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Dear AATM Colleagues, 
 
 Welcome to the fall 2019 issue of OnCore. The eight articles are organized by grade-level 
foci, and provide sets of problems, activities, and explorations to not only enhance student 
understanding of key mathematical ideas, but to generate interest in solving the problems and 
promote persistence.  
 It’s About Time focuses on ways to read a clock face to identify hours and minutes, and to 
“tell time.” Procedures for developing clock faces to promote “hands on” explorations and develop 
student understanding are provided. Mathematical Sense-Making with Multiplication presents 
activities that promote students’ use of their visualization talents to make sense of and identify 
relationships among different groupings of sets of dots, view multiplication as repeated addition, 
and make use of the partial product diagram to complete multi-digit multiplication.    
 Unlock the Locks: Math Mystery Day shows ways to create Escape Room adventures for 
teams of students that will capture their imaginations and interests and promote group problem 
solving. Adventures involve locating clues, decrypting messages, and assembling data and other 
information to solve problems. Among the adventures are those involving combination locks 
(described in detail), various codes, and invisible ink. Challenging Students Mathematically: Focus 
on Their Interests presents three sets of problems that address proportional reasoning, 
measurement and measurement formulas, data analyses, and geometric relationships in contexts 
they like: themselves and weird uses of common items. Students will measure walking distance, 
their speed to complete the walk, and relate both to the length of their legs. They will measure feet 
sizes and compare those with shoe lengths and international tables for relating feet length to shoe 
size. For weird problems, they will study toilet and paper towel rolls, use those for measuring 
distances, and examine shapes of their inner tubes. 
 Exploring Solids and Their Nets with Technology describes how to use free on-line apps to 
promote student explorations and enhance their understanding of the features of three-dimensional 
shapes, including cubes, rectangular solids, and cylinders. Exhibits of various nets and their 
construction are detailed. Developing Polynomial Function Sense provides activities and methods 
to enable students to develop their understanding of a variety of functions, families of functions, 
and characteristics of those functions, including, for example, domain, range, intercepts, Going 
Beyond the (3,4,5) Pythagorean Triples explores “triples” beyond the usual ones, challenges 
students to identify different cases of triples, and use technology to generate additional examples or 
to prove that no other cases exist. An Old Classic: The Coin Weighing Problem provides a detailed 
solution to this common problem. The article concludes with discussion of a modification of the 
problem to require four weighings. A great challenge!  
 
  We hope that you find these articles interesting and helpful. 
Please consider contributing an article to our spring 2020 OnCore journal. 
 
Very best wishes for a happy holiday season. 
 
 
 
 

Carole Greenes, Journal Editor     Tanner Wolfram, Assistant Editor 
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It’s About Time 
 

Deborah Estrada Wolfram and Tanner Wolfram 
 

Abstract  
The three mini-lessons presented are designed to develop kindergarten and first grade students’ 

abilities to read analog clock faces, to identify and name times to the hour and for every 5- minute 
interval in each hour, and to understand the relationship in duration between hours and minutes.   
 
Required Prior Knowledge: 

• How to create an ABCDE pattern 
• How to count by 1’s to 60 
• How to count by 5’s to 60 

 
Activity for Day 1: Identifying Minutes in an Hour 

Materials for each student:  
• White clock face with 5 spaces between each hour. 
• 5 different color pencils (or crayons) 
• One star-sticker to place above the 12 on the clock 

Directions: 
1. Give each student a clock with a sticker placed above the number 12 (Figure 1). 
2. Have each student pick five different colored pencils or crayons. 
3. Direct students to use the colored pencils/crayons to create repeatable ABCDE patterns on 

their clocks (Figure 2).  
Say: 

a. Start with the first five spaces between 12 and 1. Color each space a different color. 
b. Continue the same color pattern between 1 and 2. 
c. Continue the same color pattern between all numbers around the whole clock. 

4. Starting at 12 (with a star above it), ask students to count the number of colored spaces in 
the entire clock. 

5. Explain to students that each space represents one minute on a clock. Ask: How many 
minutes are shown on the clock? (Answer: 60 minutes) 
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Figure 1. Sample starting clock 
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Figure 2. Sample clock showing 60-minute intervals, and hour and minute hands. 
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Activity for Day 2: Time Vocabulary 
Materials Preparation: 

• Cut out each student’s color-patterned clock, glue it to cardstock and laminate. 
• Prepare an hour hand and a minute hand for each student’s clock (could be made with black 

paper that has been laminated and then cut). 
• Assemble clocks using brads to attach the hour and minute hands. (Important because 

students need to manipulate their clocks for future activities.) 
 

Directions: 
1. Tell students that the front of the clock is called the “face” of the clock. Point to the black 

pointers on the clock and tell students that they are called the “hands” of the clock. The 
long pointer is the minute hand. The short pointer is the hour hand. 

2. Have students point the long pointer – the minute hand – at the 12 on their clocks.  Say, 
“When the minute hand points to 12, the time we say ends with O’clock.” 

3. Direct students to keep the minute hand pointed toward the number 12, and have them point 
the hour hand at the number 1.  “To tell the time now, we say: 1 One O’clock” 

4. Have students practice moving the hands of their clocks and tell the times: One O’clock, 
Two O’clock, and Three O’clock, etc. 

 
Activity for Day 3: “Tell Time”- Hour and 5-Minute Intervals 
Materials: 

• Colored-patterned clocks (Figure 2) 

Directions: 
1. Have students count by 5’s from 5 to 60. 
2. Ask “How is 60 related to the clock?” (Ideally, students will remember that there are 60 

colored spaces on their clocks in the ABCDE pattern.) 
3. Call on students to count the number of colored spaces between: 

a. 12 and 1. 
b. 1 and 2. 
c. 2 and 3. 
d. 3 and 4. 

4. Direct students to place the hour hand on the number 1, and point the minute hand at the 
number 2. 

a. Ask students to say the number that the hour hand is pointing at. 
b. Tell students that the star sticker on the clock shows the starting point for counting 

the minutes on the clock. The 12 is like the starting line of a race. 
c. Direct students to count the number of colored spaces between the 12 (starred 

number) and the number 2. 
d. Say, “The way to tell that time is to say 1:10.”  Explain that the “1” is the number 

that the hour hand is pointing at, and the “10” is said for the number of colored 
spaces, or minutes, between the 12 and the 2. 
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5. Repeat step 4 for different times on the clock. 
a. NOTE: Skip the minutes between 1 and 9 (e.g. 1:01-1:09, 2:01-2:09, 3:01-3:09), 

because you need to teach students how to tell times “One o-one” through “One o-
nine” in a separate lesson. Notice that saying “One o-one” does not follow the rules 
of how to tell time. This is a common source of confusion for students and should 
be taught on a different day. 

 
Teachers should avoid mentioning that the hour hand moves between the hour numbers as the 

minute hand moves around the clock until students have mastered identifying the time and 
counting the minutes. Once mastered, then be sure to mention that the hour hand moves slightly as 
more minutes have passed on the clock.  (Several students have most likely observed the 
movement of the hour hand.)  As well, times between 5-minute intervals (e.g. one twenty-seven, 
four thirty-one) can be explored at a later date. Other time vocabulary, like “half past one”, 
“quarter till”, “one o-one”, can be introduced after this series of lessons.  
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Mathematical Sense-Making with Multiplication 
 

Jodie A. Bailey 
 
Abstract 

This article describes activities that I have used with students in grades 3-5 to develop their 
understanding of multiplication. I have the privilege to work as an instructional coach in an 
elementary school serving students in grades kindergarten through grade 5. Over the past two 
years, I have been working alongside teachers to help students develop more flexibility in their 
ways of thinking to develop a deeper, more connected understanding of mathematics. 

By using different visuals to represent mathematical ideas and building on students’ intuitive 
understanding, we established a culture of thinking and sense-making in our classrooms. While 
these particular examples involve multiplication concepts, the instructional strategies could be 
applied with other mathematical topics.  
 

Sense-making is an individual process as learners use their personal experiences to interpret 
situations. This process may be enhanced through attempts to reach shared consensus about the 
meaning of problems and their solutions. Allowing time and space for students to think and 
ponder about mathematics is an essential part of learning. As noted in NCTM’s Principles to 
Actions (2014), “Effective teaching of mathematics consistently provides students, individually 
and collectively, with opportunities and supports to engage in productive struggle as they 
grapple with mathematical ideas and relationships” (p. 48). 

 
Representing Mathematical Ideas through Visuals. 

Making mathematics visual has become a central part of our school’s daily mathematics 
instruction. As an example of a task that allows for multiple ways to “see” a representation, the 
dot problem from Jo Boaler’s Week of Inspirational Math (Boaler, 2018, p. 2) promoted students 
to describe the quantity of dots in different ways (See Figure 1). Students did a “quick look” and 
agreed that there were seven dots. Students were familiar with subitizing, or the recognition of 
small quantities, from their earlier work in schools. They described different ways they saw the 
dots. Some saw five dots, like on a die, while others saw two dots on the top and bottom with a 
row of three dots in the middle. My students described 16 different ways to see the dots! (See 
Figure 2) 

 

 
Figure 1. Dot Card Task 
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Figure 2. 16 Student Visualizations 
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Students’ conversations as they shared what they had noticed were essential in establishing 
that there might be different ways to view the dots rather than one “correct” solution. When 
listening to students, I worked to understand their reasoning with the basic assumption that their 
thinking was correct (Harkness, 2009). Students felt empowered as they realized I was more 
interested in their ideas about the mathematics than simply hearing numerical answers. Dan Finkel 
(2016) addresses this idea in his TedTalk Five Principles of Extraordinary Math Teaching where 
he encourages teachers to “say yes to their students’ ideas” and describes how valuable it is for 
learners to discuss and disprove arguments, rather than those ideas being dismissed by the teacher. 
 

Building on Intuitive Understanding. 
Another part of the classroom culture I have developed is an emphasis on “notice” and 

“wonder”. As Tracy Johnston Zager notes in her book, mathematicians “notice, wonder, imagine, 
ask, investigate, figure, reason, connect, and prove” (Zager, 2017, p. 28). When working in 
classrooms, I engage students in all of those Zager verbs but am particularly intentional about 
using “notice” and “wonder”. After exploring the different ways students visualized the dots, I 
had students, in pairs, playing cards and dice to practice subitizing skills. Students would flash a 
card or roll up to three dice and describe ways they saw the groupings to their partners (See 
Figure 3). 

 
 

 

Figure 3. Students use dice and playing cards to improve subitizing. 
 
 

The next day, we looked at multiplication subitizing cards (Fletcher, 2019) for students to 
notice and wonder about the models provided (See Figure 4). They quickly noticed that the 
number of dots in every group was the same. Once they knew the number of dots within one 
group, they did not need to count the dots within every group. These “notices” give insight into 
what students already know about the mathematics as well as possible misconceptions. For 
practice, students took two quick looks at a card. The first quick look was to determine how 
many dots were in one group. The second quick look was to determine how many groups were 
on the card. Students practiced these “quick looks”, alternating turns with a partner. If a pair of 
students did not agree that the correct number of dots was provided, they could count the dots 
together to confirm. 
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Figure 4. Example of Fletcher’s multiplication subitizing card 

 
Students wondered whether the groupings might be related to multiplication. The classroom 

teacher had not yet introduced the students to multiplication but many were familiar with the 
notation from older siblings. Teachers were impressed with how accurate students were in finding 
products, and intrigued by a process that was very different than the more typical approach of 
introducing multiplication facts as equations. What the students shared as “wonders” often 
empowered them to learn more because they were curious and wanted to explore their own ideas. 
Listing “wonders” also allowed me to honor all ideas shared by students (including those that we 
might not have had time to explore during class). These additional ideas often became questions 
that students could explore during free time, as well as considering extensions beyond the grade-
level content specified in the curriculum. 

 
Extending Beyond Basic Multiplication Facts. 

Another example of using “notice” and “wonder” involves multiplication with multi-digit 
numbers. I have used this next activity many times with grades 4 and 5 students. Students watch 
a video based on a Japanese method for multiplying numbers. We began by looking at 2 x 3 
(https://youtu.be/jrY64vUlJBc) and 3 x 4 (https://youtu.be/d9NV1LWL2PM). Students watched 
each video at least twice so that they had time to jot down observations on post-it notes, and time 
to think about what they saw. (If students ask, I will show the video multiple times.) Students 
noticed the dots and wondered what they might mean. We then watched 12 x 3 
(https://youtu.be/J_4vFYG-fu0). Students noticed that the colors of the dots were different and 
wondered why this might be the case. Finally, we watched 12 x 23 
(https://youtu.be/9dTc1AhCaVU). At this point, many students noticed the different colors and 
began to wonder if the colors in these videos were related to place value. For example, the blue 
dots represent the hundreds place in the product, the red dots represent the tens place, and the 
black dots represent the ones place. 

https://youtu.be/jrY64vUlJBc
https://youtu.be/d9NV1LWL2PM
https://youtu.be/J_4vFYG-fu0
https://youtu.be/9dTc1AhCaVU
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Figure 5. Multiplication methods comparison 
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In one grade 5 classroom, students continued to think about this way of modeling 
multiplication for several days. After some group conversation, a few students made 
connections between this model and the partial products method they had used in grade 4. That 
group presented their ideas to the class, and other class members agreed that there were definite 
connections between the two methods. They noticed, for example, that the black dots (See 
Figure 5) represents 2 x 3, and there are 6 black dots to represent the 6 ones in 276. The red dots 
represent 20 x 2 and 3 x 10, or the 7 tens in 276. Finally, the two blue dots represent the 20 x 10 
or the 2 hundreds in 276. In both methods, the 70 in 276 was shown as 3 tens joined with 4 tens. 
While the class decided that they wouldn’t use the line method to multiply numbers because 
they felt they had more efficient methods, they were intrigued by the model. These 
conversations provided tremendous insight into how students understood the process of 
multiplication. The connections they made between place value, multiplication, and 
multiplicative reasoning were impressive. 

 
Empowering Students. 

Establishing a classroom culture that fosters autonomous thinking and engages learners in 
mathematical sense-making is a time and labor-intensive task. The type of learning and teaching 
envisioned by NCTM’s Principles to Actions (2014) supports a shift in how mathematical ideas 
are shared in classrooms, the range of skills to be developed by students, and the teaching 
practices that will allow students to take ownership of mathematics and their own learning. With 
regard to the understanding of multiplication developed by students, Keiser’s (2010) words are 
an apt description: “Our main goal with computation is to try to strengthen the foundations that 
have already been built, foundations that rely solely on conceptual understanding, many visual 
examples, and reasons why the math makes sense” (p. 222). 

With an emphasis on sense making, students became owners of their own mathematical 
thinking. They were not afraid to tell others they needed additional time to think about a 
problem or another’s interpretation of tasks. Students were no longer focused on “answer- 
getting” (Daro, 2014); rather, they made sense of the mathematics in their own terms and 
worked with others to build a shared understanding of ideas. With time to think about their 
own understanding of a problem, seek commonalities and differences, and have ample 
opportunities for revision of ideas, students developed a more robust understanding of 
multiplication and trusted their way of making sense of mathematics. At the end of the school 
year, students met the content-related goals and demonstrated mastery on state-mandated and 
district-created assessments. More importantly, students embraced a deeper understanding of 
multiplication, could make connections among various models, and were confident in their 
strategies. 
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Unlock the Locks: Math Mystery Day 
 

Jenny K. Tsankova and Gabriela Kirova 
 

Abstract 
This article describes how to create an Escape Room in your classroom and the components 

of the engaging exploration. Specific attention is given to implementation strategies. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
“Mrs. Valcheva, what is going on? What are all of those boxes?” 
“Children, we have a special surprise for you today. We have guests from the United States 

and they will be doing an interesting math adventure with you.” 
“For us? That looks like it is going to be fun.” 
An engaging math lesson is an unexpected treat for both children in Bulgaria and for children 

in the United States. In fact, the students are starving for a game-like environment where they 
can hardly wait to reveal the mystery of the box. So what if the prize is another problem to solve, 
and in the next box, yet another problem. It is the place where you find eagerness, curiosity, 
adventure, and genuine interest – your classroom. 

Escape Room activities are new, but fast-growing area for “smart” problem-solving 
experiences nationally and internationally. In the field of education, Escape Room types of 
adventures are rapidly taking off, and we have fallen in love with them. 
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Theoretical Background 
The effect on learning when engaging students in a virtual game-based environment has been 

well-observed and researched (Resnick et al., 2009). Takeuchi and Vaala (2014) report that 74% 
of teachers are using video games in the classroom. For example, coding (STEM) courses for 
elementary and middle school students are now infused with Minecraft examples to motivate and 
engage students. We could argue that the digital platforms are not enough. It is important to 
create live puzzle-based scenarios that require students to apply a wide range of personal 
knowledge and concepts to solve problems. Those scenarios are similar to the 5 Wits live game 
experience or Escape Room environments where teachers create problem situations that demand 
the application of students’ knowledge. Students become active learners and are asked to respond 
to higher cognitive demands. (Anderson & Barnett, 2013).  

These performance tasks require collaboration between participants that is genuine and 
capitalize on students’ strengths. Live problem solving situations do not minimize the teachers’ 
roles. In fact, studies have shown that learning is enhanced when teacher support is available to 
students (Chen, Wong & Wang, 2014; Dominguez et al., 2013). More than that, teachers are 
sought when needed to provide additional learning tools or timely support in an effective way. 

 
Our Experience 

During the past two years, faculty members from Roger Williams University, Sofia State 
University (Sofia, Bulgaria), teachers from Massachusetts, and 35 elementary schools in Sofia 
have been engaged in creating and trying mini-math problem-solving “unlock the black box” 
situations. We have researched websites and purchased materials to understand the mechanics of 
a project like this. We have spent many days identifying attractive themes, interesting problems, 
and strategies to promote and assess the learning experiences. It has been a long but truly 
rewarding and worthwhile journey. 

The tasks we designed we tried with students in grades 1 through 10. All tasks direct teams 
of students to move in a linear fashion (from station to station) to solve problems, unlock boxes, 
crack codes, and discover clues to help unlock the final box.  

 
The Lessons We Learned: Design It and They Will Come 

Below are suggestions for replicating the experience. 
A. When is a good time to implement the experience? How do I start? 

1. Start small and reserve Unlocks the Locks to save those math days that fall right before 
vacation or a holiday. Use the exploration to review a concept, chapter, or unit. Create a 
multidisciplinary connection – after all, math can be infused into any subject area. 

2. Recruit a supporter or an accomplice. It is true that this looks and sounds like more work 
just when you thought you have caught up with everything…but with a colleague, work 
never looks daunting! 

3. Create an environment of anticipation among your students. Looking forward to that 
special math day is half the fun. 

B. The Math Gist 
1. Generate 5 to 6 problems.  
The problems should not be very easy because the students are working together, but at the 

same time, they should not be very difficult. Find the middle ground for difficulty in terms of the 
reasoning, as well as the computing. We discovered that, while developing an exploration for 
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Operations with Decimals. In order to open every box, students have to compute multiplication 
and division of decimals by hand, and kept making mistakes. Sample problem: Multiply a given 
number by the number of groups in the classroom. Multiply that result by the number of 
problems assigned. Then divide that result by the number of teachers. We knew right away that 
the students knew what to do to solve the problems, the problem solving strategies were there, 
but the technical part (the computation), was too complex. So, use simpler computations. 

2. Vary the problems in terms of solution options (e.g., open response, multiple choice, true 
or false) to make the experience more interesting. 

3. Establish a theme for the experience. Any theme appropriate for the age level of the 
students works. Examples of themes are: Birthday Party, Night at the Museum, Back to 
the Past of Egypt, Ancient Greece (or any other topic in Social Studies), Fraction 
Distraction, Halloween in the Middle School, The Quadratic Invasion-- the sky is the 
limit. The theme will allow you to modify the context of your problems, create a 
sequence to order the problems, and make the problems engaging. The theme and the 
order of the problems do not affect the mathematical ideas you would like to use, but do 
give the exploration creative and wholesome pizzazz. 

4. You might want to include a non-routine problem, that is, a problem that can be solved 
using a particular problem-solving strategy, such as: make a diagram, table, or flowchart; 
draw a picture; or work backwards. Those problems are different, involve logical 
reasoning, and will involve students who may not shine in solving everyday problems. 

C. Materials and Resources 
1. Collect double-zipper lunch boxes or similar containers. You need 

from 3 to 5 boxes per small group. The double zipper will allow you 
to place a locker on the box.  

TIP: Use nylon zipper pull cords or elastics, so that you don’t have to worry 
about whether a thick lock can go through or whether the lock may become 
stuck (learned the hard way!).  

2. You may wish to use locks, envelopes, or a combination of both. 
Undoubtedly, the locks are more interesting to use but more 
expensive. Since you most probably want to engage a whole 
classroom, you need a set of locks for each small group. The most 
commonly used locks are: 

a. Key locks 
b. 3-digit and 4-digit combination locks 
c. 4 or 5-letter word combination locks 
d. Directional locks 

Locks are easy to reprogram. TIP: Make sure you keep each lock in a zip-lock bag with the 
current combination written and placed with the lock. 

3. Look at your classroom with a “where is a secret spot” eye. You can place clues on the 
walls, under desks or chairs, in the pencil box, on the board, under the eraser or the 
stapler, among the books, etc. Be sure that you communicate to students the locations in 
the classroom they are free to explore, and ones that are not. TIP: You may wish to place 
stickers on places that CANNOT be used in the activity. 
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D. Classroom Management 
1. Decide on the number of teams. Three to four students per team is best. 
2. Establish the norms and responsibilities of each group. 
3. You may allow each group to ask for no more than two hints. 
4. You may want to provide work space for each group. Place all boxes that the group needs 

and other clues near that space. 
E. For the More Experienced 
For those of who are ready to provide that extra zing, here are some suggestions: 

1. Use technology:  
a. QR codes are free and easy to create: Embed a QR code in a picture. Students will 

scan the code to get to a website and collect the needed information 
b. Provide a link to a website 
c. Write a secret message in another language. Students will have to use Google 

translate to figure out the message. 
2. Use Invisible Ink pens to provide directions. You need UV flashlights for students to read 

the secret message including the directions.  
 

 

 
3. Use Codes and provide the key to interpret them. For example, you can use Egyptian 

hieroglyphs for numbers, the Morse code, Flag code, Picture Code, Caesar cipher, Star 
Wars language, or Elvish language (by Tolkien). 

4. Involve the colleague next door to provide that secret word if asked. Or use a relative 
who can answer the phone and mysteriously deliver the needed information. 

F. Let’s Go! 
Before you go, Rehearse, Rehearse, Rehearse! 
Now you are ready for Unlock the Locks: Math Mystery Day 
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Appendix: Two problems to get you started. 

Problem 1: Word problem 
Super Bowl 2017 
The Super Bowl 2017 game started at 6:30p.m. It ended at 10:17p.m. Then, the overtime 

went on for 4 minutes. The Lady Gaga show at halftime took 30 minutes. All commercial time 
totaled 51 minutes. 

This answer will unlock a 3-digit lock! How much time did the game take?  
Answer: ___ hours ____minutes. 
 
Problem 2: Quadrilaterals, True/ False answers. The correct answers open a directional 
lock. 

Answer the Questions. Follow the arrows. Circle yes or no. 
1. Is every rectangle a square? 

Yes   No 
 

 
 

2. Is every square a rhombus? 
Yes   No 
 

 
3. Is every rhombus a parallelogram? 

Yes   No 
 
 
 

4. Is every quadrilateral a parallelogram? 
Yes   No 

 
 
 

 
5. Is every trapezoid isosceles? 

Yes   No 
 
 

6. Is every square a rhombus? 
Yes   No 
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Challenging Students Mathematically: Focus on Their 
Interests 

 
Carole Greenes, Nayif Awad, and Tanner Wolfram 

 
A pupil from whom nothing is ever demanded which he cannot do, never does all he can. 

John Stuart Mill (1806-1873) English Philosopher and Economist 
 

In studies and puzzle writing projects conducted with middle school students at Arizona State 
University, we discovered problem contexts that were highly motivating and caused students to 
persevere and generate creative solutions, as well as to learn new mathematics. The top contexts 
were problems that involved: the students, themselves; technologies; games; strange situations; 
and individual sports (e.g., biking, skateboarding, running).  

In this article, we present three contexts and related problems designed for middle-school 
students that are aligned with student interests and provide: practice with application of key 
concepts, skills, and reasoning methods; develop logical reasoning abilities; enhance problem-
solving talents; prompt design of creative solutions; promote stick-to-it-iveness; and provide 
students with greater insight into their own mathematical talents. Note that projects are aligned 
with major goals of the Arizona Mathematics Standards (2016) for grades 6-8, and with the 
National Assessment of Education Progress 2017 report’s grade 8 goals. Both documents 
highlight use of problems involving percentages, rates, two-and three-dimensional shapes and 
their measurements, data collection and analyses, and functional and proportional relationships.  

For all problems, we recommend that students work in pairs, one student performs the actions 
and the other records the data. The use of apps and other measuring devices is required. 
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Take a Walk 
Lengths of our walking steps vary. Sometimes we take “big” steps. Sometimes we take short or 
“baby” steps. In these activities’ students walk in different ways, measure step lengths and 
distances walked, identify relationships among those measurements, and compute speeds.  
Grade levels and AZ Standards 
Grade 7:  

• Analyze proportional relationships and use them to solve mathematical problems and 
problems in real-world context. 

• Solve mathematical problems and problems in real-world context using numerical and 
algebraic expressions and equations. 

• Using random sampling to draw inferences about a population 
Grade 8: 

• Understand the connections between proportional relationships, lines, and linear 
equations. 

• Use functions to model relationships between quantities. 
Mathematics Content 

• Arithmetic computations (ratio, proportion, percent) 
• Measurement distances and time 
• Data collection and analyses 

Materials 
• Metric measuring tape 
• Calculator apps (Timer, Calculator)  
 

Activity 1: Length of Walking Step 
A. Walk forward 20 steps. 
B. Measure distance walked in meters 
C. Calculate average length of step. 
D. Record step length. 
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Activity 2: Compare Average Length of Walking Step to Leg Length 
A. Measure length of left leg in centimeters. Record length. 
B. Use step length from Activity 1.  

 Write ratio of walking step length to leg length. 
 
Activity 3: Walking Speed -Forward 

A. Set timer to begin. Walk forward 30 steps 
B. Measure and record distance walked in meters. 
C. Record time for walk in seconds. 
D. Compute average walking forward speed (Speed = distance 

(in meters)/time (seconds) Record average speed as: 
meters/sec. 

E. Repeat A-D for: 
• Baby-step walk 
• Giant-step walk 

 
Activity 4: Walking Speed -Backward 

A. Set timer to begin. Walk backward 30 steps 
B. Measure and record distance walked in meters. 
C. Record time for walk in seconds. 
D. Compute average backward walking speed (Speed = distance (in 

meters)/time (seconds) Record average speed as: meters/sec.  
E. Compare backward and forward walking speeds 
• Did you get the same results? 
• How do you explain that? 
F. Compare forward and backward speeds to leg length. 

 
Activity 5: Conclusion 

Prepare a report to describe: 
A. New knowledge you acquired. 
B. Unexpected results. 
C. Another investigation you would like to do. 
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Fit the Foot 
In this activity, students measure their feet, shoes, and height in order to determine the 
relationship among those measurements. 
Grade levels and AZ Standards: 
Grade 6: 

• Understand ratio concepts and use ratio reasoning to solve problems. 

Grade 7:  
• Analyze proportional relationships and use them to solve mathematical problems and 

problems in real-world contexts. 
• Use random sampling to draw inferences about a population. 
• Draw informal comparative inferences about two populations. 

Mathematics Content 
• Arithmetic computations (ratio, proportion, percent) 
• Measurement formulas and application 
• Data collection and analyses 

Materials 
• Metric measuring tape measure or metric ruler 
• Data Chart (Reproducible) 
• Calculator or phone calculator app 
• Students’ shoes. (You may want to encourage students to wear different types of shoes 

for the activity for more interesting analyses.) 

  
Activity 1: Compare Shoe Length and Foot Length 

A. Measure lengths of students’ shoes. (Since shoes are generally rounded, it may be 
helpful to have students place their shoes against the wall before measuring. 
Alternatively, students can step directly on 
the top of the tape measure.)  

B. Measure lengths of students’ feet. (Measure 
from back of heel to tip of big toe.) 

C. Record ratio of Shoe Length to Foot Length. 
a. Do ratios vary by gender? 
b. Compute percent difference between 

foot length and shoe length for 
members of the class.  
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Activity 2: Compare Foot Length to Shoe Length to Shoe Size  
A. Use Foot Length and Shoe Length measurements from Activity 1. 
B. Locate shoe size (US values) from inside of shoe.  

a. For students whose shoes do not have sizes listed on the inside of shoes, measure 
the length of the shoe and locate the approximate shoe size using the conversion 
chart below.  

C. Record ratios:  
a. Foot Length to Shoe Size 
b. Shoe Length to Shoe Size 
c. Which ratio varies less among students in the 

class? 

 
Activity 3: Compare Foot Length and Height 

A. Use Foot Length measurement from Activity 1. 
B. Measure heights (cm). 
C. Record ratio of Foot Length to Height? 
D. Is this ratio constant for all students in the class? Check it out. 

 

Activity 4: Conclusion 
Prepare a report to describe: 
A. New knowledge you acquired. 
B. Unexpected results.  
C. Another investigation you would like to do. 

 
Shoe Size Chart for Women and Men Based on Foot Length (Infinity Shoes, 2016) 
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Data Chart 
Activity 1: Shoe Length and Foot Length 

 Shoe Length (cm) Foot Length (cm) Ratio of Foot Length 
to Shoe Length 

Student 1    
Student 2    

 
Activity 2: Foot Length to Shoe Length to Shoe Size  

 Shoe Size (US) Ratio of Foot Length 
to Shoe Size 

Ratio of Shoe Length 
to Shoe Size 

Student 1    
Student 2    

 
Activity 3: Shoe Length and Student Height 

 Shoe Length (cm) Height of Student (cm) Ratio of Shoe 
Length to Height 

Student 1    
Student 2    
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Toilet Paper, Paper Towel Explorations and More!!! 
Students explore mathematical relationships exhibited by sizes of toilet paper and paper 

towel rolls, and their inner tubes. Then they use unrolled toilet paper as a measuring tool. 
Grade Levels and AZ Standards 
Grade 6: 

• Understand ratio concepts and use ratio reasoning to solve problems. 
• Solve mathematics problems in real-world contexts involving area, surface area, and 

volume. 
Grade 7:  

• Analyze proportional relationships and use them to solve mathematical problems and 
problems in real-world contexts. 

• Solve problems in real world contexts involving angle measure, surface area, and 
volume. 

Grade 8:  
• Solve real world and mathematical problems involving volume of cylinder, cones, and 

spheres. 
 

Mathematics Content 
• Arithmetic computations (ratio, proportion, percent)  
• Data collection and analyses 
• Measurement formulas and applications 

Materials  
• Measuring devices, including tape measures 

(centimeter and inch) 
• Mobile apps 
• Toilet Paper Rolls (new) - number will vary based on 

activity 
• Paper Towel Rolls (new) - number will vary based on activity 

 

Activity 1: Analyses of Rolled TP and PT 
A. Measure diameter and compute circumference of roll of: 

a. Toilet Paper (Note: There are variations based on 
brand and ply. One ply is made of 13 thickness 
paper. Two ply is made of two layers of 10 
thickness paper.) 

b. Paper Towel (Same variations as noted for toilet 
paper.) 

B. Measure diameter and compute circumference of inner 
cardboard tube of 

a. Toilet Paper 
b. Paper Towel 

C. Compute volumes of both TP and PT (V= area of base x height) 
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Activity 2: Inner Tube Explorations 
A. Compare TP and PT inner tube sizes to sizes of whole rolls of TP and PT 

a. Compute percent of circumference of whole roll of:  
i. TP occupied by inner tube of TP. 

ii. PT occupied by inner tube of PT. 
b. Compute percent of volume of whole roll of: 

i. TP occupied by volume of inner tube of TP. 
ii. PT occupied by inner tube of PT. 

B. Predict shape of inner tube of an unrolled: 
a. TP roll. 
b. PT roll. 

C. Open both inner tube rolls to check predictions. 
D. For each opened inner tube: 

a. Identify the shape. 
b. Compare lengths of opposite sides. 
c. Compare lengths of opposite angles. 
d. Determine area of the shape. 

E. Compare opened inner tubes of the TP and PT. 
a. What percent of the area of the PT is the area of the TP? 

Activity 3: TP Sheet as Measuring Unit  
A. Measure the side lengths of one piece of TP.  
B. TP and You: Collaborate with a partner. Use sheets of TP to measure lengths of arms, 

legs, and head (from top of head to bottom of chin) of each person. Record the data. Use 
a measuring tape to verify TP measurements. 

C. Use rolled-out TP to determine the length of your 
classroom. Do the same for a hallway in your 
school. If you need more than one roll, connect 
rolled out TPs, end-to-end. 

D. Out of This World: How many rolls of toilet 
paper, unrolled and placed end-to-end, would it 
take to reach the moon -approximately 240,000 
miles from Earth? 

E. How does the answer from D compare to the 
estimated length of one day’s use of TP globally 
of 83,000,000 miles? 

Activity 4: Conclusion 
Prepare a report to describe: 
A. New knowledge you acquired. 
B. Unexpected results.  
C. Another investigation you would like to do. 
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Exploring Solids and Their Nets with Technology 
 

Yulianna Tolkunova 
 
Abstract 

Technology is an excellent way for students to learn about solid figures and their nets. This 
article highlights free resources that have helped students with the visualization of solid figures 
through various transformations. 

 
With the increasing availability and use of technology in society, it is also playing a greater 

role in the process of learning that includes: explaining new ideas, providing practice of key 
skills, and reviewing concepts and skills in preparation for assessments (Klubal, 2016). The use 
of technology in mathematics education enables teachers to present educational ideas more 
clearly, and to demonstrate phenomena or actions that cannot be easily seen. Furthermore, 
technology is of great interest to students, and has been shown to increase their depths of 
understanding (Loch, 2011). 

Technology can be particularly useful in the teaching and learning of topics in geometry. 
Solid geometry and stereometry (measurements of volumes of solid figures) can potentially 
cause visualization problems for students. With the help of technology, you can create or find 
three-dimensional graphic models of geometric solids and their combinations, rotate them on the 
screen, and help students identify their properties. In this article I describe some free resources 
that have helped my students with visualization. Note that, in my school, students are provided 
with tablets to use at their desks.  

We began one session with a model of a cube. We reviewed terminology for parts of a cube, 
including: face, edge, vertex, and net. For this part of the lesson (see Figure 1), I used the NCTM 
website https://www.nctm.org /Classroorn-Resources/Illuminations/Interactives/Geometric-
Solids/ that shows a model of a cube that can be enlarged/reduced, rotated, made transparent, or 
shaded. Using it, students can identify the number of edges, vertices and faces by coloring them. 
Through these explorations, students discover that a cube has 6 faces, 12 edges, and 8 vertices. It 
is also important that students can look at the solid from different points of view (in different 
projections), and not "get stuck" with the free parallel projection as the only possibility. Next, I 
showed students the net of the cube. When you press the button "Net" at the top of the screen, an 
animation of the solid opening up into its net is presented. On the website, there are also models 
of tetrahedron, octahedron, dodecahedron and icosahedron. In my lesson, I showed students nets 
of dodecahedron and icosahedron to stimulate their interest. 

In all subsequent activities, I used GeoGebra software where it is possible to create your own 
models. 
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Figure 1. Cube model. 
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After reviewing key terminology, I assigned students the task of creating as many different 
cube nets as they could. I used a GeoGebra online worksheet 
(https://www.geogebra.org/m/tzMJfNEV), where students, working in small groups, were able to 
move squares to create nets (see Figure 2 below). 
 
 

 
Figure 2. Cube Net Creation 

 
After spending time with this activity, I showed students all 11 possible cube nets. I used a 

great GeoGebra model (https://www.geogebra.org/m/RrknfdZz) for this, where you can move 
the slider and show your students that each net can actually create a cube (see Figure 3). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

http://www.geogebra.org/m/tzMJfNEV),
http://www.geogebra.org/m/RrknfdZz)
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Figure 3. 11 Cube Nets. 
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I also directed students to another model (https://www.geogebra.org/m/QAPeq2cw), where 
they were able to play with all 11 cube nets. They could look at them from different sides, rotate 
them, zoom in, and open and close a net to explore how the plane shape transforms into a 3D 
shape (see Figure 4 below). 

 

 
Figure 4. Nets of a Cube. 

 
These interactive models and animations made a very good impression on students and 

it actually helped them understand properties of a cube (not just memorize without 
understanding). 
 

Subsequently, students independently practiced on prisms and pyramids. Again, I used the 
GeoGebra resources (https://www.geogebra.org/m/n6EjQDw8#material/NDPrtnEV). In this app, 
there is always a model of a solid with corresponding questions for each model. For example, in 
the first example there is a picture of a square prism. The first question asks the user to name the 
solid (choose from three possibilities). After the correct answer is marked (answers are checked 

http://www.geogebra.org/m/QAPeq2cw),
http://www.geogebra.org/m/n6EjQDw8#material/NDPrtnEV).
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automatically), the student is directed to open the net. After completion, the next question 
appears, where the student is directed to count the number of green faces and then blue faces. At 
this point, we also reviewed terms like base and lateral face. It is a pity that the model does not 
use this mathematical terminology itself, so I emphasized these terms during the in-class practice 
time. 

On this link you can find eight different activities that students can do during practice, and 
the program provides immediate feedback. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5. Geometric Solids: Practice. 
 

At the end of the class we also looked at models and nets of cylinders and cones. I again used 
the interactive GeoGebra model (https://www.geogebra.org/m/WwTVKuVe), where I slowly 
opened and closed the nets for students. In subsequent lessons, I used the same models for 
exploring surface area and volume formulas of solids. These models helped students understand 
the formulas involving base, and surface area. (see Figure 6.) 
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Figure 6. Cylinder Model. 

 
At the conclusion of the lesson, I gave a short pop-quiz to assess students' understanding. 

Results showed the usefulness of the three-dimensional graphics models. 
All models and websites may be adapted for use with students in other grades to support their 

understanding of solid geometry. These activities and work with technology inspired my students 
to do more advanced explorations, and motivated them to collaborate with peers. 
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Going Beyond the (3,4,5) Pythagorean Triples 
 

Richard Kalman 
 

Abstract: 
(3,4,5), (5,12,13), (7,24,25), (8,15,17) — These Primitive Pythagorean Triples are familiar to 

many of us. But these are only the tip of the iceberg. Actually, an infinite iceberg! Here is a 
wonderful exploration for you and your students. 
 

Many students (and teachers) think of mathematics as a rote discipline for the long-settled 
procedures and principles we teach. It is not. It is the active effort to solve problems and answer 
unexpected questions. The procedures and principles are just byproducts of us exercising our 
curiosity. 

As a former high school geometry teacher, I found a wonderful exploration for interested 
teachers and students. Often, the original thinking that students had to do excited them. I’d like 
to share it with you in the hope that you use it to inspire students to think of mathematics as alive 
and participatory. 

After a lesson on the Big Four Pythagorean Triples, (3,4,5), (5,12,13), (7,24,25), and 
(8,15,17), I usually offered extra credit to my high school geometry students for anyone who 
created additional triples. Since this was in the 1970s, all the students had, if anything, were 
oversized four-function calculators that lacked a memory function. The next day, Eric Linder 
came to class with (9,40,41), (11,60,61) and (13,84,85) and a procedure. He guessed that there 
were an infinite number more.  

Using the Pythagorean Triple of (a, b, b+1) in the Pythagorean Formula enabled us to 
generate Eric’s triples easily and come to several conclusions common to all those triples. The 
phrase “What else?” was repeated over and over. 

Noting that we had only handled the cases in which the hypotenuse was 1 more than the 
greater leg, we wondered if there were other triples like (8,15,17) in which the hypotenuse was 2 
more than the greater leg. Building on Eric’s work and (a, b, b+2), we found several more triples 
and listed those conclusions we could see. Among other things we realized this had to be an 
infinite set, as well. We called this set Order 2 and the previous set Order 1.  

However, there was a problem. Among the triples of Order 2 was (6,8,10), which was just a 
multiple of the basic (3,4,5) triangle. Feeling the multiples like (6,8,10) and (9,12,15) would 
cloud the picture, we defined Primitive Pythagorean Triples (PPTs) as triples in which the legs 
had no common factor other than 1. Now we could deal only with basic triples in which any two 
sides were relatively prime to each other. 

This led us to look for PPTs of Order 3. We were startled by our inability to find any. Some 
years later, a way was found to prove that Order 3 had to be an empty set. The bigger question 
then became which orders were possible and which were not. We also began to wonder how 
many valid orders of PPTs there were. 

Beginning to generalize, I now asked the students to consider the Order k, where k could be 
any positive integer. Following the same procedures as above led us to a number of conclusions 
common to every valid order. It also forced us to define order as the difference between the 
hypotenuse and either one of the legs. This gave us two formulas for order: c – a and c – b. 
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Interestingly, we now realized that this definition allowed us to classify (3,4,5) as both Order 1 
and Order 2. 

Instead of stopping at this point, we moved to determine the complete set of valid orders — 
which ones yield PPTs and which ones don’t. To do this, I had to give the students an 
unexpected piece of algebra: Euclid’s formula. It is an interesting bit of algebra that 
(m² – n²)² + (2mn)² = (m² + n²)². Why not use these three expressions to represent the three sides 
of right triangles? Not only can they be used, it has been shown that they can generate every 
PPT, providing m and n obey three conditions: 

 
• m + n is odd. That is, either one of them is odd and the other even. 
• m > n > 0. (Why is this necessary?) 
• m and n are relatively prime. Their only common factor is 1. 

Naturally, to help students understand these conditions, we considered values for m and n 
that obeyed these three conditions and then those values that did not. 

And now we approached our finish line. Since m² + n² represents the hypotenuse, 2mn 
represents one leg and m² – n² represents the other leg, students are asked to see what they could 
conclude by considering c – a and c – b. The bottom line was that they saw that each order 
contains an infinite number of primitive triples, that there are an infinite number of orders that 
produce such triples, that all these orders are easily and neatly classified into easily identifiable 
Classes, and that there are far more positive integers that don’t represent valid orders than those 
that do. Once students explored these questions (with a little guidance from me), they understood 
not only much more about Pythagorean Triples, but also saw how something they took for 
granted could open new doors. It didn’t hurt that they also got a glimpse into true mathematical 
thinking. 

Over the past 40-50 years, I extended the study beyond what is written here both in depth and 
in scope. If you are interested, please email me at richermk@comcast.net and I will email you 
the completed study. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

mailto:richermk@comcast.net
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Developing Polynomial Function Sense 
 

Amy Rushall 
 

Abstract 
Throughout the elementary school mathematics curriculum, we work to develop students’ 

number sense. As students move on to secondary and post-secondary level mathematics courses, 
we strive to help them develop “function sense,” that is the ability to make sense of the 
characteristics of families of functions—domain, range, end-behavior, asymptotes, intercepts—
and to connect these characteristics to the equations and graphs of the functions.  The activity 
described in this article is an open-ended, multi-right task that supports students’ autonomy while 
developing student-to-student engagement and the Mathematical Practices. 
 

 
Introduction 

As a mathematics educator, I teach a course for future teachers of secondary mathematics 
who are learning both mathematics content and pedagogy. My university students, reporting on 
their high school experiences, say that the most common routine for dealing with assignments is 
to complete a set of problems and then check the back of the book or, more likely, the teacher’s 
webpage for the answer key to see if they got the right answers. Many high school and 
undergraduate students these days are also doing their mathematics homework in online 
platforms usually tied to a major textbook publisher. These online homework systems are limited 
in the types of questions that can be asked of students. 

In contrast to typical assignment types, students work to experience and reflect on the value 
of collaborative tasks, centers/stations and alternative question types that require students to 
approach the concept from a different and often non-standard point of view. Polynomial 
Function Sense is one such task. 

 
The Activity: Polynomial Function Sense 

This activity contains a small set of cards with four categories: End Behavior, x-intercept, y-
intercept, and Degree. There are several cards in each category as seen some sample cards shown 
in Figure 1. 
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End Behavior 

As 𝑥𝑥 → −∞,𝑦𝑦 → ∞ 
As 𝑥𝑥 → ∞,𝑦𝑦 → −∞ 

End Behavior 
As 𝑥𝑥 → −∞,𝑦𝑦 → −∞ 
As 𝑥𝑥 → ∞,𝑦𝑦 → −∞ 

End Behavior 
As 𝑥𝑥 → −∞,𝑦𝑦 → ∞ 
As 𝑥𝑥 → ∞, 𝑦𝑦 → ∞ 

End Behavior 
As 𝑥𝑥 → −∞,𝑦𝑦 → −∞ 

As 𝑥𝑥 → ∞,𝑦𝑦 → ∞ 

Degree 
2 

Degree 
3 

Degree 
4 

Degree 
5 

x-intercept 
ZERO x-intercepts 

x-intercept 
ONE x-intercept 

x-intercept 
TWO x-intercepts 

x-intercept 
THREE x-intercepts 

x-intercept 
FOUR x-intercepts 

y-intercept 
(0,0) 

y-intercept 
(0,-2) 

y-intercept 
(0,2) 

y-intercept 
(0,-1) 

y-intercept 
(0,1) 

Figure 1. Polynomial Function Sense cards 

Polynomial Function Sense Instructions 
1. Blindly select a card from each category: x-intercept, y-intercept, Degree, End Behavior. 
2. Record the characteristic on the handout shown in Figure 2 or on a whiteboard. 
3. Record the equation of a polynomial function that satisfies all four criteria or say why no 

such polynomial exists. 
4. Use a graphing calculator or phone free app to verify your function. 
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Figure 2. Polynomial Function Sense record sheet 

 
At times, the random selection of cards presents characteristics that are inconsistent with a 

viable polynomial function. Students must recognize the inconsistencies and clearly explain why 
there is no polynomial function that could satisfy all four of the selected criteria. In this activity, 
there is actually great value in not being able to identify a function, so we should not try to avoid 
those instances. When there is no possible function, students are asked to engage in MP3 
(construct a viable argument) (CCSM 2010) to explain their reasoning.  
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Looking at the set of cards in Figure 1, can you identify some combinations of cards that would 
produce “impossible functions”? 

Now, let’s look at several examples of student work. In each of the three examples you will 
also see instances of student work that show what students know and are able to do even if they 
are not able to fully complete the task. 

 
Example 1 

     
 

Examples of Graphing 
Progress 

Examples of Function 
Progress 

Some Possible Solutions 

This graph satisfies the x-
intercepts, end behavior, y-
intercept and degree. 

The function  𝑦𝑦 = 𝑥𝑥3 
satisfies degree and end-
behavior. 
 
The function 
𝑦𝑦 = (𝑥𝑥 + 2)(𝑥𝑥 − 2)2 
satisfies degree, end 
behavior and x-intercept. 
 

𝑦𝑦 = (𝑥𝑥 + 1)(𝑥𝑥 − 1)2 
 

𝑦𝑦 =
1
9

(𝑥𝑥 + 1)(𝑥𝑥 + 3)2 
 

𝑦𝑦 =
1

18
(𝑥𝑥 + 2)(𝑥𝑥 − 3)2 

 
Example 2 

    
 

Examples of Graphing 
Progress 

Examples of Function 
Progress 

Some Possible Solutions 

This graph satisfies the x-
intercepts, end behavior, 
y-intercept and degree. 

The function  𝑦𝑦 = 𝑥𝑥4 
satisfies degree and end 
behavior. 
 
The function 𝑦𝑦 = 𝑥𝑥4 − 2 
satisfies degree, end 
behavior and y-intercept. 
 
The function 
𝑦𝑦 = (𝑥𝑥)(𝑥𝑥 − 2)2(𝑥𝑥 − 1) 
satisfies degree, end 
behavior and x-intercept. 
 

𝑦𝑦 =
1

48
(𝑥𝑥 + 3)(𝑥𝑥 − 2)(𝑥𝑥 − 4)2 

 

𝑦𝑦 =
1

24
(𝑥𝑥 − 2)2(𝑥𝑥 + 3)(𝑥𝑥 − 4) 

 

𝑦𝑦 =
1
9

(𝑥𝑥 + 1)(𝑥𝑥 − 2)(𝑥𝑥 + 3)2 
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Example 3 

    
  

Examples of Graphing 
Progress 

Examples of Function 
Progress 

Reasons that No Such 
Function Exists 

This graph satisfies the x-
intercepts, y-intercept 
and degree. 

The function  𝑦𝑦 = 𝑥𝑥2 + 2 
satisfies degree, x-
intercept and y-intercept. 
 
 
 
 
 
 

The end behavior is 
inconsistent with an even 
degree. 
 
The end behavior is 
inconsistent with having no x-
intercepts. 

 
As is shown in the examples above, even when students are not able to complete the entire 

task, they can demonstrate what they know and are able to do in a couple of ways: (1) by 
sketching a graph of the desired function without generating the equation, and (2) by determining 
a function that satisfies one or more (but not all) of the criteria. 

 
Open-Ended Task 

The task in this activity is not straightforward or strictly computational. We may expect a 
question in a textbook, online publisher question, or worksheet to give an equation and ask 
students to determine the intercepts and end behavior in order to graph the function. Perhaps the 
students are given the graph and are asked to determine the equation. The polynomial cards task 
turns those routine items inside out, asks the students to think about polynomials in a new and 
different way and allows the teacher to see what the students know and understand about 
polynomials. 

 
Multi-Right Task 

Anecdotally, my students believe that, in math, there is only one right answer for each 
problem. Tasks like Polynomial Function Sense challenge this belief. Often, when a group of 
four students collaborate on this task, they will sketch four entirely different graphs that each 
satisfies all the required criteria. They then pursue their own thinking and generate four different 
functions that satisfy the required criteria. For some students this is an “aha moment” when they 
realize that in mathematics, there is not necessarily only one right answer. 
 

Self-Checking Task 
One reason that teachers may hesitate to bring an activity such as this into the classroom is 

that students are creating their own problems and teachers find it daunting to think about how to 
make an answer key. How do you, as the teacher, grade all problems? The answer is simple: The 
teacher does not need to grade all problems.  
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The students should be able to verify that their functions work by using a graphing calculator or 
an online graphing application. The teacher does not have the responsibility of checking every 
answer. 

When students graph each function, they will be able to determine if it does or does not meet 
all four required criteria. If a function does not meet all criteria, students will revise and 
reattempt to graph it. Throughout this process, students are engaging in MP1 (perseverance), 
MP4 (modeling), and MP5 (using appropriate tools) (CCSSM 2010) and the teacher does not 
have the responsibility of grading any of it. 

 
Differentiated Instruction 

This activity lends itself to differentiated instruction quite easily by having groups use fewer 
than four cards at a time. By removing the y-intercept card for example, the task becomes much 
less complicated and groups have a better opportunity to be successful. Consider giving only two 
criteria at a time and adding criteria as students they become more comfortable with the process.  

 
One Card Two Cards Three Cards 

 

 

 

 
 

 
 

  

  
 

 
 

 
Do you see how this task begins with a single card (any one of them would be appropriate) 

and progresses in difficulty by adding additional cards? To the students in the classroom, it 
appears that everyone is working on the same activity—no students will be singled out for 
having a different or special assignment. 

 
Trouble Shooting When Students Struggle 

The y-intercept card tends to cause most difficulty for students. They tend to adjust their 
functions by adding or subtracting a constant to force the polynomial to pass through a specific 
point on the y-axis. What they will notice is that they lose the x-intercepts that had been 
previously incorporated into the equation. The hint for students is to consider a vertical stretch 
instead of adding a constant. The vertical stretch is manifest in the leading coefficient of the 
polynomial equation. 
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Student-Choice/Autonomy 
As emerging adults, our students do not always like being told what to do. When we 

educators have an opportunity to offer our students autonomy and choice, they will appreciate it 
and respond with enthusiasm. Since this activity allows the students to invent their own 
mathematics task, they tend to persevere in completing it and feel a sense of satisfaction when 
successful. Since students can verify their own work by using a graphing tool, they do not need 
to rely on a textbook, teacher, or online homework system to let them know if they have 
successfully completed the task. This independence is empowering to students. 

Another way that I support autonomy and choice with my students is by offering the option 
to work on white boards instead of on the structured handout. On paper, students tend to be 
afraid of making mistakes. With white boards, the commitment is less, and mistakes are easily 
adjusted. Students working in a larger group can collaborate more easily on a white board space 
than on paper. 
 

Extensions 
Within the activity itself, there are some modifications that you may choose for your class. 

Modification 1: As a class, select the cards and work in groups to complete a common task. Then 
have the groups share their results to highlight that the task is multi-right. Modification 2: 
Challenge the students to purposely select a set of four cards that will produce an “impossible 
polynomial function” and have them compare their chosen sets with the sets that other groups 
have identified.  

In courses such as Algebra II or Precalculus that look at multiple families of functions, this 
activity can be modified for exponential and logarithmic functions. Some Algebra teachers have 
modified the activity for linear and quadratic functions, as well. 

 
Conclusion 

Although I have offered this task to both preservice and in-service teachers in the past, the 
activity is designed with the secondary mathematics student in mind. I have seen high school 
students rejoice when getting a problem correct in an online homework or when two classmates 
get the same answer on a problem. But the joy and excitement that comes from this activity is 
above and beyond that. I can see that the students work on this activity for themselves not for the 
teacher, and not to simply get the assignment finished. I have a difficult time getting students to 
stop working on these and, oh, by the way, there will be high fives! 

Visit https://amyrushall.wixsite.com/oncore to download the Polynomial and Exponential 
Function Sense cards and corresponding record sheets. 
 
 
 
 
 
 
 
 
 
 

https://amyrushall.wixsite.com/oncore


56 
 

Reference 
National Governors Association Center for Best Practices and the Council of Chief State School 

Officers (2010). Common Core State Standards for Mathematics (CCSSM). Washington, 
DC: Author. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



57 
 

Amy Rushall is Principal Lecturer in the Department of 
Mathematics and Statistics and Director of the Faculty 
Professional Development Program at Northern Arizona 
University. She teaches mathematics courses for first-year 
students and mathematics education courses for pre-service 
elementary and secondary teachers. She has been providing 
professional development for in-service teachers across the 
state of Arizona for more than 20 years. Ms. Rushall has been a 
member of AATM since moving to Arizona in 1998 and has 
served on the AATM Board since 2005. Currently, she is 
president of the AATM. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 



58 
 

An Old Classic: The Coin Weighing Problem 
 

Fabio Milner 
 

Abstract 
This article focuses on a classic coin-weighting problem that requires strong reasoning skills 

but very little mathematics. The problem became widely known after it was presented by F. J. 
Dyson and R. C. Lyness in the Mathematical Gazette in 1946. Their article suggests an approach 
that can be extended to the general problem for any integer 𝑛𝑛 ≥ 2, and is based on a clever 
grouping of the coins into three groups before each weighting –a left-pan group, a right-pan group 
and a stay-out group– containing for each weighting exactly one-third of the coins each. The 
grouping needs to be “clever” in the sense that it must be able to detect the counterfeit coin and its 
weight –heavier or lighter– no matter which of the coins it is, and whether heavier or lighter. The 
method described in this article is based on labeling each coin using ternary (base-3) numbers 
consisting of 𝑛𝑛 digits and it explains how the labels for the coins are to be chosen in a way that 
generalizes intuitively to the problem for 𝑛𝑛 weightings for any integer 𝑛𝑛 ≥ 2.  

 
The Problem 

You are given a two-pan balance and 3 identical-looking coins. Two of the coins are real and 
weigh the same. The third coin is a counterfeit with a different weight. Your job is to determine in 
two weightings the counterfeit coin and its weight (heavier or lighter). 

 

 
Two-pan balance. 

 
Solution 

Label the coins A, B and C. First, you weigh B (left pan) against A (right pan). There are two 
possibilities: The two coins are either balanced or they do no weigh the same. If they do weigh the 
same, C is the counterfeit and you determine its weight by comparing it (left pan) with good B 
(right pan) in the second weighting. If they do not balance, B is heavier than A or vice-versa, and 
C is a good coin. Then, you weigh good C (left pan) against B (right pan). There are again two 
possibilities: Either they balance or not. If they do, A is the counterfeit —and it is heavier if it was 
heavier than B in the first weighting, or lighter if B was heavier than A in the first weighting. If 
they do not balance, B is the counterfeit —and it is heavier or lighter as indicated by its comparison 
with C in the second weighting.  
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Let us bring mathematics to the solution. At least three facts are obvious: 
1) We may use the numbers 0, 1, and 2 to represent the three positions of the balance (left-

pan-down, balanced, and right-pan-down). That means: 0 —the counterfeit coin is heavier 
and on the left pan or it is lighter and on the right pan; 1 —the counterfeit coin is not on 
either pan; 2 —the counterfeit coin is lighter and on the left pan or it is heavier and on the 
right pan. 

2) There are 9 combinations for the three outcomes from each of two weightings: 00, 01, 02, 
10, 11, 12, 20, 21 and 22; 

3) There are six possibilities for the counterfeit coin as follows: A-heavier, A-lighter, B- 
heavier, B-lighter, C-heavier, or C-lighter. 

We can match each of these possibilities to six of the outcomes for the two weightings actually 
made in the discussion on the second paragraph, B against A and C against B. The correspondence 
is: 

 
A heavier: 21  B heavier: 02  C heavier: 10 

  A lighter: 01  B lighter: 20  C lighter: 12 
 
We see that the three single-digit combinations, 00, 11 and 22, cannot appear in the actual 

results of the weightings. This is because they represent: 00 —A lighter than B and B lighter than 
C (all coins have different weight); 11 —all coins have the same weight; and 22 —A heavier than 
B and B heavier than C (all coins have different weight).  

Let us call two strings of 0s, 1s and 2s conjugate when they are obtained from each other by 
replacing every 0 by 2 and every 2 by 0. Conjugate strings form conjugate pairs. We notice two 
important facts:  

1) For each coin, its counterfeit status (i.e. being counterfeit) is uniquely associated 
with one conjugate pair; and  

2) Its weight (heavier or lighter) is determined by which string in the conjugate pair 
for that coin resulted from the two weightings. 

Let us move the problem up one step to three weightings. You are now given a two-pan balance 
and 12 identical-looking coins, eleven of which are good but the twelfth one is a counterfeit with 
a different weight. The problem is to determine in three weightings which coin is the counterfeit 
and its weight (heavier or lighter) [see Dyson, 1946]. Label the 12 coins A, B, C. D, E, F, G, H, I, 
J, K, and L.  

Assume, for definiteness, that we place the first-named coins on the left pan and second-named 
coins on the right pan. In the first weighting, we weigh CEGH against ABDF. There are two 
possibilities: they either balance or not. If they do the counterfeit is among IJKL and, if they do 
not, the counterfeit is: a) (if the left pan went down) either heavier and among CEGH, or lighter 
and among ABDF; or b) (if the right pan went down) either lighter and among CEGH, or heavier 
and among ABDF. In the second weighting, we weigh FIJK against ABGH. If they balance the 
counterfeit is among CDEL and, if they do not, the counterfeit is: a) (if the left pan went down) 
either heavier and among FIJK, or lighter and among ABGH; or b) (if the right pan went down) 
either lighter and among FIJK, or heavier and among ABGH. Finally, we weigh BCIL against 
EFHK. If they balance the counterfeit is among ADGJ and, if they do not, the counterfeit is: a) (if 
the left pan went down) either heavier and among BCIL, or lighter and among EFHK; or b) (if the 
right pan went down) either lighter and among BCIL, or heavier and among EFHK.  
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This way of arranging the coins in the pans may seem capricious or random because you would 
likely begin with ABCD weighed against EFGH, for example. The arrangements proposed above 
are based on two goals:  

1) In each weighting 1/3 of the coins are placed on each pan, and 1/3 is not used; and  
2) The choices made for grouping the coins into left-pan, right-pan and stay-out groups for 

each weighting need to determine unequivocally the counterfeit coin and its weight, 
regardless of which of the 24 cases is true. 

In terms of strings of three 0s, 1s, and 2s, there are now 27 possibilities: 000, 001, 002, 010, 
011, 012, 020, 021, 022, 100, 101, 102, 110, 111, 112, 120, 121, 122, 200, 201, 202, 210, 211, 
212, 220, 221 and 222. The three single-digit combinations correspond to: 000 —a (heavier) coin 
that was on the left pan (or a lighter coin that was on the right pan) in all three weightings (there 
is no such coin); 111 —all coins that were on either pan in any of the three weightings being good 
(that is, all 12 of them); and 222 — a (lighter) coin that was on the left pan (or a heavier coin that 
was on the right pan) in all three weightings (there is no such coin). The 24 remaining strings form 
twelve conjugate pairs: 001/221; 002/220; 010/212; 011/211; 012/210; 020/202; 021/201; 
022/200; 100/122; 101/121; 102/120; and 110/112. We expect that they correspond to the 24 
possibilities for the counterfeit coin, which has to be any of the twelve (12 possibilities) and heavier 
or lighter (2 possibilities). We see that the correspondence is: 

 
A heavier: 221; B heavier: 220; C heavier: 010; D heavier: 211 

A lighter: 001;  B lighter: 002;  C lighter: 212;  D lighter: 011  

E heavier: 012; F heavier: 202; G heavier: 021; H heavier: 022 

E lighter: 210;  F lighter: 020;  G lighter: 201;  H lighter: 200 

I heavier: 100;  J heavier: 101;  K heavier: 102; L heavier: 110 

I lighter: 122;  J lighter: 121;  K lighter: 120;  L lighter: 112 

 
Since we are summarizing everything with digits 0, 1 and 2 —the three digits used for base-3 

(ternary) numbers— let us number the coins in base 3 and represent them by a conjugate pair of 
strings. For the original problem (three coins, two weightings), 1 = (01)3, 2 = (02)3, and 
3 = (10)3, and we represent A by 01/21, B by 02/20 and C by 10/12. Then a “miracle” happens! 
When we compare these with the intuitive approach described in the second paragraph: the 
counterfeit coin is identified by the outcome of the two weightings being one of the two strings in 
its associated conjugate pair (01 or 21 for A, 02 or 20 for B, 10 or 12 for C). In short, the ternary 
number generated by the string of outcomes of the weightings, together with its conjugate string, 
identifies the counterfeit coin. This is also true for the problem with 12 coins and three weightings, 
where the association of coin to conjugate pairs of strings of three 0s, 1s and 2s is: A —001/221, 
B —002/220, C —010/212, D —011/211, E —012/210, F —020/202, G —021/201, H —022/200, 
I —100/122, J —101/121, K —102/120, L —110/112. 
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In order to select the left-pan, right-pan and stay-out groups of coins for each weighting, we 
need to associate each coin not with a conjugate pair but rather with a specific string from the two 
in its associated conjugate pair. This needs to be done in such a way that the 12 strings chosen 
show the digits 0, 1 and 2 distributed equally in each position in the string: 

  
Four strings with first digit 0, four with first digit 1, and four strings with first digit 2.  
Four strings with second digit 0, four with second digit 1, and four with second digit 2.  
Four strings with third digit 0, four with third digit 1 and four with third digit 2.  
 
It may seem obvious to try the natural ordering, A-001, B-002, C-010, D-011, E-012, F-020, 

G-021, H-022, I-100, J-101, K-102, and L-110, but this results in eight 0s and four 1s as first digits, 
requiring a switch of four from the first eight strings to their conjugates, while preserving 
equidistribution in the second and third digits. We accomplish this by switching the strings for A, 
B, D, and F and using the following association: A-221, B-220, C-010, D-211, E-012, F-202, G-
021, H-022, I-100, J-101, K-102, and L-110.  

The ith weighting is made with all coins having 0 as ith digit weighed against all coins having 
2 as ith digit, for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, where 𝑛𝑛 is the number of allowed weightings. The outcomes are 
recorded in order and the resulting number in base 3 (or its conjugate) determines the counterfeit 
coin —heavier if the outcomes form the coin’s base-3 label, lighter if they form the conjugate one.  

For 𝑛𝑛 = 3, for example, had the outcomes been left-pan down, left-pan up and left-pan down, 
the resulting ternary string, 020, and its conjugate, 202, determine that F is the counterfeit coin and 
it is lighter because the outcome 020 is not F’s base-3 label but rather its conjugate. 

In the original problem with 𝑛𝑛 = 2 weightings we were able to identify the counterfeit coin 
and its weight (heavier or lighter) for 1

2
(3𝑛𝑛 − 3) = 1

2
(32 − 3) = 3 coins. For 𝑛𝑛 = 3 weightings 

we were able to do it for 1
2

(3𝑛𝑛 − 3) = 1
2

(33 − 3) = 12 coins.  
If we want to move the problem up another step to 𝑛𝑛 = 4 weightings, we expect we can solve 

it by this method for 1
2

(3𝑛𝑛 − 3) = 1
2

(34 − 3) = 39 coins. First, label the coins 1-39 and associate 
each with the four-digit string representing its number in base 3: 1 with 0001, 2 with 0002, 3 with 
0010, …, 38 with 1102, 39 with 1110. Next, the labels for each coin must be selected among the 
conjugate pairs so that 13 labels contain 0, 13 contain 1 and 13 contain 2 as first digit, with a 
similar requirement for their second, third and fourth digits. However, the strings for the numbers 
1-39 in base 3 contain 26 zeros, 13 ones and no twos as first digit; 17 zeros, 13 ones and 9 twos as 
second digit; 14 zeros, 13 ones and 12 twos as third digit; and 13 each of zeros, ones and twos as 
fourth digit. Therefore, we must replace 13 of the first 26 strings by their conjugates, while 
preserving at the same time equidistribution in the other digits (effectively switching 4 zeros as 
second digit and 1 zero as third digit). We accomplish this by switching the strings for 1, 3, 4, 5, 
6, 7, 8, 12, 13, 14, 18, 19, and 20. We use the association: 1-2221, 2-0002, 3-2212, 4-2211, 5-
2210, 6-2202, 7-2201, 8-2200, 9-0100, 10-0101, 11-0102, 12-2112, 13-2111, 14-2110, 15-0120, 
16-0121, 17-0122, 18-2022, 19-2021, 20-2020, 21-0210, 22-0211, 23-0212, 24-0220, 25-0221, 
26-0222, 27-1000, 28-1001, 29-1002, 30-1010, 31-1011, 32-1012, 33-1020, 34-1021, 35-1022, 
36-1100, 37-1101, 38-1102, 39-1110. It is fun to verify now that the assignment rule for the coin 
distribution in each weighting described earlier actually solves the problem. 
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