
	  
Fall 2014              OnCore 
	  

1	  

	  



	  
Fall 2014              OnCore 
	  

1	  

A Message from Your President 
Dear AATM Member,  

Our Fall 2014 OnCore journal is here! Within this document you will find 
articles, ideas and activities that will be useful to you in your work.  So, dig 
in and peruse the resources in AATM’s semi-annual journal. Make notes of 
things to share with your colleagues or try with your students to enhance 
their learning of mathematics.  Enjoy! 

AATM is especially grateful to Carole Greenes and her colleagues at ASU’s 
PRIME Center for their effort and dedication to publishing OnCore.  Their work is possible 
because many individuals take the time to share their expertise and experience in mathematics 
teaching.  Consider adding your name to the contributing authors list; submit an article in 2015.  

Thank you for your dedication to your students and the teaching profession. Please feel free to 
contact me (nora.ramirez91@gmail.com) with ideas on how AATM can increase its efforts in 
supporting you to provide a quality mathematics education to all Arizona students.  

Sincerely,  

Nora G. Ramirez 

 

Board of Directors: 

Nora Ramirez, President, AATM   Debra Cruz, STEM Collaborative  

Kimberly Rimbey, Past President   Chryste Berda, Copper Apple Award Chair 

Nicole Kooiman, Membership Chair   Ed Anderson, Web Design 

Barbara Boschmans, NCTM Representative Catherine Parker, Regional VP - Southern 

Dawn Koberstein, Regional VP – Maricopa  Gail Gorry, Regional VP – East Central 

Tara Guerrero, Regional VP – Western Amy Rushall, State Algebra Contest 
Coordinator 

Shelley Tingey, University Representative  Jean Tsuya, Elections/Historian 

OnCore Editorial Board: Carole Greenes, Mary Cavanagh, and James Kim 
PRIME Center, Arizona State University 
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Algebraic Generalizations in Grade 3? 

Really? 
Marian Small 

Abstract: This article describes how grade 3 students modeled, reasoned algebraically, 

and solved a problem requiring the generalization of measurement relationships. Additional 

problems are presented for student exploration. 

 

The following problem was presented to grade 3 students: 

 

 

 

The students used linking cubes to build their rectangles, and they used them in different ways. 

Some students showed a rectangle with a length of 4 and width of 3  (which does not 

solve the problem, by the way). 

 

 

 

 

 

The perimeter of a rectangle is three times its length. 

What do you know about the length and the width? 
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Some used the linking cubes as the boundary for the “inside” rectangle. 

 

 

    

 

 

 

Others created a shape like the one shown below, and had difficulty figuring out whether 

the perimeter was 10 or 14. 

 

 

 

 

 

 

Most students persevered to generate possibilities. Frequently, they employed a guess-

and-test procedure. For example, one student built a 3 x 5 rectangle, figured out that the 

perimeter is 16 and realized that 16 is not 3 x 5. So the student tried something else.  

 Several students happened to notice that both 2 x 4 rectangles and 4 x 8 rectangles work. 

This is true because the perimeter of a 2 x 4 rectangle is 12 units, which is 3 x 4 and the 

perimeter of a 4 x 8 rectangle is 24, which is 3 x 8. They saw a pattern and tried  

3 x 6 and 6 x 12 rectangles, as well. They discovered the pattern that: When the length is double 

the width, the perimeter will be three times the length. 
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But there was one girl who amazed me. She said, “I decided to make this stack of cubes my 

length.” 

 

 

 

    

 

Then she indicated that her perimeter would be what you see below since it was 3 of the lengths. 
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I was already surprised, but she continued. She decided to turn two sticks sideways and used one 
for the top of the rectangle and one for the bottom. 

 

 

 

 

 

 

 

 

 

She took the last stick and separated it in half to make the two shorter sides of the rectangle. 

 

 

 

 

 

 

 

  

 

 

She said “It doesn’t matter how big your length is–just make one stick the top, one the bottom 

and split the other in half.” 
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This young grade 3 student came to the generalization that for any rectangle where the 

width is half the length, the perimeter is three of the lengths. Pretty impressive!  

A grade 9 student might have written: 

P = 2L + 2W, but P = 3L, so 3L = 2L + 2W, so L = 2W: the same generalization. 

 

  

 

Other algebraic generalizations involving rectangles that students could explore with the linking 

cubes, include:  

 

 

 

 

 

 

 

 

 

 It is extraordinary how visual models can clarify complex ideas. 

• A rectangle’s length is 3 times its width. How does the perimeter relate to the width?  

[The perimeter is always 8 times the width.] 

• A rectangle’s length is 3/2 of its width. How does the perimeter relate to the width?  

[The perimeter is always 5 times the width.] 

• A rectangle’s perimeter is 12 times its width. How does its length relate to its width? 

[Length is always 5 times the width.] 
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There are many other algebraic opportunities at these early grades. For example, using visuals, 
students can explore why 4 times a number is always “double the double.” 

 Suppose that this is the number. 

 

 

 

Then four times the number looks like this. 

 

 

 

 

 

 

This is clearly 2 sets of double the number, or double the double. 

 Likewise, students can explore why 6 sets of any number is double its triple, and why 5 

times any number is 3 times that number added to 2 times that number.  Encouraging students to 

“algebraize” these numerical relationships supports, very well, the intention of the Common 

Core Standards to link algebra to number in the elementary years. 

Marian Small, former Dean of Education, University of New 
Brunswick, Canada, writes and speaks about K-12 mathematics across 
North America. Her focus is on using teacher questioning to enhance 
student understanding of key mathematical ideas and strategies to 
develop their critical thinking and creativity talents.  Among her 
publications are Good Questions: A Great Way to Differentiate Math 
Instruction, More Good Questions: A Great Way to Differentiate 
Secondary Math Instruction, Eyes on Math, Leaps and Bounds toward 
Math Understanding (at several levels), Uncomplicating Fractions, 
and, Uncomplicating Algebra. 
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Extra! Extra! Read All About It! 

Using Headline News to Probe Student Understanding 

Kimberly Rimbey 

Abstract: Developing students’ abilities to solve problems in context, to extract the 

relevant data, to apply appropriate operations, and to place the answers in context, is a major 

goal of mathematics teaching at all levels. To address this goal, and the goal of gaining greater 

insight into students’ understanding of mathematical concepts, Headline News uses a “reverse” 

approach. Students are assigned an equation to use as newspaper headline, and then they have to 

create stories (contexts) to fit the headline. 

 

Nearly 100 years ago, Edward Thorndike published The Psychology of Arithmetic (1922), 

in which he claimed that we must stop teaching students to merely perform mathematical 

procedures, and instead, move toward ensuring their understanding of the meaning of the 

underlying key concepts. The Common Core State Standards for Mathematics (NGA & CCSSO, 

2010) signals a national effort, once again, to bring conceptual understanding to the forefront of 

mathematics teaching and learning. 

The Mathematical Practices of the Common Core states that during the study of 

mathematics, students should be able to reason abstractly and quantitatively (MP2), and create 

arguments that follow a logical line of reasoning (MP3). They should move fluidly between 

decontextualizing and contextualizing mathematical ideas in ways that make sense. De-

contextualization involves extracting mathematics from a situation. By contrast, 

contextualization is the process of putting mathematics in context.  

This Headline News activity evolved from my work with students over several years as a 

way to get a glimpse into their reasoning about number and operations, and as a method for  

developing  their understanding of key mathematical ideas.   
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From the Classroom 

I first encountered the need for Headline News when I was working with third-graders as 

they transitioned from additive to multiplicative reasoning. Prior to the transition, I asked the 

students to write a story that could be represented by the number sentence, 3 + 4 = 7. About two 

weeks later, I asked them to write another story that represented, 3 x 4 = 12. Between those two 

assignments, my students had been engaged in activities to develop the concept of multiplication. 

They were creating arrays, grouping objects, and comparing repeated addition to multiplication.  

One student wrote the following story to illustrate 3 + 4 = 12. 

 

Two weeks later, when assigned the problem 3 x 4 = 12, the same student wrote the 

following story: 

 

This discovery came as a shock to me! This particular student had performed 

exceptionally well as we developed multiplication concepts. However, when asked to transfer his 

computational understanding into a contextual situation, I learned that his transition from 

additive to multiplicative thinking was incomplete. 

Headline News as a Regular Activity 
Because of this experience, I realized the need to integrate number and operations 

concepts across the curriculum. This activity became a weekly endeavor during my ELA and 

social studies blocks. Since then, the teachers I work with have taken the idea and implemented it 

into their programs. Whether they teach first grade, sixth grade, literature, or SEI, this activity 

“Last night, my dog had 3 puppies, and my neighbor’s dog had 4 puppies. In a few 

weeks, we’ll have 7 adorable puppies playing together in our front yards, rolling 

around, chasing each other, and having lots of fun!” 

“Last night, my dog had 3 puppies, and my neighbor’s dog had 4 puppies. In a few 

weeks, we’ll have 12 adorable puppies playing together in our front yards, rolling 

around, chasing each other, and having lots of fun!” 
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serves the dual purpose of being a creative writing assignment and a practice of reasoning 

quantitatively and abstractly.  

 

Try It Out! 
In my work with teachers, I have found that contextualizing mathematics isn’t necessarily 

easy for adults. I encourage you to take a few minutes to try your hand at writing a Headline 

News story for either the fifth-grade or sixth-grade examples shown above. Be creative, and 

remember to write a story and not a word problem.  

Next, try this with your students. If your experience is like mine, you’ll find that your 

students will enjoy developing creative, sometimes comical, ways to contextualize the arithmetic 

they’re learning. Once they start having fun with mathematics, you’ve got them hooked. After 

all, motivation is the name of the game in teaching and learning. If our students are motivated to 

learn, it’s much more likely that they’ll persevere in their efforts to solve real problems. 

General guidelines: 

1. Remind students that a good story has an introduction, a body, and a conclusion. 

Something exciting or meaningful should take place.  

2. Remind students that they are writing a Headline News story, not a word problem. In 

their news story, they should use all of the numbers and the “action” represented by 

the equation. 

3. Give the students an equation that is grade-level appropriate in terms of type of 

number set and operations. Here are a few examples: 

• Kindergarten: 3 + 2 = 5 

• First Grade: 17 – 9 = 8  

• Second Grade: 84 – 36 = 48 

• Third Grade: 5 x 4 + 2 = 22 

• Fourth Grade: 32 x 15 = 340 

• Fifth Grade: (54 + 92) x 30 

• Sixth Grade: ¾ ÷ ½ = 1 ½  

4. Charge students with writing a Headline News story that uses all of the numbers and 

the operations shown in the number sentence. 



Fall	   12	  

References 

National Governors Association Center for Best Practices & Council of Chief State School  
Officers. (2010). Common Core State Standards for Mathematics. Washington, DC:  
Authors. 

Thorndike, E. (1922). The Psychology of Arithmetic. New York: Macmillan. 
 
Sample Headline News Format: 

 

Headline News 

 

The headline is ________________ 

 

What is the story? 

  

 

Kimberly Rimbey, Ph.D. is Chief Learning Officer for the Rodel 
Foundation of Arizona and Past President of the Arizona Association of 
Teachers of Mathematics. Her primary interests are with helping 
elementary teachers teach mathematics effectively, ensuring depth of 
understanding by all students. 
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Developing the Essential Basic Fact Strategies 
for Multiplication and Division 

James Burnett 

Abstract:  All students must be able to calculate both mentally and with paper and 

pencil, and do it with ease. This is particularly the case with multiplication and division. In this 

article, strategies are presented for enhancing student understanding and recall of these 

computational processes and their relation to one another. 

 

Thinking Strategies 
Research shows that the most effective way for students to learn the basic facts is to 

arrange the facts into clusters (Fuson 2003; Thornton 1990). Each cluster has a thinking strategy 

that enables students to learn all facts in that cluster. Multiplication clusters inculude: Using tens 

facts to figure out fives facts; doubling for the twos, fours and eights facts; applying a rule to 

multiply by one or zero; and building up or down from a known fact for the sixes and nines facts. 

The majority of the remaining threes and sevens facts can be learned by the turnarounds 

(application of the commutative property) of the above.  

Division is the inverse operation of multiplication. Both operations involve an equal 

parts-total structure but the known quantities vary. With multiplication, the known quantities are 

the number of equal parts and the number in each part, and the total is unknown. In division, the 

known quantities are the total, together with either the number of equal parts or the number in 

each of the equal parts. Because of this relationship between the two operations, using 

multiplication is the most effective thinking strategy for helping students to learn the basic 

division facts and is described in 3.OA.7 of the Common Core State Standards for Mathematics 

(NGA & CCSSO, 2010). 

For division, the strategies for clusters of facts parallel those used for multiplication. 

Where multiplication has turnaround facts such as 6 x 4 = 24 and 4 x 6 = 24, division has related 

or partner facts such as 24 ÷ 6 = 4 and 24 ÷ 4 = 6 (See Figure 1.) 
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Figure 1: Fact Family 

 

 

 

 

 

 

Teaching Sequence and Stages 
Mathematics is a discipline of connected ideas. New ideas cannot be established if 

prerequisite concepts and skills are not well established. For skills, it is essential that relevant 

practice occur frequently over extended periods of time. The sequence for teaching the 

multiplication facts described in this article is as follows: 

• Using Tens (fives facts) with their turnarounds 

• Doubling (twos, fours and eights facts) with their turnarounds 

• Applying Rules (ones and zeros facts) and their turnarounds 

• Building Up and Building Down (sixes and mines facts) and their turnarounds 

As well as the above recommended sequence for teaching the strategies, the activities for 

each strategy are also sequenced according to the following four stages of teaching and learning: 

Introduce, Reinforce, Practice, and Extend. Each of these is described below.  

Introduce the Strategy 
Hands-on materials, real-world stories, pictures, discussions, and familiar visual aids are 

used to model and introduce each thinking strategy. For example, a rectangular array of dots is 

often used to show multiplication facts and their turnarounds: Holding the array in one position, 

six rows of 10 dots is 6 x 10, or 60 dots. Rotating the same array 90 degrees, students should be 

able to say that 10 rows of six is 60.  
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A card such as the one shown in Figure 2 can then be used to demonstrate the thinking 

required to figure out a fives fact. After determining the total number of dots (4 rows of 10 dots 

is 40 dots), fold or cover up half the array and have the students verbalize what they see and how 

they can figure out the total number of dots (half as many dots in each row, so have as many 

dots- 4 rows of 5 dots is 20 dots).  

 

 

Figure 2:  “Ten 4s are 40. Five is half of 10, so five 4s must be half of 40, or 20.” 

Reinforce the Strategy 
These activities make links between the concrete/pictorial and the symbolic 

representations of the relationships. Students also reflect on how the strategy works and the 

numbers to which it applies. For example, given a picture, as shown in Figure 3, students could 

be asked to record the product (8 x 10), then color half the array and write a number fact to 

match what is colored (8 x 5). 
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Figure 3: Reinforcement Activity 

Practice the Facts 

At this stage, games, flashcards, worksheets and other activities provide students with 

opportunities to apply and demonstrate their knowledge of the facts. The following game for two 

or three players is a simple way to practice the fives facts. 

Materials:  

• 10 chips of one color for each player. 

• Two cubes with the numerals 2, 3, 3, 4, 5, and 5 

written on the faces of one cube and 6, 7, 7, 8. 9, 

and 9 on the faces of the other cube. Each 6 and 9 

should be underlined to avoid confusion.  

• Game board (see Figure 4). Have students sketch 

the game board on a sheet of paper. 

 
Figure 4: Game Board	  
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As students play the game, ask questions such as, “What do you need to roll to place a 

counter on that (point to a particular) product?” 

Extend the Strategy 

Once mastered, the strategies and skills can be applied to new contexts and situations. 

Encourage students to apply the strategy to numbers beyond the range of basic facts. Activities at 

this stage should also be designed to strengthen students’ number sense or ‘feel’ for numbers. 

For example, students could explain how they can use the answer to the first number sentence in 

each pair below to complete the second number sentence in that pair.  

10 x 18 = ____ so 5 x 18 = ____ 

10 x 26 = ____ so 5 x 26 = ____ 

10 x 22 = ____ so 5 x 22 = ____ 

10 x 15 = ____ so 5 x 15 = ____ 

 

At a later stage, students will learn to vary the same strategy by doubling and halving the two 

factors rather than doubling one factor and halving the product. This variation allows the strategy 

to work with number sentences other than those involving 5 as a factor. For example, by 

doubling and halving, students can quickly calculate that 14 x 35 has the same product as 7 x 70 

– which is easy to calculate mentally!  

 

To Play: 

• The first player (Player A) rolls both cubes. 
• Player A chooses one of the two numbers on the top faces of the cubes, and multiplies 

that number by 5.  
• Player A places a chip on the product on the game board.  
• Then Player B takes a turn. 
• As the game continues, a player loses a turn if the product on the game board is 

already covered. 
• The winner is the player who has the greatest number of chips on the game board 

when all products are covered. 
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Final Comment 
With increased emphasis on thinking strategies as described in the Common Core State 

Standard for Mathematics and in other contemporary curricula, it is essential that these basic 

facts are taught using strategies that serve as the foundation of mental computation with greater 

numbers.  

References 
Burnett, J. & Irons, C. (2006). The box of facts (Kits) Brisbane: ORIGO Education. 
Burnett, J., Irons, C. & Turton, A. (2007). The book of facts. (Series title) Brisbane: ORIGO  

Education. 
Fuson, K. C. (2003). Developing mathematical power in whole number operations. In J. 

Kilpatrick, W. G. Martin & D. Schifter (Eds.), A research companion to principles and 
standards to school mathematics (pp. 68-94). Reston, VA: National Council of Teachers 
of Mathematics. 

National Governor’s Association and Center for Best Practices & Council of Chief State School  
Officers (2010).Common Core State Standards for Mathematics. Washington, DC: 
Authors. 

Thornton, C. (1990). Strategies for the basic facts. In J. N. Payne (Ed.), Mathematics for the  
young child (pp. 131-151). Reston, VA: National Council of Teachers of Mathematics. 

 

James Burnett is a passionate educator with a commitment to 
innovating the way mathematics is taught. He has authored more than 
250 mathematics supplemental or core resources for elementary 
instruction. In 2009, he received the Ernst & Young Entrepreneur of the 
Year business award. As President of ORIGO Education, James strives 
to lift the profile of mathematics education through dynamic professional 
learning and the development of revolutionary print and digital 
classroom resources. 
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Making Sense of Numbers: 
The Reading-Reasoning Connection 

Carole Greenes, Mary Cavanagh, James Kim,  

Chloe Durfee-Sherman, John Smith, and Daniel S. Brehony  

Abstract: Solving word problems is often complicated by both the nature of the 

mathematics being applied and the complexity of the context. To develop students’ problem 

solving talents and enhance their analytical reading skills, we designed Fact Fitters. This article 

provides a rationale for the approach and presents 12 examples, with answers! 

 

We know that numbers are used in various ways, depending on the contexts in which 

they are used. They are used to 1) quantify, that is, to identify the number in a group, as for 

example, there are 6 containers of yogurt in each box; 2) label, that is to identify the location of a 

place, as for example the address of the market is 241 Perkins Street, or the size of a piece of 

clothing, as for example, Ally’s coat is a size 8; 3) measure, that is to identify distances, as for 

example, from the center of town to the college is 11 miles,  or lengths, as for example, Jack is 5 

½ feet tall; and 4) locate the position of an item in a set of items that are “lined up,” as for 

example, the tuba player is 5th from the front of the parade, or Sally is sitting in the 10th row from 

the stage.  

We know that the magnitudes of numbers are related to and often determined by the 

contexts in which they are used. Given the prices $ 1,750 and $350 associated with the airfares 

from New York to Boston and New York to Australia, we know that the airfare to Australia must 

be the greater price.  Given the populations of 580 thousand and 26 million and the states of 

Wyoming and Texas, we know that Wyoming has the lesser population. 

We know that contexts determine whether we are seeking an estimate or an exact 

computation, and the accuracy desired. Furthermore, context determines if we are establishing a 

subset relationship or if the sets desired are discrete.  

So, understanding context is critical to the successful solution of mathematical problems. 

But it’s not the whole story. Equally important is “analytical reading.” That means being able to 

understand phrases that establish relations that are mathematical (e.g. less than 20, greater than 
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½, at most, 3 times as many as, at most, is a factor of) and temporal (e.g., before, after, later, 

earlier), and phrases that establish grammatical relationships (e.g., singular is versus plural are). 

Fact Fitters 
In traditional mathematics programs, a “story” or word problem presents all (or most) of 

the data needed to solve the problem, and concludes with a question. The job for students is to 

try to understand the context and the question, select the relevant data from the paragraph, and 

perform one or more calculations to answer the question. Student difficulty with solving word 

problems has been noted throughout the past century (Gillan, 1909; Koedinger & Nathan, 2004; 

Woodward, et al. 2012).   

To develop students’ number sense and problem solving talents, and their analytical 

reading skills, our PRIME Center staff and teachers (and some students!) in our projects have 

been developing and using Fact Fitters. By contrast with story problems, Fact Fitters present the 

story with relevant data removed and placed in a rectangle outside of the story. The job for 

solvers is NOT to answer the question, but rather to figure out where to place the numbers in the 

story to make them fit the context—to make the story make sense. From our experience with 

Fact Fitters, the nature of the design, in which answers are given, appears to reduce the stress for 

some students and causes them to feel free to experiment with the numbers to see how they relate 

(e.g., one number is twice another), and where they make sense (e.g., 18 can be a person’s age, 

versus 1809 which is clearly not a human’s age, but could be a year in the 19th century).  

In the examples below, we have identified contexts but not grade levels. With regard to 

the latter, this will vary with the interests and talents of the students. Also we have included 

solutions. But please try these first before you give them to your students. And, don’t give hints 

to them. Let the students struggle. Finally, have your students develop their own Fact Fitters to 

share with other students and their families.  Enjoy! 

 

 
 

Sample Fact Fitters 
General Directions: 
Use all of the numbers in the rectangle. 
Fill in the blanks with the numbers so that the story makes sense.

A pupil from whom nothing is ever demanded which he cannot do, never does all he can. 

John Stuart Mill, British Philosopher, 1806-1873 



Fall	   21	  

I: Business 
Plenty of Pancakes sells _____ types of pancakes: blueberry, cherry, 

chocolate, cinnamon, pecan, and plain. Each large pancake sells for  

$____. There are 5 choices of pancake toppings. Each of those costs an 

additional $_____. Javy ordered 2 pancakes with ____ toppings on each. He 

also ordered a glass of milk for $____.  The total cost of his meal was 

$______ before the tip. With the tip, Javy paid $_____. 

 

 

 

 

 

Answer 

Plenty of Pancakes sells 6 types of pancakes: blueberry, cherry, chocolate, cinnamon, pecan, and 

plain. Each large pancake sells for $4. There are 5 choices of pancake toppings. Each of those 

costs an additional $1.  Javy ordered 2 pancakes with 3 toppings on each. He also ordered a glass 

of milk for $1.50.  The total cost of his meal was $12.50 before the tip. With the tip, Javy paid 

$15. 

15 

3 

12.50 

1.50 

4 

1 

6 
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II: Business 

Skateboard Sam’s carries ___ types of skate boards. The boards range in price 

from a low of $19.95 to a high of   $______. The other prices, from least to 

greatest, are $_____, $_____, and $ _____. The mean price is $______.  The 

mean is $______ less than the median.    

 

 

 

 

 

 

Answer 

Skateboard Sam’s carries 5 types of skate boards. The boards range in price from a low of 

$19.95 to a high of   $69.95. The other prices, from least to greatest, are $25, $49.50, and $54. 

The mean price is $43.68.  The mean is $5.82 less than the median.    

25 

5.82 

43.68 

54 

5 

49.50 

69.95 
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III: History 

 About ________ years ago, in ___________, when Abraham Lincoln was 7 

years old, he told his friend, Austin that he had seen a small group of 

partridges on the other side of the creek. “Let’s go see them,” said Austin. 

After a big rain, the creek had swollen to be almost _________ feet, 

or___________ inches wide, which was too wide to jump across. They found 

a narrow log about ___________ yards long that the boys decided they could 

use to make a bridge across the creek. Austin walked first. Abe was nervous, 

but started crossing. When he was about halfway across, fear got the best of 

him and he started shaking. Austin yelled, “Don’t look down, Abe. Look at 

me.” Abe looked up and fell off into the creek. Neither boy could swim and 

the water was about 7 feet deep. Austin got a stick about _________ feet or 4 

yards long and held it out to Abe. Abe grabbed the stick with both hands and held on tight while 

being pulled out of the water, and onto the creek bank. When Austin shook Abe and rolled him 

over, water poured out of Abe’s mouth, but he was fine. Abraham Lincoln 

lived to become the 16th president of the United States in ___________. 

 

Answer 

About 200 years ago, in 1816, when Abraham Lincoln was 7 years old, he 

told his friend, Austin that he had seen a small group of partridges on the 

other side of the creek. “Let’s go see them,” said Austin. After a big rain, the creek had swollen 

to be almost 5 feet, or 60 inches wide, which was too wide to jump across. They found a long 

narrow log about 3 yards long that the boys decided they could use to make a bridge across the 

creek. Austin walked first. Abe was nervous, but started crossing. When he was about halfway 

across, fear got the best of him and he started shaking. Austin yelled, “Don’t look down, Abe. 

Look at me.” Abe looked up and fell off into the creek. Neither boy could swim and the water 

was about 7 feet deep. Austin got a stick about 12 feet, or 4 yards long and held it out to Abe. He 

grabbed the stick with both hands and held on tight while being pulled out of the water, and onto 

the creek bank. When Austin shook Abe and rolled him over, water poured out of Abe’s mouth, 

but he was fine. Abraham Lincoln lived to become the 16th president of the United States in 

1861. 

60 

12 

1861 

5 

200 

3 

16 

1816 
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IV: History 
On October 22, ____, four British naval vessels carrying more than _____ 

men were lost at sea in a terrible storm off the coast of the Isles of Scilly 

located on the southwestern tip of England. One of the main reasons that the 

ships sank was that their navigators couldn’t accurately calculate their 

location. This was one of the worst sea disasters in all of naval history. A 

grieving Queen Anne of Great Britain sponsored a contest to find a safer way 

to sail. While many inventors from several countries suggested different 

methods, it wasn’t until _____ years later, in ______, that John Harrison, an 

English carpenter from Yorkshire, England, invented a “marine chronometer” 

that used time as a way to calculate a ship’s longitudinal position. The marine 

chronometer works on the principle that Earth rotates ______ degrees (one full rotation) every 

day, at a rate of _____ degrees each hour for _____ hours. 

 

 

 

 

 

 

 

Answer 

On October 22, 1707, four British naval vessels carrying more than 1,400 men were lost at sea in 

a terrible storm of the coast of the Isles of Scilly located on the southwestern tip off England. 

One of the main reasons that the ships sank was that their navigators couldn’t accurately 

calculate their location. This was one of the worst sea disasters in all of naval history. A grieving 

Queen Anne of Great Britain sponsored a contest to find a safer way to sail. While many 

inventors from several countries suggested different methods, it wasn’t until 66 years later, in 

1773, that John Harrison, an English carpenter from Yorkshire, England, invented a “marine 

chronometer” that used time as a way to calculate a ship’s longitudinal position. The marine 

chronometer works on the principle that Earth rotates 360 degrees (one full rotation) every day, 

at a rate of 15 degrees each hour for 24 hours. 

1173 

360 

15 

66 

1,400 

24 

1707 
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V: Science 
An adult human’s skeleton has a total of ____ bones. Of those, there are ____ 

bones in each hand for a total of ____ hand bones. There is ____ more bone in 

each hand then in each foot. Each foot has ____ bones. Altogether there are 

____ foot bones.  

 

 

 

 

Answer 

An adult human’s skeleton has a total of 206 bones. Of those, there are 27 bones in each hand for 

a total of 54 hand bones. There is 1 more bone in each hand then in each foot. Each foot has 26 

bones. Altogether there are 52 foot bones.  

52 

206 

54 

1 

27 

26 
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VI: Science 
Sultan Kosen, a man from Ankara, Turkey, is the tallest person in the world. 

He is ____ feet ____ inches, or ____ inches tall. He also holds the world 

record for the largest hands. From his wrist to the tip of his middle finger, 

each hand is ____ inches, or almost ____ foot long. His feet are longer than 

his hands. His feet are each about ____ inches long. Sultan likes to help his 

mother with changing the ceiling lights in their home! 

 

 

 

 

 

Answer 

Sultan Kosen, a man from Ankara, Turkey, is the tallest person in the world. He is 8 feet 3 

inches, or 99 inches tall. He also holds the world record for the largest hands. From his wrist to 

the tip of his middle finger each hand is 11 ¼ inches, or almost 1 foot long. His feet are longer 

than his hands. His feet are each about 14 inches long. Sultan likes to help his mother with 

changing the ceiling lights in their home! 

99 

14 

11 1/4 

8 

1 

3 



Fall	   27	  

VII: Science 
Giant tortoises can grow to be more than _____ feet, or _____inches long, and 

weigh slightly more than ¼ ton, or  

_____ pounds. These tortoises have very long lives, often living more than a 

century or _____ years.  One tortoise lived to be _____ years old! Many giant 

tortoises live on the Galapagos Islands, which are part of the country of 

Ecuador. The Islands are in the Pacific Ocean, _____ miles off the coast of 

South America. The Spanish word for tortoise is galapagos! 

 

 

 

 

 

 

 

Answer 

Giant tortoises can grow to be more than 5 feet, or 60 inches long, and weigh slightly more than 

¼ ton, or 550  pounds. These tortoises have very long lives, often living more than a century or 

100 years.  One tortoise lived to be 152 years old! Many giant tortoises live on the Galapagos 

Islands, which are part of the country of Ecuador. The Islands are in the Pacific Ocean, 605 miles 

off the coast of South America. The Spanish word for tortoise is galapagos! 

 

100 

5 

605 

550 

152 

60 
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VIII: Science 

There are about ____ different species of squid. Squid range in length from 

about ____ inches, or 2/3 foot, to ____ inches, or about ____ feet. The 

greatest length is associated with the giant squid. Squid weigh from slightly 

more than 8 ounces pound or ____ pound to slightly more than 1/2 ton or 

____ pounds. 

 

 

 

 

 

 

Answer 

There are about 300 different species of squid. Squid range in length from about 8 1/2 inches, or 
2/3 foot, to 551 inches, or about 46 feet. The greatest length is associated with the giant squid. 

Squid weigh from slightly more than 8 ounces pound or 1/2 pound to slightly more than 1/2 ton or 

1,102 pounds. 

 

1,102 

8 1/2 

46 

1/2 

551 

300 
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IX: Sports 

Soccer is played on a field that is ____ yards long. Its width is ____ of its 

length or ____ yards wide. The goal box is 2 feet longer than it is wide, or 

____ feet long and ____ feet wide. Each team has ____ players. When both 

teams are on the field at the same time, there are ____ players on the field. On 

each team, ____ player is assigned to be the goal keeper, or “goalie”. 

 

 

 

 

 

 

 

 

Answer 

Soccer is played on a field that is 30 yards long. Its width is 2/3 of its length, or 20 yards wide. 

The goal box is 2 feet longer than it is wide, or 10 feet long and 8 feet wide. Each team has 11 

players. When both teams are on the field at the same time, there are 22 players on the field. On 

each team, 1 player is assigned to be the goal keeper, or “goalie”. 

20 

10 

1 

11 

8 

22 

30 

2/3 
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X: Sports 

Mischo Erban from British Columbia, Canada, holds the world record for 

the fastest standing skateboard speed. In ______, he achieved a speed of 

______ kilometers or ______ miles per hour. At that speed, he could 

skateboard from Phoenix to Tucson, a distance of ______ miles, in _____ 

hours each way, or about _____ hours round trip. 

 

 

 

 

 

 

 

 

Answer 

Mischo Erban from British Columbia, Canada, holds the world record for the fastest standing 

skateboard speed. In 2012, he achieved a speed of 129.94 kilometers or 80.74 miles per hour. At 

that speed, he could skateboard from Phoenix to Tucson, a distance of 116.2 miles, in 1.4 hours 

each way, or about 3 hours round trip. 

 

3 

116.2 

80.74 

1.4 

2012 

129.94 
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XI: Travel 

The James family went on a road trip. They woke up at 7 a.m. They ate 

breakfast and then left home at ___ a.m. They drove for ___ hours before 

stopping for lunch at noon, or ____ p.m. After lunch, they drove for ____ 

more hours before stopping for dinner. They drove a total of _____ miles in 

_____ hours. 

  

 

 

 

 

 

 

Answer 

The James family went on a road trip. They woke up at 7 a.m. They ate breakfast and then left 

home at 8 a.m. They drove for 4 hours before stopping for lunch at noon, or 12 p.m. After lunch, 

they drove for 6 more hours before stopping for dinner. They drove a total of 480 miles in 10 

hours. 

 

12 

6 

10 

480 

8 

4 
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XII: Travel 

The distance from Chris’ house to the airport is ____ miles. The taxi charged 

a flat fee of $____ and $____ per mile. The total cost of the trip was $_____. 

Chris gave the driver a tip that was 15% of the total, or $_____. With the tip, 

the ride cost $______. 

 

 

 

 

 

 

 

 

Answers 

The distance from Chris’ house to the airport is 26 miles. The taxi charged a flat fee of $5.75 and 

$2.50 per mile. The total cost of the trip was $65. Chris gave the driver a tip that was 15% of the 

total, or $9.75. With the tip, the ride cost $74.75. 

 

5.75 

9.75 

65 

74.75 

2.50 

26 
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Scrump 
A Game of Percents, Creativity and Computation 

Lesley Le 

Abstract: The game of Scrump was designed to provide a venue for students to practice 

and apply their knowledge of proportions to the solution of percent types of problems. The two 

versions of Scrump (easy and tough) require students to estimate and compare percentages of 

numbers in order to generate the highest (or lowest) score. 

Introduction 
Proportions and proportional reasoning are considered to be the foci of middle school 

mathematics. In the Common Core State Standards for Mathematics (CCSSO & NGA, 2010), 

ratio, proportion, percent, and proportional reasoning, are highlighted in the grades 6, 7 and 8 

Standards: “Understand ratio concepts and use ratio reasoning to solve problems” (Grade 6.RP, 

1,2 and 3); “Analyze proportional relationships and use them to solve real-world problems” 

(Grade 7.RP.1,2, and 3); and “Understand the connections between proportional relationships, 

lines and linear equations” (Grade 8.EE., 5 and 6).  

A proportion is a statement that two ratios are equal: a/b = c/d, ad = bc, or a:b = c:d. The 

graph of a proportion is a straight line of the form y = mx + b, where b = 0. Since b = 0, the 

graph contains the origin. Proportional reasoning is reasoning about multiplicative relationships 

established by the proportions. For example, in the study of measurement, people reason 

proportionally and use proportions when they compute the number of miles per hour from data 

gathered in feet per second. In geometry, they reason proportionally when they figure out the 

actual dimensions of a geometric figure by applying a scale factor, or interpreting a map scale to 

identify actual distances. To determine if two geometric shapes are similar, the shapes 

corresponding sides are checked to see if they are in proportion (and, of course, corresponding 

angles of the shapes have to be congruent.) In number explorations, people reason proportionally 

to compute unit costs, or use unit costs to compute the total cost of items in bulk. They reason 

proportionally to establish classes of equivalent fractions. 

In daily transactions, people reason proportionally to compute discounts for “on sale” 

items, tips at restaurants for excellent service, and increases in plane flight tickets due to 

implementation of more comprehensive security measures. In these daily transaction examples 
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focusing on discounts, tips, and increased ticket prices, people reason proportionally to compute 

the percent of a number (e.g., 30% of 60 is the proportion, 30/100 = n/60), the percent that one 

number is of another (e.g., 45 is what percent of 90 is the proportion, 45/90 = z/100), or figure 

out the number when the percent and part are known (75/s = 50/100). In all cases, the proportion, 

n/s = z/100, is being applied. 

At the same time that proportions and proportional reasoning are highlighted as central to 

the study of middle-school mathematics, it is the case that proportions and proportional 

reasoning are troublesome for many students and adults (Cai & Sun, 2002; Lobato & Ellis, 2010; 

Singh, 2010). Consider a recent situation at a local department store that had a “One Day Only 

Sale.” An outer jacket, with a regular price of $89.95 was on sale for 50% off with an additional 

20% off that “one day only.” So, if you bought the jacket, what would you pay (before taxes) - 

$89.95 less 70%? or $89.95 – 50% - 20%? or $89.50 – 20% - 50%? The clerk didn’t know and 

neither did the patrons. (The ensuing discussion will be included in a future article!) 

It was the CCSSM focus on proportion and percent at the middle school level, the studies 

that show that students continue to have difficulty with the concept of proportion and with 

proportional reasoning even after instruction, and the department store dilemma that prompted 

development of Scrump. Enjoy! 

The Game of Scrump  
Students are presented with different proportional relationships and must decide which of the 

proportions would be most advantageous to increasing their scores. Although the included 

directions for Scrump are for two fairly basic games, the advantage of integrating Scrump into 

instruction is the versatility of the game.  There are many ways to adjust Scrump to 

accommodate students of all skill levels. For example, including additional number cubes will 

change the difficulty of the game. Students can roll three or four numbered cubes and compare 

the different proportional relationships of 3-digit or 4-digit numbers. Another way to increase the 

difficulty of the game is to set a target number that students want to reach without exceeding it.  

Goals 
Compare percents of whole numbers, add and subtract decimals, and develop a winning 
game strategy. 
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Number of Players 
2 players 

 
Materials 

• 2 number cubes (1 – 6 on the faces) 
 

  
 
 
 

• 1 plus/minus cube (three faces have +; three faces have -) 
• Deck of 20 Percent Cards: 5%, 5%, 8%, 10%, 10%, 13%, 15%, 20%, 25%, 25%, 28%, 

30%, 30%, 32%, 35%, 40%, 40%, 45%, 50%, 50% 
 

How to Play 
 Step 1: Shuffle the deck of percent cards. 

Step 2: Each player rolls a number cube. The player with the lesser number starts.  Players 
alternate turns until all percent cards have been used. The player with the greater 
total score is the winner. 

 

 

 

  
 
 
 
 
 
 
 

Example: Suppose that you roll 2 and 6 and a plus sign, and you get a 10% card. If you 
choose to make 62 with the numbers you roll, you will calculate 10% of 62, and add 6.2 
to your total score. 
Below are examples of the reasoning that will occur during the game play; one for each 
level of difficulty. They are presented from the perspective of one person, although this is 
a two person game. In these examples, a limit of 20 total points has been added to the 
rules. Changing the point limit is one of the adaptations suggested earlier to increase the 
difficulty of the game. 

Game 1 - Easy 
On your turn: 

1. Roll the two number cubes and the plus/minus cube.  
2. Take one percent card from the top of the deck.  
3. Arrange the two number cubes to form a 2-digit number. For example, if you roll 6 

and 2, you can form 62 or 26. Once you form a 2-digit number, you cannot change 
it.  

4. Calculate the percent of that two digit number you formed. 
5. If the plus/minus cube shows a plus sign, add the result (from step 4) to your total 

score. If the plus/minus cube shows a minus sign, subtract the result from your 
total score. Note: It is possible to have scores less than zero. 



Fall	   38	  

13% 

Since	  my	  score	  is	  currently	  zero,	  and	  I	  
have	  to	  subtract	  from	  zero.	  I	  want	  to	  make	  
the	  least	  number	  possible.	  So	  I	  will	  choose	  
to	  compute	  13%	  of	  46	  and	  not	  13%	  of	  64.	  

Game 1: Easy Sample Rolls 

Roll #1 

 

  

  

 

 

 

Roll #2 

 

 

 

 

Roll #3 

 

 

 

  

28% 

I’ve	  calculated	  that	  28%	  of	  61	  is	  17.08	  and	  
28%	  of	  16	  is	  4.48.	  Both	  scores	  will	  get	  me	  out	  
of	  the	  negative	  and	  closer	  to	  20.	  However,	  
choosing	  28%	  of	  61	  is	  risky	  because	  17.08	  is	  
very	  close	  to	  20	  and	  if	  I	  exceed	  20,	  I	  lose.	  But,	  
I	  think	  it	  is	  a	  risk	  worth	  taking	  so	  I	  choose	  to	  
make	  17.08.	  

0.13 x 46 = 5.98 

Total score: 0 – 5.98 = -5.98 

0.10 x 53 = 5.3 

Total score: -5.98 + 5.3 = -0.68 

10% 

Total score: -0.68 + 17.08 = 16.4 

I	  want	  to	  get	  out	  of	  the	  negative	  
situation,	  so	  I	  want	  to	  make	  the	  
greatest	  positive	  number	  possible.	  I	  
choose	  to	  take	  10%	  of	  53.	  
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20%	  of	  65	  is	  13	  and	  20%	  of	  56	  is	  11.2.	  
Regardless	  of	  whether	  I	  choose	  to	  make	  
65	  or	  56,	  my	  total	  score	  will	  be	  over	  20.	  
Therefore,	  I	  lose	  and	  my	  partner	  wins.	  	  

5%	  of	  51	  is	  2.55	  and	  5%	  of	  15	  is	  0.75.	  If	  I	  add	  
2.55	  to	  16.4,	  I	  will	  get	  18.95.	  That	  is	  too	  close	  
to	  20	  and	  too	  risky	  for	  me.	  Therefore,	  I	  will	  
pick	  0.75	  to	  add	  to	  my	  total	  score.	  

Roll #4 

 

 

 

Roll #5 

 

 

 

 
 

 
Example: Suppose that you roll 4 and 8, and your percent cards are 10% and 20%. You 
choose to make 84, and to use 10% first. So you would first compute 10% of 84 (8.4) and 
subtract it from 84 (84 - 8.4 = 75.6). Then, take 20% of 75.6, which is 15.12 and add it to 
your total score.  

5% 

Total score: 16.4 + 0.75 = 17.15 

Total score > 20 

20% 

Game 2 – Tough 
On your turn: 

1. Roll the two number cubes.  
2. Take the top two percent cards from the deck.  
3. Arrange the number cubes to form a 2-digit number. For example, if you roll 8 and 

4, you can form 84 or 48. Once you form a 2-digit number, you cannot change it. 
4. Decide the order in which you will use both percent cards. 

Part a: First percent card: Calculate that percent of the two digit number you 
formed and subtract it from that 2-digit number you formed. 
Part b: Second percent card: Calculate this percent of the result from Part a above 
and add it to your total score. 
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The	  first	  one	  will	  put	  my	  total	  too	  close	  to	  20,	  so	  that	  would	  not	  be	  a	  good	  
idea.	  The	  second	  and	  third	  choices	  would	  increase	  my	  score	  and	  still	  be	  
below	  20.	  However,	  there	  are	  a	  great	  many	  cards	  left	  and	  this	  is	  only	  the	  
second	  turn.	  	  So,	  I’ll	  use	  the	  fourth	  choice.	  
So	  the	  fourth	  choice	  will	  probably	  be	  best.	  

25% 50% 

35% 

15% 

Game 2: Tough Sample Rolls 

  

 

  

 

 

  

Roll #2 

 

 
 
 
 
 
 
 
 
 
Roll #3 

 
 
 
 
 
 
 

 
 
 

Total Score: 0 + 9.12 = 9.12 

Total Score: 9.12 + 3.125 = 12.245 

Total Score: 15.62 + 1.4625 = 17.0825 

30% 5% 

I	  want	  to	  start	  with	  the	  highest	  score	  possible.	  So	  
I	  choose	  to	  make	  32	  and	  use	  my	  5%	  card	  first.	  
Part	  a:	  	  5%	  of	  32	  is	  1.6	  and	  32	  -‐	  1.6	  =	  30.4	  
Part	  b:	  	  30%	  of	  30.4	  is	  9.12	  
	  

There	  are	  four	  possible	  choices:	  
1 Make	  52	  and	  use	  25%	  first,	  then	  50%	  gives	  me	  19.5	  points.	  	  
2 Make	  52	  and	  use	  50%	  first,	  then	  25%	  gives	  me	  6.5	  points.	  
3 Make	  25	  and	  use	  25%	  first,	  then	  50%	  gives	  me	  9.375	  

points.	  	  
4 Make	  25	  and	  use	  50%	  first,	  then	  25%	  gives	  me	  3.125	  

points.	  

There	  are	  four	  possible	  choices:	  
1 Make	  51	  and	  use	  35%	  first,	  then	  15%	  gives	  me	  4.9725	  points.	  	  
2 Make	  51	  and	  use	  15%	  first,	  then	  35%	  gives	  me	  15.1725points.	  
3 Make	  15	  and	  use	  35%	  first,	  then	  15%	  gives	  me	  1.4625	  points.	  
4 Make	  15	  and	  use	  15%	  first,	  then	  35%	  gives	  me	  4.4625	  points.	  

The	  second	  choice	  will	  put	  my	  total	  over	  20.	  The	  second	  and	  fourth	  
choices	  put	  me	  too	  close	  to	  20.	  I’ll	  use	  the	  third	  choice.	  
points,	  so	  the	  only	  choices	  	  is	  the	  third	  choice.	  	  

 



Fall	   41	  

Of importance in this game is that the winning strategy is not always choosing to make the 
greatest possible number. To make good choices, it is necessary for students to work out all four 
possibilities, ensuring that they have ample practice using rates.  
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The Law of Large Numbers  

A Critical Concept for Statistical Reasoning 

James A. Middleton 

Abstract: Statistics is difficult to teach, and some concepts are most difficult to 

understand.  That may be due to the fact that statistical thinking requires knowledge of ideas 

from ratio and proportion, algebra and calculus, with some discrete math thrown in for good 

measure.  The activities that follow address the fundamental concepts behind sampling, making 

inferences from samples to populations, and how our confidence in our estimates is related to the 

size of our samples—topics that often elude students as we plow ahead to get to the easier task of 

teaching them to compute statistics.   

 

All Measurements Have Errors 

All statistical reasoning is built on a fundamental fact: All measurements are wrong!  

Let’s take your height, for example.  Many of us remember when we were young, standing up 

against a doorway as a family member marked our height on the surface. I am a bit on the short 

side, so I would scrunch my back against the doorpost, squeezing all the height I could into the 

measurement.  My mother took a pencil and marked my height by resting it on the top of my 

head.  Both the scrunching and the pencil marking were potential sources of error in her 

measurement.  First, the scrunching likely varied, depending on the clothes I wore, the degree of 

fatigue in my muscles, and my own desire to be taller as it varied, depending on my age.  The 

pencil marking likely varied according to the width of the pencil itself, the width of the lead, the 

angle to which my mother placed it on my head, and the degree to which my mother felt sorry 

for me and “fudged” my height a little to make me feel taller than I actually was. Now that I am 

older, when the nurse registers my height at my annual physical, the measurement can vary due 

to the thickness of my socks, the time of day (we grow shorter as the day goes on, as our spine 

compresses), and my posture, not to mention the degree of distraction the nurse may have while 

conducting the routine. 
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 We try to minimize all these sources of error by standardizing data collection methods.  

Using a jig, or some other device to keep my posture constant, applying a laser range-finder to 

pinpoint the measurement, and other standardization methods, will reduce the type of systematic 

error that my mother caused with her desire for me to feel good by recording a height taller than 

I actually was, and such methods will reduce the random error that might occur when my nurse is 

too hassled and harried to read the measuring device accurately.  But even with these 

standardizations, my recorded height will be slightly low or high compared to my actual height, 

depending on the precision of the instruments used to make the measure, and the accuracy of the 

person reading the instruments. 

 So what is my true height?  When such questions are important, say for scientific 

exploration (it is important to know pretty accurately how far Mars is at a particular time, and 

what direction it is going, if we are going to land a craft on its surface), we have to either 1) 

invest in highly sophisticated methods and tools for measuring the phenomenon; 2) use statistical 

reasoning to get a close estimate when our methods are less accurate or precise; or 3) for 

extremely tight tolerances, both. 

The Law of Large Numbers 

One of the most important findings in all of mathematics was discovered by Gerolamo 

Cardano in the mid 1500s.  Cardano was not just a compulsive gambler, by his own admission, 

he also was engaged in gambling every day for more than 25 years! This motivated him to 

discover the laws governing chance so that he would fare better at the table (Goroochurn, 2012).  

One of the things he noticed was, that if he repeated a random process many times and recorded 

the proportion of times any outcome occurred, the result began to approximate the actual 

proportions in the population.  If, for example, he rolled a die 100 times, he would expect to see 

approximately equal proportions of all six numbers appearing.  The larger the sample—the more 

times he threw the die, the closer the proportions came to the expected value of each outcome.1  

This was true for dice, cards, and other simple probabilistic events, but later, towards the 

end of the 16th century, Tycho Brahe, the famous Danish astronomer, and his colleague Johannes 

Keppler, encountered this problem when trying to establish the true value of astronomical 

measurements.  What they found was that when they measured the ascension of the star 𝛼 
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
1	  The proof of this conjecture, for cards, dice and other discrete situations, was accomplished in 1713 by Jacob 
Bernoulli, who also appears to be compulsive gambler. 
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Arietis, and the measurement, was repeated, they got different results!  Which one (if either) of 

their measurements was the true value? This was a real dilemma! How can we trust our 

measurements, and use them scientifically, if they are incorrect? 

Wisely, Brahe and Kepler saw that while each of their measurements was different from 

the other, they weren’t that different.  The small deviations from one measure to another seemed 

to fall about some central value, very close to zero. They reasoned that some method for 

combining their measurements, such that the error would tend to disappear, would be a handy 

tool for precise estimation of the distances of planets, and their trajectories. The tool they chose 

was the arithmetic mean.  

Essentially, the mean of a sample--a weighted average, sits in the center of a set of 

measurements that vary due to random factors.  Typically, for a set of measurements of 

continuous phenomena like length, distance, mass, area, and so on, there are few poor 

measurements whose values fall far away from the center. Most measurements cluster around 

this central value. This gives us the characteristic bell-shaped curve: (See Figure1).  

 

 

 

 

 

 

 

 

 

Figure 1. One Million Independent Measurements of Pressure on a Sample of Wood 

We can show this amazing concept mathematically. Suppose we take a measurement of some 

simple object, say a pencil. (See Figure 2) 
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Figure 2. Pencil on a Millimeter Ruler. 

We can represent this measure, xi, as a combination of its actual length X and some error 

in our measurements, ei. The value we read off our ruler is then    

(1) xi = X + ei 

As I see the pencil, I would say it is about 135 mm in length.  But is it exactly?  It may be 

135 mm or 136 mm.  It is difficult to tell, because the point of the pencil is not aligned perfectly 

with the zero on the ruler.  Also, the rounded edges of the eraser make it difficult to judge 

exactly where the end might be.  Finally, my ruler is only precise to about 1 mm.  There are 

infinitely many potential readings in between each mm interval of the ruler.  Might the true 

length of the pencil fall somewhere in between?  So, I can’t really say that my measurement is 

135 mm. To be precise I have to say it is 135mm + some error.   
 (2) 135 mm = Xpencil + eMiddleton and his ruler 

One thing to take note of as well is that all measurements are true as well.  They each 

estimate the phenomenon being measured with varying degrees of accuracy and precision.  Most 

of the measures you will take are mostly true, with a little bit of error.  Consider the pencil in 

Figure 2. This pencil is about 135 mm + 1mm.  The total error I might expect for any try with my 

ruler, given its precision, is only 1/136 or about 0.7 percent.  So about 99.3% of my measurement 

is true and less than 1% is wrong. 

Lets look at this with our pencil data. To illustrate the Law of Large Numbers, I have 

measured the “true” length of the pencil with a Vernier Caliper.  Of course, my measurement 

also is in error, but for now, lets say my Calipers of God have measured the pencil perfectly.  I 

then had 30 of my students measure the same pencil with the same millimeter ruler. 
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Therefore, each measurement, xi, is a combination of the true length of the pencil X, plus 

some error associated with each measurement, ei. So, for measurement 1: 

(3) 135= X + ei 

Here, X is the True Value of, 134.65mm and the error of measurement, ei, of -0.35 mm. The key 

idea is that each measurement has some error factor ei associated with slightly different 

conditions of reading the ruler.  

Because we have multiple trials of our measurement, we can add those values. 

(4) 𝑥! = 𝑋 + 𝑒! 

In our instance, we have 30 values for xi, so if we divide our equation by the number of 

observations, 30, we get the mean of the true values equaling the mean of the measurements plus 

the mean error.  

(5)      !!
!"

= !! !!
!"

 

or generally,  

(5) 𝑥! = 𝑋 + 𝑒! 

and since the mean of the true values IS the True Value, 

 (6) 𝑥! = 134.65+ 𝑒!  or 

(7) 𝑥! − 𝑒! = 134.65 

Notice how it doesn’t matter what the number of trials is, the number we are searching 

for, the True Value of our phenomenon, will always be equal to the mean of the measurements 

less the mean of the errors.  

Also notice that the mean of the error terms in our experiment is somewhere between the 

maximum and minimum error values.  Because the error in our experiment is assumed to be 

random, it will tend to vary in equal proportions about a central value—zero.  That means that 

the sum of the errors will approach zero as the number of trials gets larger and larger. After only 

30 trials, notice that the mean of the measurements is very close to the true length of the pencil.  

In fact, we are within .017mm, which is less than the diameter of a human hair! Our mean error -

0.017, which is already better than the error of any of our single measurements, will get smaller 

and smaller and ultimately approach zero if we keep adding trials to our table. 
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This concept is absolutely fundamental to statistics and statistical reasoning, yet it is not 

generally taught to students who are expected to compute the mean and use it to estimate the 

characteristics of a population of measures! It is no wonder that students have deep 

misconceptions about the mean and is application (Leavy & Middleton, 2011).  

The following two activities are intended to help students develop this understanding.  

The first is intended for 6th or 7th graders, who are just beginning to figure out what measurement 

is, and how it fits into mathematical and scientific inquiry.  The second is for high school 

students, who are exploring the algebra of statistical reasoning.  I utilize the same pencil 

measurement example as described here, but instead, have students do the measurements 

themselves. My role as a teacher is to ask them questions regarding what the data look like, and 

why we have differing measurements of the same object while using the same measuring device.  

Students usually are quite eloquent about how it is difficult to line the pencil up exactly on zero.  

They are often frustrated that the ruler is not more precise. Moreover, they can see that some 

people tilt their heads to the left or right causing errors related to parallax. (In fact, if you keep 

track of left-handed versus right handed students, you can take the mean of each of those groups 

and often see that one systematically generates estimates high and one low.) 

The Law of Large Numbers 

The Law of Large Numbers shows that, as the number of trials increases towards infinity, the 

mean of the errors will tend to zero, thus making the mean of our measurements our best 

guess regarding the true value of the variable! 

In practical terms, this means: 

1. We get more confident in our sample statistics as truly reflecting the 

characteristics of a population as the number of data points increases; and 

2. For Continuous Random Variables, the mean of a set of measurements is almost 

assuredly the best value to use as an estimate of the true value of the variable 

being measured. 
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Assignments: Law of Large Numbers—Grade 7 

 

 

(Figure 2 again) 

TEACHER: “Here is a pencil. Each person please measure the pencil to the best of your ability 

using your metric ruler. Don’t share your results!  We will compare results after everyone has 

had a chance to measure the pencil.”  (Teacher has previously measured the pencil with a caliper 

to get a precise measure that will be used as the True Value). “Then answer these questions” 

(Note: Comments follow the questions.) 

 

 

 

 

 

Where do errors of measurement come from? 

While measuring, please answer the following questions in your notebook. 

1. Real measurements aren’t made under perfect conditions.  Sometimes we make 
errors in measurement.  What kinds of factors influence the accuracy of a 
measurement? 
Answers here will vary, but many students will comment on the size of the scale, whether 
or not a tool is damaged or difficult to read, or on having a standard method for 
measurement.  Use these answers as a springboard for discussion of how to reduce 
measurement error. 

2. What aspects of a measuring instrument (ruler, scale, etc.) make it difficult to get an 
accurate measurement? 
Instruments can suffer from many kinds of problems, including inaccurate scale, wear 
and tear, poor readability, and lack of batteries (for electronic equipment).  Just focus on 
the instruments themselves here. 

3. What aspects of the item being measured make it difficult to get an accurate 
measurement? 
Shape can make it difficult to determine the appropriate dimension to measure.  Soft 
things like hair make it difficult to measure your height (try to measure the thickness of a 
soft sponge…). Size of an object relative to the tool can make measurement difficult 
(e.g., measuring a city block with a foot-long ruler). Things like speed can’t be measured 
directly, and have to be derived from two separate measurements (distance and time).  
Many answers are possible. 

4. How can the measurement process itself contribute to errors of measurement? 
The measurement itself may be difficult to make. For example, measuring the length of a 
live fish as it thrashes about. Lack of standardization of measurement is the key here. 
Operator skill contributes to errors. Watches and other timepieces often require hand-eye 
coordination that makes it difficult to get a precise measurement. 
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TEACHER: Make a table using a spreadsheet program. Display the table on the wall so that all 

students can see and interact during the class discussion. “Now, I know you all know how to 

measure properly, because we just went over it last week!  Why are there so many different 

measurements of the same object, using the same instrument to measure it?” 

 

 

Personalize the discussion by asking selected students what they found difficult in the 

measurement process. In particular, look at extreme values and ask the class how we could have 

such a large discrepancy in measurements.  Draw the discussion toward consideration of ways to 

standardize measurements and the use of more precise instruments to reduce error. 

TEACHER:  “Which measurement is correct?” 

I usually don’t have to prompt students to begin to move towards the mean or mode as 

our best guess.  Don’t accept either of these at face value!  Sometimes students don’t know what 

the technical terms for these indices really mean. The mode may be referred to as, “That one 

with the most measurements.” For the mean, students may understand that it is a center of mass 

of the set of measurements. 

Ask the students what the mean or mode is, and why one or the other is a better estimate 

of the real measure of the pencil than individual measurements. This discussion should lead into 

the next part, focusing on how the error of measurement decreases as a function of the number of 

measurements. 

TEACHER:  “I happen to have measured this pencil with THE CALIPER OF GOD!  

 

 

THE CALIPER OF GOD! 

This caliper gives the exact True Value of the measurement of any object it measures (play it 

up so that students know you are not serious about “True,” but that the value is so much more 

precise than theirs, it can be taken as true for the purpose of the activity). 

Students generally recap many of the issues they recorded for questions 1 through 4. 
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TEACHER continued:  Insert YOUR measured value into the spreadsheet. Ask the students how 

well their guesses about the true value correspond to the actual True Value. 

Next, ask students to calculate the error of measurement.  This is not often obvious to 

students.  A discussion of how any difference in the measured value from the true value gives the 

error of any particular measurement, may be important. 

 

Students will typically want to take just 2 or 3 measurements to be able to calculate a 

mean. Direct the discussion towards how confident they would feel with just two measurements 

versus 5, or 10, or 30.  Don’t expect the full Law of Large Numbers to emerge from this 

discussion, but students typically find it easy to grasp the idea that the larger the sample, the 

more confidence we have in the mean as an estimate. 

 

 

5. Have students make a histogram of the measurements.  Challenge them to choose 

a bin size that helps them see the shape of the data.  Wander about and choose a 

histogram to display for discussion.   

Students may not have encountered histograms before.  If not, a short lesson on how to 

construct them is fine.  We have created a need to know in this activity! 

6. Discussion now should focus on the fact that most of the measurements cluster 

about some central value—there are very few measurements that are hugely off.  

All measurements are mostly right! 

My students typically begin to see that the mean is the central value around which all 

the measurements cluster, and therefore is the best guess regarding the estimated 

“True” value of the measure of the pencil. 

7. Compare the mean of the measurements to the “True” value obtained by the 

CALIPER OF GOD! It should be smaller than any of the individual errors of 

measurement.  This should lead to a discussion regarding how taking multiple 

independent measurements of a phenomenon is so critical in science to determine 

an accurate value of the measure.   
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Optional you may move the discussion towards how to determine the typical error.  For the 7th 

grade, the absolute error (the sum of the absolute values of the individual errors) is a good way to 

begin the discussion.  Later in the curriculum, the sum of the squared errors will be used to figure 

out the standard deviation. 

Law of Large Numbers—High School 
Make a set of packets, each with 50 objects (eg., centimeter cubes, dried lima beans, 

chips) that can have a number recorded on the top. The number will be used to represent the 

value of some characteristic of a population (e.g., the length of mice, the weight of packets of 

rice, weight of trash in a high school gym locker). Numbers should be repeated for several 

objects: (see Figure 3) 

 

# on Object 1 2 5 8 10 13 16 17 

# of Objects 2 5 8 10 10 8 5 2 

 

Figure 3. Packet Sample 

Place the packets inside large opaque envelopes, bags or bins, so that students cannot see 

them, but so that they do “rattle around” inside. Small groups with three students in each group, 

Reducing Error of Measurement 

8. In your teams, develop a procedure for determining the best estimate of the 
true measure of any object. We used our pencil as an example, but what 
about other objects, like the weight of your cat? Decide a general solution to 
the problem of error of measurement.  Answer these questions in your 
notebook. 
a. How will you deal with reducing error of measurement? 
b. How will you deal with variability of the data? 
c. What formulas and graphical tools are useful? 
d. How would you conduct an experiment to determine the measure of an 

object, and compare your measure to a published standard measurement 
to see how much you (or the published standard) is in error? 
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by threes to facilitate counting, computing, and discussion. Give one packet to each group.  Do 

not allow them to look inside the packets.   

1. TEACHER:  “You are _________(insert type of scientist here).  You are studying the 

characteristics of __________(insert population here).  You don’t have very much money to 

conduct this study. All you have is just enough to collect a small sample of data. What you want 

to do is, describe the population of _____________, given just the information you can get from 

a small sample.  DO NOT look inside of your packet! Take out a sample of five _________, and 

describe, to the best of your ability, what the population looks like.” 

After students discuss their observation bias in each group, begin a whole class 

discussion about what the population looks like.  Some groups will get a very biased sample: say 

(1,2,2,13).  Others will get more representative samples like (5,8,8,10,13). Most groups will be 

uncomfortable making strong conclusions about the characteristics of the population with such a 

small sample.  Discuss why students are uncomfortable with their small samples.  Draw attention 

to the issue of random chance, and that sometimes unlikely things just happen. 

 

2. TEACHER:  “Okay, suppose you got a federal grant to study _______.  You have enough 

money to take a second sample.  First, put your ________ back in the population, then take 

another sample.” 

Here, students typically shake the populations (bags, boxes), trying to get some kind of 

randomness (or at least lack of bias) in their sampling. Stop them immediately:  “Whoa! Whoa!  

What are you all doing?  Why are you shaking up the poor________ like that? Students will 

typically provide good, naïve answers such as, “We didn’t want to just draw out the same ones 

again,” or “We wanted to mix them up to give everyone a chance.” 

Now the discussion should focus on the concept of randomness, and why lack of bias is 

important in the sampling procedure to give every object a “fair” chance of being drawn.  A fair 

chance is one where every object has exactly the same probability of being drawn as every other 

object. 

Direct them to continue their second sample. Teams’ second samples will typically be 

very different from their first samples.  This leads to a discussion about whether we should take 

larger samples or take more samples of the same size.   
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A discussion of how the cost of a study is proportional to the size of the sample taken is 

in order.  Scientists can’t census all phenomena, it would cost too much and take too much time.  

Instead they take to sample. The question is, what is the relationship between sample size and the 

confidence we have in our estimate of the population characteristics of interest?   

You have the option to go in a couple of important directions at this point. In this lesson, we 

will focus on sample size.  You could amend the lesson to focus on multiple samples of the same 

size to move students to a discussion of the Central Limit Theorem.  I do this in my classes after 

we have discussed the Law of Large Numbers. 

3. TEACHER: In this portion of the lesson, direct the students to take a larger sample.  Say, 10 

objects, and compare their ability to describe the whole population using 10, as opposed to using 

just 5.   

Students generally like taking 10 more than 5.  Most will have already computed the 

mean of their earlier samples of 5.  Most will also compute the mean of their sample of 10. By 

polling the class, and displaying a spreadsheet with a column for each group, the sample size, 

and the mean for each sample, a whole group discussion can be started regarding the variability 

of the means across the class for the smaller sample size versus the variability of the means for 

the larger sample size.  Why would this be the case? One obvious reason is that the larger sample 

size better approximates the population size—the basic idea of the Law of Large Numbers. 

4. TEACHER: Repeat Step 3 for sample sizes of 15 and 20.  Hold a class discussion using the 

spreadsheet as a vehicle for examining the relationship between sample size and variability of the 

sampling distributions of the means. 

 

 

 

You may use this opportunity to discuss sample statistics as estimators of population 

parameters. 

5. TEACHER: Have students dump their populations of _________ out on their tables and 

describe the population using this census.  They should record the number of values they see, and 

the overall mean of the values.  Since all the populations are identical, you can enter the True 

Here, it becomes apparent that, as the sample size increases, the distribution of means 

becomes narrower.  Students will see this and use this as a basis for explaining how larger 

samples make us more confident in our estimates of population characteristics.   
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Value of the mean into the spreadsheet and have a good discussion of errors of estimation for the 

samples of 5 versus samples of 10, 15, and 20 objects.   

I get lots of comments about error of measurement here. But the team chosen to have the 

“off” packet will loudly defend their procedure. Ask students whether the data for this team 

represents a real difference in populations, or whether it is more likely to be random error. For 

samples of 5 or 10, random error is typically the culprit as judged by students. For samples of 20, 

however, students begin to say that something is fishy and that I must have made an error putting 

together their packet. When students finally get to open their packets and examine the whole 

population, the “off” team gets their vindication.   

I do this sneaky trick to seed a later conversation on inferential statistics.  How far off 

does a sample statistic have to be to be considered evidence of some significant difference from a 

population to which it is supposed to have been drawn? 

6. TEACHER: Now have students answer the following questions.  Following this, go through 

the proof shown in the body of this paper to emphasize the following: 

We then speculate on how this works with infinite populations.  In Calculus classes, we can do 

the rigorous proof. 

 

 

 

Emphasize the mean as the best estimate of the True Value of a continuous measure, and to 

show that, as the sample size gets larger, the error of estimation gets smaller, such that when 

the sample is the same size as the population (for finite populations), the mean of the sample 

is the population mean, and therefore the error of estimation is zero.  

I have to admit that sometimes I put a packet in the mix that has a radically different 

distribution of numbers.  This group will have numbers in the spreadsheet that are wildly off 

from the rest of the samples.  When we have the final display up after 20 samples, and 

BEFORE the True Value of the population mean is discovered, I ask, “What is going on with 

group #__? Their number is so far off!”   
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Raisin’ Expectations: Spread (is) the Word! 

Roger Day and Tami S. Martin 

Abstract: Raisin Expectations: Spread (is) the Word engages students in exploration of 

the concept of variability. Students determine whether certain values could reasonably be 

expected to belong to a data set. Through analyses of the data, they discover that the nature of a 

data set cannot be adequately described by reporting only a measure of central tendency. 

 

Consistent with prior standards cited by the National Council of Teachers of Mathematics 

(NCTM) (1989, 2000), the Common Core State Standards for Mathematics (NGA&CCSSO, 

2010) states that middle school and high school students be able to make sense of data. Middle 

grades students must be able to summarize and describe distributions, draw informal 

comparisons between populations, and use random sampling to draw inferences about a 

population. High school students must be able to “summarize, represent, and interpret data on a 

single count or measurement variable” (NGA & CCSS0, 2010, p. 80). Although the emphasis in 

younger grades is often on expectation (measures of center or location), Watson (2009) found 

that younger students are able to reason about variation early, perhaps even earlier than they can 

reason about expectation. Thus, not only is variation an important topic as defined by 

professional associations and standard-setting bodies, but it is also the case that students have 

natural intuitions about variation that teachers may draw upon in classroom explorations. 

 The intent of the activity described in this article is designed to develop and build on 

students’ experiences with data in real contexts. Students are not likely to be surprised that every 

value in a real data set is not identical to the “average” value (mean or median). But how far 

from “average” can a data value be and still be considered to be a member of the original 

population? We have presented the following scenario and questions to students in grade 5 and 

above who have some experience with measures of central tendency, including mean, median, 

and mode, and may have some experience with univariate data displays, such as histograms and 

stem-leaf plots.  
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The Situation 
The Kick-a-Poo Milling Company makes this claim about their Raisin Bran cereal: “In our 20-

ounce box of raisin bran, we average 143 raisins per box.” 

The Study 

After clarifying which “average” calculation might have been used by the Kick-a-Poo 

Milling Company—it really doesn’t matter—students engage in small-group and whole-class 

discussion of their responses to the questions. During this essential part of the activity, we are 

careful not to reveal or make judgments about what is a correct or appropriate response.  

A common student response is to say that it would not be unusual, because not all boxes 

of raisin bran would contain the average number of raisins: “143 raisins is just the average. Some 

boxes will have more raisins, some less.” Students also comment about the varying sizes of the 

raisins, the potential counting inaccuracies when determining how partial raisins should be 

counted (e.g., count each piece of raisin as one raisin, or count two small pieces as one raisin), 

and similar factors associated with the task of counting the raisins.  

One student took a rather novel approach in justifying that it wouldn’t be unusual. She 

said that the 143-raisin average was equivalent to just over 7 raisins per ounce of cereal, and with 

174 raisins in a box, there would be 8.7 raisins per ounce. Those two rates differed by less than  

2 raisins per ounce, and that didn’t seem like much of a difference to her. 

After much discussion, we bring out snack-size boxes of raisins and distribute one box to 

each student. In our work with grade 5 students, we ask them to collect some data. “We can’t 

very easily bring in a large sample of 20-ounce boxes of raisin bran and count the raisins. It 

would be time consuming, costly, and a bit messy. We can use these boxes of raisins to represent 

the same sort of investigation. Open your box of raisins and carefully count the number of raisins 

in your box.” Figure 1 shows typical raisin-count results from this data collection for 30 boxes. 

Now suppose that you just opened a 20-ounce box of Kick-a-Poo Raisin Bran and counted 

174 raisins. 

1) Would this number of raisins be a rare occurrence? 

2) Would it seem unusual to you? 

3) Write a sentence or two to explain your responses to the two questions. 
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Together we verified the average number of raisins per box. For the data set in Figure 1, the 

mean is 72.1 raisins and the median is 60.5 raisins.  

 

 

 

As the data are collected, we identify a value to state as part of the next question we pose 

to students. We select a number that is not one of the values generated and not very close to 

either the mean or the median. For the data in Figure 1, we ask: “Would it be unusual for a box 

of raisins to contain 86 raisins?”  

This question prompts discussions of what is meant by “unusual” and how might 

“unusualness” be determined. The issue of variation is inherent in the question because there is 

already an assumption that a variety of values is expected, but it is not clear what is to be 

expected about the distribution of values. Either through prompting from us or on their own, 

students create a visual representation for the data, like the dot plot shown in Figure 2. 

 

 

 

 

Figure 2. Dot Plot of Raisin Data 

Students can now situate the value in question—86 raisins in a box—within the existing 

data set. Our comparison is not with one value that represents the data-set average, but with the 

entire data set. Compared to either of the computed averages—the mean of 72.1 raisins or the 

median of 60.5 raisins—86 raisins in a box is indeed greater than the average. When seen within 

the entire distribution, however, 86 raisins in a box is not particularly large or small. As seen in 

the dot plot, 86 raisins is not an outlier, although it does occur within a significant gap in these 

data.  

54	   59	   55	   109	   97	   59	   102	   68	   104	   63	  
101	   59	   59	   96	   58	   57	   63	   57	   94	   61	  
104	   62	   58	   59	   102	   60	   54	   58	   53	   78	  
Figure 1. Raisin-count Results for 30 Boxes	  
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To determine whether 86 raisins in a box is unusual, we needed to know more than an 

average value for the data set. We needed to know about the spread of the data, or variation 

among the data values in the set. Our use of a visual representation—the dot plot—provided one 

way for us to situate 86 raisins within the entire distribution. This particular example, with an 

apparent bimodal distribution, generated interesting questions about whether two different size 

boxes had been opened, or whether there might be quality control issues with this company 

leading them to pack some boxes with only small raisins and some boxes with only large raisins. 

When the data distribution is more symmetric, or as a follow up to any distribution, we ask about 

other values, “Would it be unusual to find only 50 raisins in a box? How about 120?” Then, we 

ask students, “What number of raisins do you think would be usual to find?” These questions get 

students thinking about how much variability is reasonable for any sampling situation. 

Eventually, we return to the original question about Kick-a-Poo Milling Raisin Bran. 

Based on their explorations with raisins, students argue that there is not enough information in 

the original question to determine whether 174 raisins in a box of cereal would be unusual. They 

have developed some sense that a data set cannot be well described by only reporting a measure 

of center or expectation. A measure of variability, or better yet, a visual representation of the 

data distribution is required to understand the nature of the collected values. 

The discovery of the importance of having a way to describe variation allows us to 

introduce, motivate, and calculate measures of variation, such as the mid-spread, the mean 

deviation, and the standard deviation. In so doing, we often return to our raisin-count activity as 

a reminder of what we mean by the spread of a data set and what we need to know in order to 

describe that characteristic. 

 

 

 

 

 

 

 



Fall	   61	  

References 

National Council of Teachers of Mathematics (1989). Curriculum and Evaluation Standards for 
School Mathematics. Reston, VA: Authors. 
National Council of Teachers of Mathematics (2000). Principles and Standards for 
School Mathematics. Reston, VA: Authors. 

National Governors Association Center for Best Practices & Council of Chief State School 
Officers (2010). Common Core State Standards for mathematics. Washington, DC: 
Authors.  

Watson, J. M. (2009). The influence of variation and expectation on the developing awareness of 
distribution. Statistics Education Research Journal, 8(1), 32–61.  

 

Roger Day is Instructional Assistant Professor at Illinois State 
University.  Prior to assuming that position, he was Mathematics 
Department Chair at Pontiac Township High School. Before going back 
to teaching high school, he was Associate Professor at Illinois State 
University. He holds National Board Certification, and is a recognized 
expert on secondary mathematics teacher development. 

 

 

Tami Martin is Professor of Mathematics at Illinois State University and 
Associate Editor of the Journal for Research in Mathematics Education. 
Her research in mathematics education focuses on high school and 
college students’ understanding of geometry, calculus and proof. She 
works with pre-service and in-service secondary teachers of mathematics. 
 

 

 

 

 

 

 
 

 



Fall	   62	  

Not All Plots Are Created Equal 

Robin Levine-Wissing 

Abstract: Not All Plots are Created Equal is designed to develop student understanding 

of various types of data displays, including dot plots, stem-leaf plots, histograms, and box-

whisker plots.  After constructing displays, students analyze types of plots to determine which 

best represents their data.   

 

Each of us, at some point in our life, is confronted with the need to interpret data in 

displays. This may take place in school, in the workplace, or when shopping. In some situations, 

there may be the need to create, as well as to analyze the data. 

In the past, middle and high school students were not required to, or even exposed to, 

creating data displays in their courses in mathematics. For some students, Advanced Placement 

Statistics, was (and perhaps still is) their first experience with this activity. The Common Core 

State Standards 

 in Mathematics (NGA & CCSSO, 2010) recommends that students, as early as grade 6, 

display sets of data and identify measures of central tendency. That is excellent. However, 

students must learn to understand the data before creating a display that is appropriate for that 

data.  We could liken this to drawing an appropriate graph for a function (knowing the domain 

and range). 

The activity that I use the very first day of my AP Statistics class is one that can be 

adapted for implementation in middle or high school mathematics courses. To begin, it is 

important to use a data set with no repeated values, and preferably, data collected by students. 

Asking students to identify the number of siblings would not work well because those data will 

include repeated responses (most students will have 0, 1, or 2 siblings). By contrast, I ask 

students to identify the number of cell phone contacts currently stored in their phones. Some 

contacts have multiple phone numbers so it is best to just count the contact once. The values of 

this set of data can be recorded for later analyses.  Be sure to mention to students that this is one-

variable data, and define the variable (the number of cell phone contacts in that phone).   

The goal of the cell phone activity is for students to recognize that there is no one-size-

fits-all approach to a data display and analysis.  When students construct a dot plot they will find 
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that 25 or so dots across a horizontal axis is not useful.  By contrast, a histogram or stem-leaf 

plot of the same data will provide information about the shape and spread (variability) of the 

data.  Early discussions of outliers can take place as well.  Students also will learn that the bar 

graph and circle graph are not appropriate since these displays are better used with categorical 

data, as for example, hair color and breeds of dogs, and not with quantitative data being 

displayed in this activity.  

Now for the displays. Since this is Day 1 of AP Statistics, students may not have had any 

formal instruction on how to construct various types of displays. Supplies for each group of 

students for this first day activity include markers of a variety of colors, a meter stick, and large 

post-it paper sheets (preferably the kind that has grid lines).  Each group of three to four students 

is assigned a different plot: dot plot, stem-leaf plot, histogram, box-whisker plot, circle graph, 

and bar graph. You may have to repeat the type of plot if you have more groups than types of 

plots. I would repeat the dot plot, stem-leaf plot, box-whisker plot, and histogram. Examples are 

shown in Figure 1. At this point, all that students know is that they are to create a plot (that I 

assigned) from the cell phone data. Throughout the activity, and during the entire course, I urge 

students to consult their textbooks and the internet (from their laptops) for information when 

needed so that they become more self-reliant in finding relevant information 

or verifying their understanding. 

 

Figure 1: Examples of dot plot, stem-leaf plot, box-whisker plot, and histogram 
 

During their group work, I circulate throughout the room and respond to questions. After 

15-20 minutes, I bring the groups together and have them show and describe their plots. Each 

year I do something a little bit different when it is time to analyze the work.  Below are various 

options to complete the activity. 

 

• Give a writing prompt asking, “Which display(s) is most appropriate to view the data and 
be able to draw some conclusions?” 

• Give a writing prompt asking, “What data set would be best represented by (name a type 
of plot)?” This can be done for each type of plot. 
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• For my AP Statistics class, I initially ask students which of the plots is most appropriate 
and why, which leads to discussions about the other plots and their better uses.   

 
Before the lesson is over (I complete this lesson during a 90-minute block period), I visit 

each display and provide feedback on what might be included to ensure a “valuable display” 

(e.g., title, scale on the horizontal axis of the dot plot or histogram, appropriate bin widths on the 

histogram, appropriate stems on the stem-plot). I also distribute the following summary form for 

students to complete. 

 

 

 

 

 

 

Summary of Observations about Displays 
 
Name _______________________________________  Period _____ Date ______ 
 
As you view the different data displays constructed by your classmates, complete the 
following.  Work with your partner. 
 

1. Which display(s) has a distribution that is skewed to the left?   
_________________________ 

 
Explain your reasoning. 

 
 

2. Which display(s) has a distribution that is skewed to the right?  
_________________________ 

 
Explain your reasoning. 

 
 
 

3. Which display(s) has a distribution that appears to be uniform?   
___________________________ 
 
Explain your reasoning. 

 
 
 

4.  Choose any display (expect the one you created), and describe a possible 
scenario that would yield the distribution shown.   

 
 
 

5. Describe how the situation matches the distribution you have chosen 
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About two weeks later, when we are discussing the 5-number summary of data 

distribution (min, Q1, median, Q3, and max) in AP Statistics, I engage students in Box Plot 

Explorations to enhance their understanding of key concepts of statistics.  

Box Plot Exploration 
Goal:  Groups of students construct box plots for various sets of data to enable the data analyses. 

Completed box plots are compared based on center, shape, and spread of data. 

Materials: Each group of 3-4 students is provided with markers of varying color, a meter stick, 

large post-it paper, a graphing calculator and a data set worksheet. Below is one complete data 

set worksheet. All worksheets have the same questions, only the data sets differ. Seven 

additional data sets are displayed below the worksheet. 

Note: Medians divide data into two parts. Quartiles divide the data into four parts; they are the 

medians of the lower and upper halves of the data. The five-number summary in question 1 

includes Min, the least value in the data set; Q1 which is the median of the lower half of the data 

set; Med which is the median or middle of the entire data set; Q3 which is the median of the 

upper half of the data set; and Max which is the greatest value in the data set.  

Presentations: Student groups present their work to other groups, compare their distributions 

and box plots and identify factors that contribute to similarities and differences in their statistics. 
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Box Plot Exploration: Data Set A 

 

Name ____________________________ Date __________  Period_____  

 

Consider the following set of test scores.   

 

64 66 81 76 77 83 97 84 90 87 

72 92 85 94 98 75 89 67 100 90 

 

1. Calculate the five-number summary and record below. 
 

Min _____ Q1  ______ Med  ______  Q3 _____ Max _____ 

 

2. Are there any outliers in the data set?  Show the calculations to confirm. 
 

 

3. Draw a boxplot on your calculator and copy it to this worksheet.  Label the scale and 
mark in the 5-number values on the plot. 
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Box Plot Exploration Continued 

4. Describe the center, shape, and spread of the distribution. 
 
 
 

5. Construct another type of plot that would be appropriate for your data. 
 

 

6. What information is new from the plot in #5 that was not obvious or shown on the 
boxplot? 

 

 

7. Using the boxplot, what values compose the middle 50% of the data? 
 

 

8. Is it easy to find the middle 50% of the values on your new plot? Explain. 
 

 

9. Without using the graphing calculator, estimate where the mean is on both graphs. 
Mark this value using a vertical line (on both graphs) with a pen or colored pencil. 

 

 

10.  Calculate the mean and record it here.________   Compare the calculated mean with 
the estimate from your graphs. 

 

 

11. What do the values of Q1 and Q3 tell you about the distribution of the data? 
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Alternate Data Sets with the same questions: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Set B:  

78 96 83 32 67 82 86 80 89 99 

79 85 84 85 90 60 83 74 70 88 

Set C:  

66 74 68 76 71 82 68 90 70 75 

72 69 80 67 91 70 79 71 98 87 

 

Set D:  

90 73 95 71 97 91 66 79 93 92 

87 95 75 96 69 91 60 84 99 81 

 

Set E: 

84 86 66 79 71 88 72 92 88 90 

61 73 81 91 91 72 95 89 73 96 

 

Set F:  

90 83 80 82 77 90 81 77 84 86 

84 88 82 78 87 84 91 79 92 80 

 



Fall	   69	  

 

 

 

 

 

 

 

 

 

 

References 

National Governors Association Center for Best Practices & Council of Chief State School 
Officers. (2010). Common Core State Standards for Mathematics. Washington, DC: 
Authors. 
 

 

Robin Levine-Wissing has taught high school mathematics for 38 years. 
She is a Presidential Award Winner for Excellence in Mathematics 
Teaching and the author or journal articles, an A.P. statistics test prep 
book and online activities. She is a speaker at conferences and numerous 
institutes. 

 

 

 

Set G: 

83 86 81 89 89 83 85 80 87 84 

84 59 86 82 81 84 82 80 90 91 

 

Set H: 

52 75 76 89 71 90 80 81 102 99 

49 58 88 60 79 98 41 69 99 87 

 



	  

 

 


