question 1: Youbov dollarsl siowewsrothe ruesirequina that You lave
to spend it all in one year. About how much do you have to spend eaday?
(About $2739.73 per day

Question2: Suppose you won one billion dollars instead of one million dollars, under the
same rules. Now about how much do you need tepend eachday? (About
$2,739,726.03 per day

Introduction to question 350 tohttp://www/usdebtclock.orgnd look up th&J. S. national debt.

Share this number with your serts. For example, as of February
10, 2014 at 11:15am Mountain Time, the national debt was
$17,322,969,722,000.

ATV
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Question3: Say this number doud. (Seventeen trillion, three hundred twehiyo billion, nine
hundred sixtynine million, seven hundred twerttyo dollars).How large is this
number compared to thenumbers in the previous activity? (Answers will vary.)

Introduction to @estion 4Go tohttp://www.census.gov/popclocihd look up the population

of the United States. The population of the United Stabess
317510,9700n February 102014.

Question 4: How much would each persomn the country have to payin order to pay off

the national debt? (For the numbers above, the answer would be $54,558.65

Question 5:If our country paid back one billion dollars per day, starting today, without
adding any more debt and without incurring interest, when would the debt be
paid off? (Using the value above, it would take almost 17,323 days. From
February 10, P14 that would be June 15, 20p1.

Question 6:How much money per second would take to pay off the del in one year?
(Using 365 days for one year, $549,307Awauld have to be paid each second to
eliminate the debt in one year.)

Question 7: The Gross Dorastic Product (GDP) of any state is the total monetary amount
of all goods and serviceproduced in that state in a given year.ln Arizona, the
2012GDP was$230,641,000,000 (According to the U.S. Bureau of Economic
Analysis). Suppose Arizona decided tdonate itsentire GDP to paying off the
national debt. How long would it take? (It would takealittle over 75 years.
This answer assumes the GDP of AZ remains constant, and like the other questions,

the US debt doesnot i ncrease or accrue

Very Small Numbers
Theactivity presented belowrill help students understand a very small numbbee,

probability of winning the Powerb@ lottery jackpot. Simply looking at therobability

— giveslittletononder st andi ng dlbwevelthss agiistyhaslpriovere s s .

inmanycasestpr ovi de t he O6benchmarkd. students need
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Activity: Why You Never Win the Lottery
Beginthe first part of the activity bgxplaininghow the Powerball® lottery workdf
the clas is sufficiently advanced, you coutdve them calculatine probabilitthemselves
which ishow the activity is presented.rot, you carskip the first part of the activity argive
them the probability of winninghenhave themdsuss how fAsmall 0 they bel
is.
The remainder of the activity involves taking a road trip fromdPho Anyone who has
been on a road trip realizes how long it takes to drive a great distance. In this particular scenario,
the distance is 175,223,510 inch@sice studentsealizethatthe probability of winning the
lottery is equal to one inch of distee on this road trip (one possible answer is from Phoenix to
Augusta, Maing)they will begin to grasp how small their chanaesof winning the lottery
1. The Powerball® lottery is a game that costs $2.00 to play. For your two dollars, you get
five numbers (from a group of 59 numbers) and another number (called the
APowerball 6) from a separate group of 35 nun
match all five numbers and the Powerba®. What is the probability of this actually
occurring?
a) To calculate,sekct the correct choice The order in which the first five numbers are
selected (doesdoes nof matter. Therefore, the Powerball®lottery is a
(combination permutation).
by Using the correct formula, first determine
numbers from the group of 59 numbers. Write your work below.(There are
5,006,386 ways to choose 5 numbers from 59 numbers.)
c) Each one of those possible ways (the answer from (b) above) can be matched with
any of the 35 Powerball® numbers. So, to find the totalmmb er of possi bl e
to pick numbers for the Powerball® lottery, multiply your answer above by 35.
Write that solution below.( Ther e are 175,223,510 wayséin
many distinct Powerball® tickets are possible.)

d) The probability you will win the Powerball® lottery jackpot is:

pXwchop
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2. Thatprobability is a very smal.l number (convel
very large number), and it is difficult to get a feel for exactly how small (or large) the
number is. So, l&ds try this demonstration: Suppose yowre in Phoenix and decide to
drive north and east. You decide to drive a distance of 175,223,510 inches.
a) How many miles is that?(Approximately 2,765.5 miles.)
b) Approximately, where will you end up? (List a few posibilities) (Using Yahoo! Maps,
Portland, Maine is 2746 miles; Augusta, Maine is 2801 miles; and Quebec City, Quebec
is 2693 miles. Answers will vary.)
c) In that entire distance travelled, what would be an equivalent representation of the

winning Powerball® lottery ticket? (One inch of road from Phoenix to the destinadion.

3. Suppose on this trip you averaged 65 miles per hour. How long would it take you to

drive to your destination? (About 42.5 hours of driving time.)

4. Do these problems help you understand/hat the actual numerical probability,

— means? Explain your thoughts belowm(Answers will vary)

Many years ago, after presenting this\att at a onference, one of the participants
remarked divNcan finally explain to my husband why buyingl@fieryticketsrea | v doesndt
hel p al | Thiswag a fantastidobservation. Althoymlrchasing 20 tickets changes
the probability of winning fom approximately 1 in 175 million to approximately 1 in 9 million,
which seems like majorchange, in Arealityo i20inchesoftohde equi
between Phoenix and Augusta instead of one!
Conclusion
This article loolks at one aspect difeing numerate: the ability to contextualize very small
or very large numberdn these days of standardized testiigs concept could be easily
overlooked. However, t s h loguas tdesetexamples hopefully point olmt struggling to
understandery large or small numbergeoplemay make decisions that aret in their best
interess. Becoming more quantitatively literate will allow our students to make better choices
for themselves. As pointed out by Davidson and McKinney (2601),n o rmationiriand o

some might say informatieoverloaded society, QR [quantitative reasoning] skills are
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especially important. We may no longer need to perform quantitative calculations by hand, but

we do need to interpret them and judge their accuracy ancheddspess. Few people are

trained to work with complex mathematical concepts, but all educated citizens should be able to
understand mathematics wel |l enough to devel op
(Page 1)
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Grade 6 Students Knowledge of Measurement

Concepts of Area and Perimeter
Carol Findell

Abstract: Although identified by the Common Core StandardMathematics as key
ideas for exploration by grade 3 students, it is the case that grade 6 students have shown minimal
understanding of measurements formulas and their applications to the solution of challenging
problems. To assess understanding of pganmand area, an assessment instrument was designed
and administered to grade 6 students. In this article, the instrument and results of assessment are

described.

TheCommon Core State Standards for MathemdhiSA & CCSSO, 2010) expethat
by the end ofjrade 3, students understand the concept of area and can relate area to
multiplication. They should recognize perimeter as an attribute of plane figures and its
relationship to addition. And they should be able to distinguish between linear and area
measues. These ideas are not identified in the standards for later grades with the exateption
grade 5 in which students are expected to be able to convert from square feet to square inches
when figuring the area of a surface.

To determine if students have stered these measurement ideas, dtesm assessment
tool was designed and administered to about 1000 grade 6 students. In the sections that follow,
the assessment instrument is described, along with a discussion of results by prolslem. Th
article concldes with a brief discussion and recommendations, followed by answers to the

assessment items with percentages of students who correctly solved each.

Measurement Assessment
Of the six items in the assessment, two are multiple choice, two require shogtgns
and two have multiple sufpuestions. Most students completed the assessment in 40 minutes or

less.



Reurn to TOC

Measurement Assessment for Grade 6
The diagrams in this assessment are not drawn to scalaclude appropriate units with
every answer on this assessnt.

1. Which is the best estimate for the area of the floor of a typical classroom for 25 students?
Show or explain your answer.

a) 700 feet b) 700 square feet c) 700 cubic feet d) 700 yards e) 700 square yards

2. a) What is the area of this plground? Playground

Show or explain your answer. -

b) What is the perimeter of this playground?
Show or explain your answer.

80 ft
c) One bag of grass seed covers 500 square feet. &0 ft

How many bags of grass seed must you buy to
cover the playground?
Show or explain yor answer. 30 ft

3. The base of a rectangle is 16 cm.
The perineter of the rectangle is 40 cm.
What is the area of the rectangl&how or explain your answer.

4. This figure is made from five congruent squares.
The perimeter of the figure is 120 cm.
What is he area of the figure in sq. cm?
Show or explain your answer.

a)5sg.cm b)50sg.cm c) 24sqgecm d) 500 sg. cm e) 600 sg. cm

5. Jo has three squares. Each square has side lengths of 4 inches.
Ana has one square with side lengths of 1 foot.

a) Comute the sum of the areas of Jobs square
b) Compute the area of Anads square. Show or

c) Which has the greater area? Show or explain your answer.

Arizona Association of Teachers of Mathematics
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6. The square contains two smaller squares, A and B, wids arfe
16 square meters and 9 square metsggectively
What is the perimeter of the shaded region in number of met
Show or explain your answer. B

Results
In general, the majority of students did not recall that area is measured in square units

(the total number of ormenit squares to cover a figure), and that perimeter describes the distance
around a figure and is measured in linear units. Students also had difficulty calculating areas and
perimeters of nomectangular polygons. Results and comtaday problem, follow.

Problem 1: Estimating the floor area of a typical classroom was answered correctly by

slightly more than half the students, but less than 25% could describe their reasoning.

Problem 2: Calculating the area and perimeter of an irragpblygon was problematic for

many students. Fewer than 25% calculated the area correctly. Only 5% could figure out the

perimeter. Only 10% determined the correct numbers of bags of grass seed needed.

Problem 3: Computing the area of a rectangle giverpgsimeter and base length was solved

by 25% of the students. Only 25% could describe their reasoning, and only 20% gave correct

units.

Problem4:St udent s were given the perimeter of t

squares and had to calculate theaaof the shape. Only 25% solved this problem correctly

and only a third of those with correct solutions could describe their reasoning.

Problem 5: This threepart problem required students to calculate the areas of several

squares given information ababe side lengths of each, and then compare their area

measures. About 33% correctly computed the areas. Hoybkearast majority of students

did not recognize that to compare areas, the areas needed to use the same measurement units.

Most students did rigecall that 1 square foot is 144 square inches.

Problem 6: The final problem, to compute the perimeter of an irregular shape formed from

two squares embedded in a larger square, was solved by only 4% of the students.

Conclusion
The wakeup call fromth s assessment is that studentsé

have not been sufficiently robust or demanding to ensure understanding and recall. To enhance
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understanding of concepts of area and perimeter, students must be presented with a variety of
plane gometric figures, including both those that are concave as well as convex. In any
measurement activity, numerical solutions must be labeled with the appropriate units. Without
common units, perimeters and areas cannot be compared. The latter requatesi¢émis be able

to convert among measurement units, as illustrated above with the 1 square foot.

Solutions to the Measurement Assessment

Note that all problems were scored one point for the correct answer as well as one point
for the correct usage ofeasurement units. For explanations, 1 or 2 points were awarded.
Percentages indicate the number of students who correctly solved each problem, as compared to

the total number of students who responded to each problem.

1. Answer (b): 62.5% ; Explanationggare units and 700 square yards is too large) 12%

2.a. Answer: (10,200 square feet) 12%30B60t s:
10,200) 26%
b. Answer (580 feet) 5%; Units: (feet) 50%; Explanation: {2(150 + 80 + 60) = 580}40%
c. Answer:(21 bags) 10%; Units: (bags) 50%; Explanation: (10,200 + 500 = 20 2/5. So, 21 bags are
neededpP9%

3. Answer: (64 square cm) 24%; Units: (square cm) 20%; Explanation: (Perimeter is 40 cm so each
pair of adjacent sides adds to 20. So side lengths are 16cmdnc m. Area i s 16A4
23%

4. Answer: (d, 500 square cm) 24; Explanation: (The perimeter is composed of 3 congruent
sides of 4 squares, for a total of 12 congruent sides. So each side is 120+12, or 10 cm. The
area of each square is? 100 sjuare cm, and the sum of the areas of the five squares is
500 square cm.) 33%

5. a. Answer: (48 square in.) 31%; Units: (square in.) 21%; Explanation: (The area of each

square is 4A4, or 163 sogfu atrhee sien .s,q usaoe et3h ei sa r3edla
32%

b. Answer: 33% (1 square ft or 144 square in.); Units: (square ft or square in.) 21%;
Explanation: (1 ft A 1 ft = 1 square ft. 1In
c. Answer: (Anads i s gr e a.taedb)Stu@eit®shoullcompa@n at i

48 and 144 square in0%

ATV
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6. Answer: (22 meters) 4%; Units: (meters) 16%; Explanation: (Since squares A and B have
areas 16 square meters and 9 square meters, respectively, then the sides are 4 meters and 3
meters respectivel and the side of the large square is 7 meters. The right side of the shaded
region is 71 3 = 4 meters, and the left side i$ 4 = 3 meters. The perimeteristhen 7 + 4 +
3+4+1+3,0r22 meters) 47%
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Student Introduction to Linear Functions
David McKillop

Abstract: Function is a major concept that undergirds many topics in mathematics as well
as in the sciences. In this article, an exploration used to introduce Algebra | students to the
concept of linar function is described. Attention is given to how a function is derived from a
measurement activity, and how it is represented and interpreted in a variety of contexts. During
the conduct of the activity, the students reveal their depths of understématingay be used to
develop ensuing lessons. Note: In the conduct of this lesson, there were minimal interruptions to
teach concepts. The goal of the lesson was not that students should master the big ideas, but

rather that they have preliminary experiendth those ideas.

To begin the activity, | gave each group of three or four students 6 trap&paoida set
of Pattern Blocks Students first were asked to figure tha perimeter of the trapezoid face of
oneblock, using the lengtbf one of its shodr sides as the measurement unit. Adleagreed
that the perimeter was 5 un{ts+ 1 + 1 + 2)| had them attachdditionaltrapezoid to make a
it r ape z @Geedigure lgaetenmine the perimeter eachtrain, and record the
information in aable like the oneshown in Figure 2 recommended that studemtace the

blocks toproducepictures of the traingnd use the drawings figure outthe perimeteof each.

Number of Perimeter of

Trapezoids Train
1 5
8

2

4 14

6 20
FIGURE 1.Trapezoid Trais FIGURE 2.Trapezoid Train Data

When | askedtudentdo pralict the perimeters of trains with 8, and 9 trapezoids,
students continued t he fsecdndcojumrnof tiable toprodueey di s c
23, 26, and 29 wunits, r es patarnintveeablgrelated/oothd i s cus

JRATIM
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train. One student quickly pointed out that when one more block is joined to the train, there are
three additional units of perimeati two units from the longide and one unit fromside
Whenl asked them to predt the perimeter of a train of 100 trapezoidsbserved
studentd r yi ng t o pEapeml igterrtptee thefiimrmBediately and challenged theém
find an alternative method (rul#hat would relate the perimeter to the number of blocks. |
suggestdthat they try tdigure out what operations to perform 8rithe number of blocks) to
generate 11 (the perimeter of that traar)d see if that same set of operations would also
generate 14 from 4 trapezoids and 17 from 5 trapezbitiey discoveredhe rule they could
perform the same operations on 100 to get the perimeter of that train. Students worked together
until some groups announced duldwarkfofiattraing i pl yi ng
Other students tested this pattern to continat it worked Then, they all applied these
operations to 100 to get a perimeter of 80&s.
Once studentdescribed the relationship between the numbeétatks and the perimeter
of atrain in words, it was an easy transition to describe this refdtiprasa functionusingx as
the number of blocks andas the perimeter of the traym= 3x + 2. Relating thiunctionto the
train of trapezoids, wealked about what the 3 and the 2 represent: The number of trapezoids is
multiplied by 3to account fo the 3 unitdrom the top and bottom of each block, and 2 is added
to account for the 2 units of perimeter from the left and right sides ehtiretrain.
Studentghengraphed this relationshgn graph papewniththexa x i s | abel | ed AN
of Trapedpi ds 0 @&amxd st Hembye |l | e d . Afferthepomts from theirdablesT r a i n
had been labeled on the graphasked them to look at (4, 14) atkelscribethe relationship
between 4 and 14. Once students expressed that 14 was the perimet@na¥falttrapezoids
and that this perimeter of 14 was the result of multiplying 4 by 3 and adding 2, the students
worked in pairs talescribehe relationships betweentk@ s y@sd of ot her poi nts.
directed student® locate the poin(6, 20)ontheir graphs, and beginning from that pointpve
one unit to the right and then three unigs and label this new point with its coordinéite23)
Their job was to tell why that poibelongedwith the other points they had located on the graph.
Sub®quently students placed ruler along the labelled points. Whdeeryonenoticed
that a straight line would pass through all pointstallked aboutvhatis implied when all points
arejoined byaline. Since thigarticularrelationship involves only faole numbers of blocks, not

fractional parts, the number of blocks in the train caarbeNatural NumberThis set of
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numbers is called thdomainof the function. | explained that this relationship is called a linear
function even though a straight lireenot drawn through the points.

| indicated that a mathematician would $ay a his fuinckion increases at a constant
ratep and asked them what they thitile mathematiciaitmeant by that statemerithis provided
an opportunity to discuss the connecti@mong the various representations of the function: the
constant increase of 3 wunits of perimeter
pattern noticed in the table, the coefficienkah the equatioty = 3x + 2, and the constant risé o
3 units iny for each increase of 1 unit xfor points on the graph. A connection was also made
to the slope of the line that would pass through the points on the graph.

My next question tatudentavasto determine how many trapezoids would bairain
that has a perimeter of 182 unitsu@ents approached this problem in a variety of ways. Many
students used a guessdcheck strategy, extending the table or using the function equation,
until they found that a train of 60 trapezoids resulted inriang¢er of 182 units. A few students
set up the equatiork3 2 = 182 and solved it to get 60. Through discussions and
comparisons of strategies, students realized that for larger perimeters, such as 518 or 1085,
setting up an equation and solvibhgvould be very efficient.

As a final activity, students were asked to generate other contexts that would be
represented by the same functiony = 3x + 2. This resulted in a number of different contexts,
includingthe two that follow.

A. A theatre charges $8erticket plus a $2 handling fee when tickets are ordered online. If
X represents the number of tickets ordered online, y = 3x + 2 represents the total cost of
ticketsin dollars.

B. Mary is driven 2 km from home. She then walks 3 km per hour in a diragtenfrom
her home. I f x represents the number of
distance from homia kilometers.

Example A offered an opportunity to experience a different context from the perimeter of the
trapezoid train, but with the se equation, table of values, graph, and domain. While Example
B is described by the same equation, its dornmailudesO ard all positive rational numbers.
Therefore, its graph will be a line starting with (0, 2) andtainingthe same points as Example
A.

Arizona Association of Teachers of Mathematics
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Conclusion

Participating irthis lesson, studenexploredalinear relationshipnodeled with trapezoid
trains thatvasrepresentedymbolically as an equation, atableof related valugsn words,and
as a graph in the coordinate planbey were gposed to relationship languagegluding
function, domainandconstant rate The lesson enabled students to get an overview of what
theywould study ingreaterdepthlater in the yearand enabled me to witness thailents and

needs in order tplanfuture lessons.

David McKillop is president and founder of Making Math Matter, Inc. and
consultant for Pearson Education Canada. David served as coordinator of
mathematics for the Chignee@entral Regional School Board in Nova Scotia.
Prior to that, heserved as high school mathematics teacher, department head,
mathematics consultant for the Nova Scotia Department of Education, associate
professor of mathematics education at the former Nova Scotia Teachers College, and
mathematics assessment consultanthe Nova Scotia Department of Education. He has been a
co-author for seven mathematics textbook programs for grades 7 to 12. David keeps
professionally active as an emeritus member of the Association of State Supervisors of
Mathematics, member of NCTMnd member of National Council of Supervisors of

Mathematics (NCSM). He served as vjmesident of NCSM from 20042006 and program

chair for the St. Louis Conference in 2006. He is a frequent speaker at mathematics conferences
in the United States ar@anada. He is also well known as a pianist and vocalist.
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Divide and Conquer:

Making Sense of Division of Fractions

Linda J. Sheffield and M. Katherine Gavin

AbstractEl ement ary studentsd understanding of
as a mique predictor of high school mathematics achievement. Yet division of fractions remains
one of the least understood computations by elementary and middle grades students. In this
article, we report on a highly successful program for sixth graders wim@teto write and solve
contextual fraction division problems with bo

unknown, 06 using a variety of models and al gor

Overview

In a 2007 survey conducted by the National MathematicssbddyiPanel, a
representative sample of Algebra | teachers reported that their students had the poorest
preparation with rational numbers, word problems, and study habits (US Department of
Education, 2008). As nHementhryHey 03i ed luare,ntetd &lIn.o
fractions and division uniquely predicts their high school mathematics achievement, even after
controlling for a wide range of relevant variables, suggesting that efforts to improve mathematics
education should focus onimprogin st udent sé | earning in those a
article is about.

The Common Core State Standards for Mathematics (NGA & CCSSO, 2010) states that
sixth grade students should be able to fAapply
multiplicaa i on and division to divide fractions by
should be able to:

Interpret and compute quotients of fractions, and solve word problems involving division

of fractions by fractions, e.g., by using visual fraetinodels and equations to represent

the problemFor example, create a story context for (2/3) + (3/4) and use a visual

fraction model to show the quotient; use the relationship between multiplication and

division to explain that (2/3) + (3/4) = 8/9 becaud/4 of 8/9 is 2/3. (In general, (a/b) +

(c/d) = ad/bc.) How much chocolate will each person get if 3 people share 1/2 Ib of

F Teachers of Mathematics
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chocolate equally? How many 3éip servings are in 2/3 of a cup of yogurt? How wide
is a rectangular strip of land with length43mi and area 1/2 square mi?
(CCSSO, 2010, p. 42).
Try It Yourself
Research has shown that division of fractions is very difficult for U.S. teachers as well as

for their students (Ma, 1999). Before reading any further, try this: Write two differentdf/pes
problems fop- -. One situation should involve equal groups with the group size unknown.

(How many in one group?) The other situation should involve equal groups with the number of
groups unknown. (How many groups?)
AGroup Size Uenishowno Probl

In our project with grade 6 students, study of division of fractions followed multiplication
of fractions. Students began by comparing fact families for multiplication and division of
fractions with multiplication and division of wheleumbers. Subsegntly, they considered
problems in which both the total amount and the number of groups are known. Their job was to
figure out the number in each group. To accomplish this, students were introduced to problems
from an 1878 mathematics book that had an®ohinoney written as fractions and mixed

numbers. The first problem, involving division of a fraction by a whole number, they presented
t he f ol |l owi n g-=forliishree daAghterg atlowanaed andeach daughter received
t he s ame &guwe ounthe.armourr af allowance for one daughter, students changed the

1878 amount to an amount they understood, considering the problem of having $15 to share
evenly among three siblings. Students suggested three solution approaches:

1) Multiply: - of $15 ¢ x $15)
2) Divide: $15 + 3
3) Use a missing factor approach3 x = $15.

These three approaches were then applied to the data in the original problem.
-x$,%+3;and 3x ___ =% This investigation led to explation of the meaning of

and reasons for Ainvert and multiply. 06 Stu
families in 1878, estimating and creating a variety of models and diagrams as well as

discussing and writing about the problems (See Figure 1).
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2. Use what you know about fractions to estimate whethér fittends would get
a larger, smaller or the same allowance as the Allen sisters. Be preparefl to
explain your reasoning.

a) Allens $3 ‘ 3

b) Bowens $% 4

c) Cooks $g 6

d) Davidsons $3 3

e) Earnharts $g 5

f) Franks $1 ‘ 2

. Lukebs classmates made the follow|lng claims about

whether you agree or disagree and give your reassing words and/or

diagrams.

a) Each child in one family got the same allowance as each of the Allen
sisters.

b) The Earnhart children each gdispwhich is less thans.

c) Each child in only one family got a greater allowance than each of the

Allen sisters.

The Allen sisters said that they could find that each of their own allowances was $

Y4 by multiplying¥/s x $%/4, dividing $3/1+ 3, or solving 3x __ = %a.

4. Copy and complete the chart to find the allowance that each child should get if
eachfamilpy s t ot al is split evenly. Us¢ diagrams and eq!
the exact allowance. Write the allowance as a fraction of a dollar.

FIGURE 1.Division of Whole Numbers by Fraction
(Sheffield, Chapin and Gavin, 2010, p.55)

Following these investigations, students first considered problems involving division of a
mixed number by a whole number and then problems involving division of fractions and mixed

numbers by fractions and mixed numbers.
If p- cups of flour mies- of a recipe, how much flour is needed to make one recipe?
Again, students compared this to using invert and multiply and missing multiplier
problems. Students were then challenged to write and solve situatigns for. Two examples

areshown in Figures 2 and 3.

JRATIM

Arizona Association of Teachers of Mathematic



Reurn to TOC

TE /0 cops ol flour (s enougn tor ™/
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