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Dear AATM Colleagues, 

We are pleased to present the Fall 2017 issue of OnCore. All articles focus on important topics of concern 

to mathematics educators, including strategies for identifying and capitalizing on the interests and talents 

of students, pre-Kindergarten through Grade 12. The articles are organized by grade level. However, 

many of the activities may be adapted for use in other grades. Challenging Young Children 

Mathematically: Capitalizing on Their Interests and Informal Language describes a daily activities 

approach for building 4-6 year olds’ understanding of fundamental mathematical ideas and associated 

vocabulary.  Activities include the of singing songs, dancing, taking walks, completing pictures, telling 

stories, conducting surveys, and playing games. Taking It Off the Page presents several types of games 

designed to not only provide practice of basic skills, but also to engage students in collaboration, 

communication, and investigation that promote perseverance and attention to detail. Unpacking Division 

of Fractions examines partitive and measurement models for dividing fractions. Examples of each are 

presented, and carefully developed. Emphasis is placed on the meaning of “invert and multiply,” and how 

students gain greater insight into the meaning of that phrase. Decimals or Fractions: What’s Up First? 

presents a compelling argument for teaching students to compute with fractions first, and then represent 

decimals as fractions, to verify decimal computations. Making Algebra Accessible For All recommends 

that problems, designed to enhance student content knowledge and problem solving skills, replace 

“reproduce what you’ve been taught” types of problems. As the author points out, problems that require 

students to formulate hypotheses, make conjectures, critique the reasoning of others, and collaborate, will 

motivate students to learn. The author shows ways in which the Standards for Mathematical Practice 

(NGA & CCSSO, 2010), and an introduction to tough topic, can be combined and embedded in problems 

for students. As noted by the author, “Teaching is not telling, AND learning is not listening.” The article, 

Problems From Their World, demonstrates the value of using problems of interest to students (that is, the 

students’ world) versus real-world problems from the perspective of adults, for gaining students’ attention 

and their desires to persevere to solve the problems. Two problems are presented in detail, one focusing 

on the weight of one million dollars, and the other on caffeine retention. Hello, My Name Is… describes 

four tasks that require the fitting of equations to data. Tasks include finding: 1) the equation of the line 

passing through two given points; 2) an exponential function whose graph passes through two given 

points; 3) the equation of a quadratic equation whose graph passes through three given points; and 4) a 

trigonometric function with a given midline, amplitude and period. For each task, one or more examples 

are presented with solution and discussion. Note: The first paragraph describes the author’s personal 

polynomial! The journal concludes with Math Challenges: Holidays and Other Events.  For each month, 

a holiday is featured and a reproducible problem is presented. Although problem solutions are provided, 

as the author points out, some problems may have other solutions. That feature provides opportunities for 

lots of discussion.         

We hope you enjoy these articles.  

Very best wishes for a joyful holiday season, 

                                                                                                                        

 

Carole Greenes, Journal Editor     Mary Cavanagh, Editorial Designer     James Kim, Editorial Assistant 
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Challenging Young Children Mathematically: 
Capitalizing on Their Interests and Informal 

Knowledge 

Carole Greenes 

Abstract: What young children, Pre-Kindergarten and Kindergarten, know and are able to do 

mathematically is often in contrast with expectations set by national standards and by early 

childhood educators. This article presents the Artful Guidance Approach for identifying students’ 

interests, and strategies for capitalizing on those during the conduct of activities and the play of 

games. The difficulty of the activities may appear beyond the capacity of your students. You will 

be surprised by their talents. 

 

 The Artful Guidance Approach to challenging young children involves development of 

strategies for promoting discussions and reflections, and probing for understanding, while 

students are engaged in mathematical investigations. Whenever possible, ideas from different 

domains of mathematics (e.g., number, spatial, measurement), are connected. Let’s consider each 

of these along with activities/tasks designed for students. 

Artful Guidance Strategies 

Promoting Discussion and Reflection: Math Talk 

To be able to “talk math” and to describe thoughts and procedures, students have to become 

familiar with and use the language of: 

 Mathematics (e.g., shape and number names, symbols) 

 Space (e.g., next to, between, above, below, to the right) 

 Comparison (e.g., same different, has more, has less) 

 Measurement (e.g., longer, shorter, heavier) 

 Joining (e.g., ,put together, altogether, total) 

 Separating (e.g., take away, are left, put into groups) 

 Cause and effect (e.g., because, since) 

 Prediction (e.g., could happen, might happen) 

 Verification (e.g., mistake, check your answer, agree, disagree) 
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Probing for Understanding 

These types of questions are questions that ask for understanding: 

 More information (e.g., Can you tell me more? How do you know? Why did you do 

that?) 

 Speculation and hypothesis formation (e.g., What do you think will happen if I do this? 

What do you think will happen next?) 

 A different approach (e.g. Can you think of another way to do it?) 

 Detection of errors and ways to remove them (e.g., What’s wrong with this picture? How 

can you fix it?) 

 Following and interpreting a peer’s reasoning (e.g., What was Amy thinking? Why do 

you think that Daniel decided to do that?) 

Engaging Children in Mathematical Investigations 

Among the types of investigations that capture students’ interests and engage them from the get-

go are: Daily Activities (e.g.. songs, calendar, walks), Incomplete Pictures, Counter-Intuitive 

Situations, Incomplete Stories, Incomplete Problems, Surveys, and Games. 

Daily Activities  

Daily activities include Songs, Birthdays, and Taking Walks. 

Songs: In the normal developing child, position concepts and vocabulary along the 

vertical axis develop first (e.g., up down, on top of under, below). This is followed by the 

horizontal axis (e.g., front, back, in front of, in back of, behind, far, near). The lateral axis 

develops last (e.g., to the right, to the left, right, left, between, next to).  
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Two songs that help to advance children’s spatial development, in particular, position 

concepts and associated vocabulary, are the Hokey Pokey and one to the tune of Frère 

Jacques. Note that words for both songs have been modified. Perform these with students 

standing in a circle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Hokey Pokey 

You put your right hand in, 

You put your right hand out, 

You put your right hand in, 

And you shake it all about, 

You do the hokey pokey 

             and you turn yourself around 

That’s what it's all about. 

 

(Other verses use: left hand, right 

foot, left foot, head, back side, right 

elbow, left elbow, whole self) 

Tune of Frère Jacques 

First Verse 

3 steps forward 

3 steps backward 

2 steps to the right 

2 steps to the left 

Reach as high as you can 

Clap your hands.  

Clap your hands. 

Second Verse 

3 steps backward 

3 steps forward 

2 steps left 

2 steps right 

Reach as low as you can. 

Reach as high as you can. 

Clap your hands. 

Clap you hands. 



 
 

8 
 

Birthdays: Show a month calendar and clues to a birthday. These are clues for two 

birthdays in the month of June where June 1 is on a Wednesday: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Taking a Walk: At each location, count waling steps, stairways, or colors. For example:  

In Your School: How many walking step from the classroom door to the 

staircase or outside door? How many stairs in the staircase? How many 

classrooms on the first floor? What room is between the art room and gym? How 

many different classrooms have something yellow on a wall? 

At The Playground: What is the shortest path from your school to the 

playground? Stay on the path. Count your walking steps. 

  

When is Dana’s birthday? 

Clues 

• It is on a Sunday. 

• It is after June 17 

• It is not the last week of June. 

Dana’s birthday is on  

June _________. 

When is Ashanti’s birthday? 

Clues 

• It is before June 12. 

• You say the date when you count by 2s. 

• It is on a weekend. 

Ashanti’s birthday is on 

June _________. 
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Incomplete Pictures 

Hidden People: What can you say about the heights of the people hidden 

by the bags? 

 

Part of a Face: What’s wrong with this face? Finish the face. How did you 

decide where to put the other eye? Ear? The rest of the mouth? The rest 

of the nose? 
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Counter-Intuitive Situations 

Big Feet-Little Feet: Who took more steps to get from the bottom to the 

top? Why did that happen? 

 

   

See-Saw: Is something wrong with this picture? Who is heavier? How is it 

possible for the frog to be heavier? 
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Incomplete Stories  

Missing Numbers: Complete this story by deciding which number 

belongs on each line. 

  

Put Them in Order: First change the order of the glasses to tell and 

story? Can you do it a different way? 
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Incomplete Problems  

Globs of Goo: Replace splats with numbers to make the addition work.   

 

 

Coins in A Pig Bank: The 7 circles show coins. What are the coins?  

They total 35 cents. 
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Missing Sum: Same shapes have same numbers. 

Different shapes have different numbers.  

Add across. Add down.  

Numbers in circles are row and column sums.  

What is the missing sum? 

 

 

 

 

 

Surveys  

Interpret the Graph: Children were asked to name their favorite sports. 

Study the bar graph. Answer the questions.   
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Interpret the Scatter Plot: Four children were asked how many yoyos 

and jump ropes they have. Use the scatter plot to answer the questions.   

 

 

Games 

Use familiar board games with students. Have them roll a shape cube (the following six 

shapes are on the cube faces: circle, triangle, rectangle, pentagon, hexagon, octagon). Name the 

shape on the top of the cube, count the number of sides (or angles), and move their marker that 

many spaces. (Remember that a circle has zero sides and zero angles!)  

A variation for the faces of the cube may have measurement units (e.g., Sundays in a week, 

number in a pair, number of primary colors, cups in a quart, fingers on one hand, eggs in a half 

dozen). 

When organizing for instruction, be sure to provide: 

 Sufficient space for experimenting. 

 Sufficient time for thinking. 

 Sufficient time for talking. 

 Opportunities for presentation of alternate solution methods. 

With regard to the latter point, consider the solutions to the Flower Pot problem, how did 

Jenny get her answer? What did Jason mean when he said “Move the pot.” Which pot? Where 

did he want to move the pot so that the number sequence would not be disturbed?   
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Try these problems with your young students. Don’t forget, they have lots of 

untapped knowledge. Give them the opportunity to show off! 

References 
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Take It Off The Page 

Nanci N. Smith 

Abstract: The value of games to develop students’ mathematical thinking and concurrently their 

computational fluency, are the foci of Take It Off The Page. Although the majority of games are 

designed for use at the elementary school level, several may be adapted for use with students in 

the middle and upper grades.  

 

 Wouldn’t it be great if students put as much effort into mathematical tasks and practice as 

they do with video games?  Wouldn’t you love to see a gleam in their eyes as they perfect skills?  

In many classrooms, teachers model a problem type, followed by having students try to complete 

worksheets of problems or those in their textbooks. That activity is usually followed by 

homework. While this can be a time-efficient structure, it rarely inspires students. 

 So, how do you give students the repetition and practice they need in order to build their 

“automaticity with skills”? Think of ways to make the practice into a game. Brain research 

recognizes an emotion called fiero that creates the desire to conquer and crave challenges 

(Shapiro, 2014). Shapiro writes that it is fairly easy to tap into this emotion in order to gamify 

learning. To gamify, take learning off the page. 

There are many packaged math games that can be played. Some come with text series 

and others you can find online. But, you can also tailor-make your own games for practice.  Here 

are several examples (Smith, 2017a). 

 Matching and memory games: Make a matching game with problems and answers. 

Provide an extra challenge by adding a third category, such as representation. For 

example, for a game for grade 3 students, provide them with cards containing 

multiplication problems and their products and representations (e.g., area model, array, 

groupings, repeated addition). For Algebra 1 students, they could match a linear equation, 

a table of values, and a graph.  Students play this as a sorting activity, arranging the cards 

that go together, or as a memory game, by setting the cards face down on a table and 

turning them over, two or three, at a time to see if they match.  

 Around the world: Display posters of problems in a room or a hallway. At the top of 

each poster, place an answer to a different poster’s problem. Students begin the game by 

standing in front of a poster, solving that problem, and looking for the solution on top of 
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another poster. If an answer can’t be found, then an error has been made, and students 

have to re-solve the problem. When an answer is found, students move the correct answer 

to the matching poster. This continues until students complete all problems.  

 Pass the problem: Each student on a team starts a problem, completes the first step, and 

then passes the paper to the left. Each student reviews the first step and conferences with 

the author of that step if there is a disagreement. Once all students agree on the first step, 

they complete the second step, and the process repeats. The team scores points based on 

the number of correctly completed problems. This activity may be varied so that the first 

student solves the problem, the next student graphs the solution, and the third shows a 

model or visual representation of the solution.  

 Partner games: Give each student a problem printed on a card. The student solves the 

problem and then finds a partner whose problem has the same solution. For example, ¼ × 

8 would partner with ⅔ × 3 because both equations are equal to 2. Partners can then sit 

and work together for a new paired activity. The same activity can be done with math 

terms on one set of cards and definitions on another set. Students match terms and 

definitions.  

 Board game: ABCs of Math: Make a simple Candy Land–style board game. (You can 

do this on a computer using drawing tools and paste the printout onto a file folder). On 

each shape on the board, record a letter that corresponds to one of the multiple choices on 

the game cards.   

Create playing cards with multiple-choice problems. For example, if you are practicing 

subtraction with regrouping, a card could show:  

 

 

 

 

 

23 – 7 = ☐ 

A. 24 

B. 6 

C. 16 

D. 14 
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Players take turns solving a problem. If correct, the player moves to the next oval with 

the letter that corresponds to the answer to the problem. In this example, the player solving the 

problem correctly moves the playing piece to the next oval with a C (for the answer of 16). The 

first player to reach End, wins! This is a flexible game because once you create a board, you can 

make any number of sets of cards. I usually have two or three students play using each game.  
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 Board Game: Climb ‘N Slide: The same idea can be used with a Climb ‘N Slide board, 

(based on Chutes and Ladders). Students solve the problems, and if correct, they roll the 

die to move on the game board. If they land on a square at the bottom of a ladder, they 

climb up to the top of the ladder and stop at that square. If they land in a square at the 

bottom of a chute, they must slide down. Be sure that students solve the problems before 

rolling the die. I’ve seen students purposefully get a problem wrong so that they don’t 

land on a chute! 

 

 

 

 

 

 

 

 

 

 

 Triplets: Triplets is a card game played like a rummy game.  Students take turns drawing 

and discarding cards and trying to get three cards to match.  The match is determined by 

the topic.  For example, with equation solving, all matches have the same value for x.  

Here are the playing instructions for Triplets: 

1. One student deals each player three cards face down. (For a more advanced 

version, six cards may be used). 

2. Place the remaining cards in a pile in the center, and turn up the top card. 

3. The player to the left of the dealer begins. That player may either draw a card 

from the top of the pile, or pick the top card from the discard pile. The player then 

discards one card. The card drawn may be the discarded card, as well. 
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4. Play continues until a player has one or two sets of three cards, each with a 

matching answer. When a player gets Triplets, that player discards the last card 

face down, and shows the remaining cards to all players for them to check.  

A deck has 30 cards with six different sets of five “matches”. To make a deck, first 

choose six different targets, that is, the answers to which the cards will match. The targets 

can be one of the five matching cards. Once you decide on targets, make four more cards 

(or five if you don’t use the targets as cards) which will match the target.  An example of 

cards for multiplication of whole numbers is shown in Table 1, and for linear functions, 

in Table 2.  

 

Table 1: Triplets using Whole Numbers 

Target 12 24 32 64 48 16 

Card 3 X 4 6 X 4 8 X 4 8 X 8 12 X 4 4 X 4 

Card 6 X 2 12 X 2 16 X 2 4 X 16 16 X 3 8 X 2 

Card 4 + 4 + 4 6 + 6 + 6 + 

6 

8 + 8 + 8 + 

8 

32 + 32 8 + 8 + 8 + 

8 + 8 + 8 

4 + 4 + 4 + 4 

Card 

 

3 X 8 4 X 8 32 X 2 24 X 2 
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Table 2: Triplets using Linear Functions 

Target y = 2x + 1 y = –2x – 1 x + y = 5 y=1/2 x + 2 y = 5x – 2 x = y 

Card m = 2 m = –2 m = –1 m = 1/2 m = 5 m = 1 

Card b = 1 b = –1 b = 5 b = 2 b = –2 b = 0 

Card (1/2, 2) (1, –3) (–4, 9) (10, 7) (–1, –7) (114, 114) 

Card   x       y 

–1     –1 

  0       1 

  1       3 

  2       5 

   x       y 

 –1        1 

   0       –1 

   1       –3 

   2       –5 

   x       y 

 –1       6 

   0       5 

   1       4 

2       3 

    x       y 

 –1     1.5 

   0      2 

   1      2.5 

   2      3 

  x       y 

–1      –7 

  0      –2 

  1        3 

  2        8 

  x       y 

–1     –1 

  0       0 

  1       1 

  2       2 

 

 At this point you may be thinking that this sounds fine, but you just don’t have time to do 

this in class. The curriculum is too packed. I agree. To make practice more engaging, what you 

will need to do is use these games instead of typical practice. Rather than using a worksheet, or a 

problem set, or even a “try this one next” with problems on the smart board, use a game!  

I hope you’ll play more games and have more fun in math.  Even practicing basic skills, 

problem types, or procedures, can become something your students look forward to doing. They 

will engage more actively in their learning.  They will enjoy math class more.  And, so will you! 
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Decimals or Fractions: What’s Up First? 
Jenny Tsankova and Marcia Faucher 

Abstract: Many students in upper elementary and middle school successfully apply procedures 

when multiplying and dividing decimals. However, the procedures are often applied without 

understanding the mathematical ideas. The authors present an argument in favor of teaching 

multiplication of fract ons before teaching multiplication and division of decimals, and making 

explicit connections between procedures to facilitate students’ comprehension and retention. 

 

What follows is a conversation during our visit to an elementary school where our pre-

service teachers are engaged in their field pre-practicum experiences. 

Grade 5 Classroom 

Mrs. F: Show a visual model for multiplying 2.3 and 3.7 . 

Kian (Student): I used the area model of multiplication. 

 

  

 

 

Mrs. F.: Excellent choice of a model. You showed correctly the expanded notation of 

decimal numbers. Class, is Kian’s solution correct? 

 Most students confirmed, but some disagreed. After some discussion, students agreed that 

there was a mistake in calculating the product of 0.3 and 0.7. It should be 0.21. One student 

explained that when you multiply decimals you have to count the digits after the decimal point of 

each factor and show that many digits after the decimal point in the product. 

 Mrs. F.: Excellent explanation! 

Is it the case that the strategy “counting digits” constitutes an understanding of the 

mathematical idea? We approached the teacher and asked about the types of strategies for 

computing with decimals that students had been taught or had used previously. The teacher 

responded that a variety of strategies were explored, including estimating, using the area model 

of multiplication, and comparing computations with whole numbers to computations with 

     2     +      0.3  x 

6 0.9 
  

 3 

 +  

0.7 

1.4 2.1 

6 + 0.9 + 1.4 + 2.1 = 10.4 
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decimals. However, when students were given problems to solve, they most often applied a 

shortcut and did not take time to check the correctness of their computations.  

 The Common Core State Standards in Mathematics (2010) for grade 5 state that students 

are to multiply fractions and multiply and divide decimals using models and place value 

strategies, and explain their reasoning. The authors of The Common Core Mathematics 

Companion: The Standards Decoded, Grades 3-5 (Gojak & Miles, 2016) recognize that 

reasoning, such as the one about counting digits, is often taught, but not based on an 

understanding of place value. They point out that students’ use place value concepts to explain 

that when multiplying “tenths by tenths, the product is in the hundredths” (p. 101). Although that 

recommendation is sound, it remains theoretical and not functional. That is, students are 

comfortable with the mechanics but lack the understanding. 

 Consider asking Kian to represent 0.3 and 0.7 as fractions, namely 
3

10
 and 

7

10
. Multiplying 

the fractions produces 
21

100
. It is easy to observe and prove that the product is “21 hundredths.” So 

why isn’t this one of the methods we teach students to use to multiply decimals and to check 

solutions? And the answer is… that U.S. pacing guides traditionally place multiplication and 

division of decimals before multiplication and division of fractions (Gojak & Miles, 2016). The 

rationale for this prescribed sequence of topics is that operations with decimals are closely 

related to whole number algorithms. That connection, notwithstanding, the authors of this article 

argue that teaching multiplication and division of fractions before multiplication and division of 

decimals will give students the “aha” moment that will bring clarity to the operation, and can be 

recalled more easily.  

Grade 6 Classroom: 

Mr. B: Aydin, please compute: 2.16 ÷ 5.4 

(Aydin computes the quotient.) 

Mr. B: I see you moved the decimal point to the right. Why did you do that? 

Aydin: I multiplied by 10 to make 5.4 a whole number. 

Mr. B: How do you know you can do that? 

Aydin: That’s what you’re supposed to do. 

Mr. B: Okay, but 21.6 still has a decimal point. Can you keep multiplying to get rid of 

that decimal point? 
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Aydin: No, the teacher said we don’t need to do that. 

Mr. B: And then, what did you do? 

Aydin: I just did long division. 

Mr. B: Is it possible to show the division as a fraction and then simplify? 

Aydin: I am not sure. 

When most students are dividing decimals, they first use the long division method of 

dividing whole numbers, and then focus on placement of the decimal point in the quotient. 

Suppose that the decimals were initially expressed as mixed numbers or fractions. How might 

the division process change? 

Consider the following scenario: 

1. Students understand that one of the meanings of a fraction is division. Likewise, when 

two whole numbers or two decimal numbers are divided, they could be represented in 

fraction form, and then simplified (if possible), before the long division algorithm is 

applied. What does that mean? 

2. Suppose that you need to divide 216 by 54. Rewrite that division in fraction form, 
216

54
. 

Then simplify the fraction: 
216 ÷2

54 ÷ 2
 = 

108 ÷3

27 ÷3
 = 

36

9
 = 4 (or 

216 ÷6

54 ÷6
 = 

36

9
 = 4).  Of course, one 

could argue that in order for students to conduct that simplification they need to be very 

comfortable with seeing that the numerator and denominator are divisible by the same 

number. It may be the case that many students find simplifying fractions more appealing 

than trying to divide multi-digit numbers. Of course, simplifying fractions by identifying 

common factors may not always be possible, so at some point, students may need to 

divide by applying the long division algorithm. 

3. Consider another approach for dealing with decimals rather than whole numbers. Here’s 

the problem 2.16 ÷ 5.4 = 
2.16

5.4
 .  To begin, you could multiply both the numerator and 

denominator by 100 to create a fraction involving whole numbers: 
2.16 𝑥 100

5.4 𝑥 100
 = 

216

540
.  Then, 

the fraction can be simplified:  
216

540
 = 

216 ÷ 4

540÷4
 = 

54 ÷  3

135 ÷ 3 
 = 

18 ÷ 9

45 ÷ 9
 = 

2

5
 = 0.4 . 
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Based on the discussion above, we suggest the following pacing chart for Grades 5 and 6: 

1. Connect representation of whole number division to fraction notation. 

2. Connect whole number division to simplification of fractions. 

3. Simply fractions first (if possible) before you multiply. 

4. Multiply decimals: Connect to multiplication of whole numbers and fractions. 

5. Divide decimals: Connect to division of whole numbers, fraction notation, and 

creating equivalent fractions. 

6. Divide fractions. 

It is not just about showing yet another way to divide. Rather, it is about creating more 

explicit connections between mathematical ideas for students. The more connections we make, 

the more insightful conversations we will have in our classrooms (and in the teachers’ room!). 

The deeper the math conversations, the more mathematical thinkers will blossom in our schools. 
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Problems from Their World 

Patrick Vennebush 

Abstract: Students often are not motivated by problems from the real world, but are very 

interested in problems from their world. Choosing contexts that are relevant to students and 

appeal to their interests is as important as selecting a scenario that accurately depicts a 

mathematical topic. Furthermore, don’t present great problems as examples of “worked out” 

problems, or at the end of instruction for assessment purposes. Instead, use those at the start of 

instruction, to give students opportunities to discover important mathematical ideas on their own. 

This article provides several examples of problems to use to introduce various topics in 

mathematics, as well as to provide guidance on how to use them effectively.  

 

In The Mathematician’s Shiva (Rojstaczer, 2014), the narrator tells a story about his 

father posing a mathematical problem to him when he was quite young.  

 

 

 

Narrator: I remember it this way. My father and I are sitting at the kitchen table. I am six 

years old… In my spiral notebook, he has drawn a picture like this (see Figure 1). 

 

 

 

 

 

Figure 1: The Six Bridges Problem from The Mathematician’s Shiva. p. 20 (Rojstaczer, 2014) 

He tells me a story about a boy who lives in a city with six bridges. There are two islands in 

this city. The boy wants to make chocolate-covered bananas. My father knows I like these 

things, of course. That is why he has added this detail (Rojstaczer, 2014, p. 20).  
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Those familiar with the Königsberg Bridge Problem will no doubt recognize this image, 

though you would be correct thinking that something doesn’t look quite right. In the original 

problem, there are seven bridges connecting the islands to the shore. Leonhard Euler wondered if 

the seven bridges in Königsberg could all be traversed in a single trip without crossing any 

bridge more than once and by starting and ending at the same location (Weisstein, August 31, 

2017).  

 Later, the narrator continues:  

 

What is important about this exchange is that the narrator’s father started with a problem. 

He did not bore his child with definitions, formulas, or theorems at the outset. Instead, he let his 

son solve the problem on his own, and that exploration led to a discussion of graph theory.  

Furthermore, the narrator’s father modified the problem to make it appealing to a six-year-old 

boy. He adjusted the context to include chocolate and bananas to intrigue his son, and he reduced 

the number of bridges from seven to six so that a solution could be found.  

As educators, we can learn a lot from the father, because what he did is what we should 

do in our classrooms — provide difficult, yet accessible, tasks to introduce topics, not to assess 

understanding after students have learned the nuts-and-bolts. Far too often, we save great 

problems for students to solve after we have “taught” them what we think they need to know. 

Instead, we should use great “real-world” problems to expose students to the joy of discovering 

on their own. 

Do you know how many times the phrase “real world” appears in the Arizona 

Mathematics Standards (2016)? You might be surprised to learn that the phrase appears 74 times 

in the K-12 Standards. That’s even more than the 56 times it appears in the Common Core State 

Standards for Mathematics (NGA & CCSM, 2010). It is clear that math educators think real-

world applications are important. 

Just so you know, my father was being easy on me. The problem Euler faced was 

actually ridiculously and hideously more difficult. Euler wanted to cross seven 

bridges, not six, in his home town of Konigsberg. If my father had given me, at the 

age of six, this impossible problem (of crossing seven bridges…), now that would 

have been torture (Rojstaczer, 2014, p. 24). 
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Let’s be honest. Most students couldn’t care less about the real-world topics of insurance 

rates, mortgage payments, or temperature conversions. In my experience, they do care about 

sports, friends, talking on the phone, playing games, solving puzzles, social events, social media, 

eating, and other facets of daily life for teens and pre-teens. Effective teachers help students 

make connections to the content by showing them that the curriculum is most relevant to their 

current lives (Cooper, 2014).  

An example of a real-world problem that is typical of those found in many textbooks, 

follows.  

 

Were I ever to go to a veterinarian who told me that my dog weighed 4
3

4
 pounds instead 

of saying that it weighed 4 pounds 12 ounces, or even “about 5 pounds,” I would leave before the 

vet had time to administer a rabies vaccine. That is not real. In our world enamored with social 

media, a problem like that would receive the hashtag #NMP (Not My Problem). 

What are some real-world problems/situations that have interest and relevance to 

students’ lives? Perhaps, performance tasks should be about the movie version of their favorite 

book, the weight of a million dollars, the lengths of hiking trails, worldwide tiger populations, or 

the charge for a downloadable app.  Students find these problems far more preferable to 

contrived situations like the one about Lauren’s puppy.  

One task that has intrinsic motivation for students asks them to consider how long it takes 

to metabolize caffeine in the body. 

 

 

 

The Caffeine Retention Task 

 

Imagine that you drink a can of Coca-Cola® today at lunch. At midnight, you’re still lying 

awake in bed, unable to fall asleep. Why? Because there’s still some caffeine in your system. 

How much?  

Lauren took her puppy to the vet. The puppy weighed 4
2

4
 pounds. The vet said she 

would like the puppy to gain at least 
9

16
 of a pound by the next checkup. When they 

returned, the puppy had gained 
3 

4
 of a pound. How much more weight did the puppy 

gain than he needed to? Show all your work. 
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Good question and one that you can ask students to consider as an introduction to 

exponential functions. Students need additional information to answer the question. How many 

milligrams of caffeine are in a 12-ounce can of Coke? How quickly does caffeine filter out of the 

bloodstream? To get that information, students can search the web, or they can explore the 

situation with an interactive that graphically shows what occurs (See Figure 2). 

  

 

 

 

 

 

 

Figure 2:  Half-Life Interactive from Math Techbook (Discovery Education, Algebra II) 

The half-life of caffeine is about 5 hours, and the graph shows that it takes 5 hours for the 

caffeine to be reduced from 50 mg to 25 mg. As students attempt to replicate the graph by 

determining appropriate values of a and b in the general equation  𝑦 = 𝑎 ∙ 0.5
𝑥
𝑏, they begin to 

realize that a is the initial amount of caffeine (50 mg) and b is the half-life (5 hr.). When students 

make that discovery on their own, they are more likely to understand and retain what they have 

learned (Lee & Anderson, 2013). 

The caffeine half-life problem is effective at the start of a lesson, to provide a context for 

exploration. It may be used to discover the theory behind exponential functions before students 

are presented with definitions and theorems. This is far more powerful for learning than using the 

problem as a worked example or an assessment exercise at the end of a unit. 

Think of it this way. When you use a GPS device to take you somewhere you’ve never 

been before, you get to where you need to go. Sure, it is very efficient, but you don’t learn much. 



 
 

33 
 

When you arrive at your destination, you are no more knowledgeable about the geography or the 

roads, and it is unlikely that you could find that location again without the assistance of 

technology. If you had had to find the way there on your own, however, you would understand 

so much more. Which roads intersect? Which roads get you closer to the destination? Which 

roads are dead ends? Is there an alternate route that might be quicker, or at least provide better 

scenery? There’s no doubt that getting lost can be frustrating, and not knowing how to solve a 

problem may be similarly irksome, but both provide opportunities to learn something new. As 

Berry (1983) said, “The mind that is not baffled is not employed. The impeded stream is the one 

that sings.” (p. 93). 

Frankly, I am not interested in a math class where students blindly follow algorithms and 

get the right answer once. I want students to understand the process and are able to create their 

own paths. 

A sign on my door reads, “I didn’t take this job to create another textbook; I came to 

Discovery to create a movement.” That movement can only happen if teachers are willing to 

abandon the long-standing tradition of working examples so that students can regurgitate 

algorithms, and instead, adopt practices that develop mathematical problem-solvers and 

encourage conceptual development and retention.  

In the book Switch (Heath and Heath, 2010), the authors argue that change can only 

happen by “shaping the path,” that is, giving folks a clear and simple action that they can 

perform. I believe that we have an opportunity to improve mathematics education, and the clear 

and simple action that every math educator can do is this: Start every lesson with a problem. 

The kinds of problems to use as lesson starters can take a variety of forms, but their 

purpose is to provide a motivating context that implicitly allows for investigation of some 

mathematical topic. The half-life problem above provides that opportunity for exponential decay, 

and the following problem serves as an exceptional start to a lesson about functions. 

How much does one million dollars weigh? 

This problem is wonderfully open-ended. It does not mention the weight of a  

dollar bill — which, according to U.S. Bureau of Engraving and Printing specifications, is 

supposed to be exactly 1 gram. Instead, students need to obtain that information from some other 

source. Likewise, it doesn’t say which denomination to use — is it 1,000,000 one-dollar bills, or 

50,000 twenty-dollar bills, or is it some other number of bills of a different denomination? The 
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answer to that question has a huge impact on the solution, and therein lies the motivation. 

Because students get to do research and make some assumptions before developing a solution, 

they are willing to take ownership.  

The first time I used this problem with students, they were intrigued. Is it a “real world” 

problem? Perhaps. I mean, it uses money and weight, and those are two tangible ideas. 

Nevertheless, it is not very often that you need to know how much $1,000,000 weighs, so it is 

not necessarily a realistic problem. 

It doesn’t matter, though. Kids love it. 

When this problem is presented as a problem-solving activity at the beginning of an 

introductory unit about functions, students stumble upon important ideas. In fact, they might 

accidentally discover rational functions when they realize that the weight y depends on the 

denomination, x: 

𝑦 =
1,000,000

454 ∙ 𝑥
 

When one student claims that $1,000,000 weighs 2,200 pounds in $1 bills, another claims that it 

weighs 44 pounds in $50 bills, and other students suggest various weights for other 

denominations (See Table 1), those points can be plotted. The resulting graph in Figure 3 shows 

the inverse relationship between denomination and weight. 

Table 1 
 

Net Weight of $1,000,000 in Various Denominations 
 

Denomination ($) Approximate Weight of a Million Dollars (lb) 

1 2,200 

5 440 

10 220 

20 110 

50 44 

100 22 
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Figure 3: Graph of Denomination vs. Weight 

For even more of a hook for your students, check out the clip at 

http://tinyurl.com/MJ4MF-RushHour from the movie Rush Hour, in which a kidnapper demands 

a ransom of $50,000,000 in a combination of $50’s, $20’s, and $10’s. How much would all that 

money weigh? The answer is left as a problem for you, the reader, and your students. 

The problems in this article and others like them are online from Discovery Education, 

Illuminations, Illustrative Mathematics, Desmos, and a myriad of other sources. Great problems 

can also be found offline, as well, in many of the books from the National Council of Teachers of 

Mathematics (NCTM), or just by paying attention to the world around you. Where you find these 

problems is not important. What is important is that the problems are used at the beginning 

of your lessons — to encourage mathematical discussions, to allow students to discover 

ideas and develop conceptual understanding, and to create a generation of effective 

problem-solvers.   

http://tinyurl.com/MJ4MF-RushHour
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Unpacking Division of Fractions 

Eliza Leszczynski, Eileen Murray, and Marilena Petrou 

Abstract: Inspired by a classroom episode, this article examines the role that contextual story 

problems can play in enriching students’ experiences with the “invert and multiply” method and 

how such contexts can help students reason about fraction division.  The article explores the 

structure of the “invert and multiply” method using mathematics drawings in two fraction 

division contexts: measurement and partitive division. While this article highlights the 

accessibility of the “invert and multiply” method in a partitive division context, it also presents a 

justification of this method in a measurement division context. Further, it examines the 

pedagogical implications of using contextual problems to teach the concept of “invert and 

multiply” over rote learning. 

  

With his class of 6th graders, Mr. Smith is reviewing a process for dividing mixed 

numbers. He writes 2
2

3
÷ 1

1

6
 on the board and allows students time to work independently before 

discussing approaches used and solutions determined with one or more students in their team of 

2 or 3. This four-step process, which Mr. Smith reviewed before the assignment, involves four 

steps: 1) Convert mixed numbers to improper fractions, 2) Change the division symbol to a 

multiplication symbol, 3) Determine the reciprocal of the second term, and 4) Multiply. 

 Mr. Smith’s students are proficient at converting mixed numbers to rewrite the 

expression to: 
8

3
÷

7

6
. The class continues with Mr. Smith prompting several students to complete 

each step in the process. The class quickly determines that the solution is 
16

7
 or 2

2

7
. 

During this process, it appears that the students are quite successful at following the steps 

outlined by Mr. Smith. However, after the final answer is determined, one student in the front of 

the room asked, “What would happen if you flipped the first term rather than the second term?”  

What an exciting and interesting question! What is the relationship between these answers? Mr. 

Smith responds to the question by having the student try out his idea. The student discovers that 

the answers are different. At that point, Mr. Smith tells the student, “That’s why we don’t do 

that!”  

As mathematics educators, we know that division of fractions is frequently considered to 

be “the most mechanical and least understood topic in the elementary school” curriculum 

(Tirosh, 2000, p. 6).  The “invert and multiply” or “keep change flip” method is commonly used 
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in mathematics instruction, but “students tend to memorize it because teachers often teach it as a 

rote procedure” (Sharp & Adams, 2002, p.335). However, we know that when students are given 

the opportunity to engage with such problems in realistic contexts, they can use pictures, 

symbols, and words to communicate their thinking about concepts and procedures related to the 

division of fractions (Sharp & Adams, 2002). 

 In this article, we present situations/contexts in which the division of fractions may be 

explored, with particular attention to the “invert and multiply” method.  

Models of Division 

 When thinking about division as equal groups, there are two possible quantities to 

consider as unknowns: 1) the number of objects in one group, and 2) the number of groups. 

Hence, two models of division emerge – partitive and measurement.   

Partitive Division: In partitive division, the unknown is the number of objects in one 

group.  

Problem: “If 8 feet of ribbon can be used to make 4 identical bows, how many feet of 

ribbon are needed to make one bow?” There are 8 ÷ 4 or 2 feet per bow (see Figure 1a). 

1 ft 1 ft 1 ft 1 ft 1 ft 1 ft 1 ft 1 ft 

1 bow 1 bow 1 bow 1 bow 

 

Figure 1a: Partitive division 8 ÷ 4 

Total feet ÷ # of bows = # of feet per bow 

 

Measurement Division: In measurement division, the unknown is the number of groups. 

Problem: “How many bows, each 4 feet long, can be made with 8 feet of ribbon?” We 

conclude that 2 such 4-foot bows are possible, since 8 ÷ 4 = 2 bows (see Figure 1b).  

1 ft 1 ft 1 ft 1 ft 1 ft 1 ft 1 ft 1 ft 

1 bow 1 bow 

 

Figure 1b: Measurement division 8 ÷ 4  Total feet ÷ # of feet per bow = # of bows 

Both problems have the same numerical answer, but the meanings of these answers are different.   
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Partitive Division with Fractions 

 Let’s now examine the partitive division model using the problem: 
8

9
÷

2

3
 .  

Problem 1: If 
8

9
 feet of ribbon can make 

2

3
 of a bow, how many feet of ribbon are needed to make 

one bow? 

The number of feet per bow in Problem 1 is unknown, as was true in Figure 1a. Although 

students could apply the “invert and multiply” method to solve Problem 1, this partitive division 

problem presents a context in which the solution method can be learned conceptually, rather than 

by rote.  

We first note that 
4

9
 foot of ribbon is needed for 

1

3
 of a bow (half of  

8

9
 is 

1

2
 x 

8

9
 = 

8

18
 , or 

4

9
), 

and multiply 
4

9
 by 3 to determine the number of feet of ribbon needed for one bow: 3 x 

4

9
 = 

12

9
, or 

1
1

3
 feet of ribbon per bow. (See Figure 2 for an illustration of this process.)  

 

Figure 2: Invert and multiply for 
8

9
÷

2

3
 

The invert and multiply method in its entirety may be illustrated as follows: 

 
8

9
÷

2

3
= (

1

2
×

8

9
 ) ×  3 =

4

9
× 3 =

12

9
= 1

1

3
  feet per bow.  In general, 

𝑎

𝑏
÷

𝑐

𝑑
= (

1

𝑐
×

𝑎

𝑏
) × 𝑑 =

(
𝑎

𝑏
×

1

𝑐
) × 𝑑 =

𝑎

𝑏𝑐
× 𝑑 =

𝑎𝑑

𝑏𝑐
=

𝑎

𝑏
×

𝑑

𝑐
.  In our scenario, 

𝑎

𝑏
 is the total length of a ribbon and 

𝑐

𝑑
 is the 

number of bows (or fraction of a bow) represented by the length 
𝑎

𝑏
.  

 This process is analogous to early fraction activities where students are given a line 

segment of a particular length and directed to “build the unit.” For example, given a segment that 

is 
2

3
 of a unit, they would have to create 

1

3
 of the unit by identifying half of the segment and then 

iterating 
1

3
 of the segment three times. In this process, students interpret a fraction 

𝑎

𝑏
 with 𝑎 >  1 

as a sum of fractions 
1

𝑏
 and treat 

𝑎

𝑏
 as a multiple of 

1

𝑏
 (NGA & CCSSO, 2010: Grade 4.NF.B4). 

1 bow 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

1

9
 ft 

4

9
 ft 

4

9
 ft 

4

9
 ft 
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Students could also consider the relationship between multiplication of a quantity by a unit 

fraction 
1

𝑏
 and division by a whole number.  Thus, Figure 2 also may be interpreted as:           

  
8

9
÷

2

3
= (

8

9
 ÷ 2) ×  3 =

4

9
× 3 =

12

9
= 1

1

3
 feet per bow.   

 With regard to the question posed by Mr. Smith at the start of the article, the solution 

may be explained in the same way: “If 
8

3
 feet of ribbon can make 

7

6
 bows, how many feet of 

ribbon are needed to make one bow?” First, multiply 
8

3
 by 

1

7
 to give 

8

21
 feet of ribbon in 

1

6
 bow.  

Then multiply the product 
8

21
 by 6 to obtain 2

2

7
 ft of ribbon per bow. 

Measurement Division with Fractions 

 The invert and multiply method of fraction division may also be explored in the context 

of measurement.  Consider the following content for  
8

9
÷

2

3
. 

Problem 2: How many 
2

3
 foot long bows can be made with 

8

9
 feet of ribbon?  

As in Figure 1b, the number of bows in Problem 2 is unknown.  

 The invert and multiply method lacks the same degree of accessibility in Problem 2 as 

shown in the partitive division context of Problem 1.  In Problem 2, we have two reciprocal 

quantities: the number of feet of ribbon per bow and the number of bows per one foot of ribbon.  

We now examine these quantities and the product 
8

9
×

3

2
 in the context of Problem 2.    

 Given that 
2

3
 foot of ribbon is required to make one bow, “How many 

2

3
 foot bows can be 

made with 1 foot of ribbon?” As shown in Figure 3, if 
2

3
 foot of ribbon makes 1 bow, then 

1

3
 foot 

makes 
1

2
 bow.  Therefore, 1 foot of ribbon makes 1

1

2
  or 

3

2
 bows.  Thus, 

3

2
 (the reciprocal of 

2

3
) can 

be interpreted as the number of bows per foot of ribbon.   

1 bow 
1

2
 bow 

1

3
 ft 

1

3
 ft 

1

3
 ft 

1 ft 

 

Figure 3: 
2

3
 foot per bow ↔ 

3

2
 or 1

1

2
 per foot 
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 In general, the invert and multiply method can be explored in measurement division 

contexts through unit analysis: 𝐹𝑒𝑒𝑡 ÷  
𝐹𝑒𝑒𝑡

𝐵𝑜𝑤
= 𝐹𝑒𝑒𝑡 ×  

𝐵𝑜𝑤𝑠 

𝐹𝑜𝑜𝑡
= # 𝑜𝑓 𝑏𝑜𝑤𝑠. This idea builds on 

students’ experiences with measurement conversion, which first appears in the Common Core 

State Standards for Mathematics  in fourth and fifth grades (NGA & CCSSO, 2010: Grade 4. 

MD.A1, 4.MD.A2, and Grade 5. MD.A.1). It is then coupled with what students are learning 

about rate concepts in the sixth and seventh grades (e.g., NGA & CCSSO, 2010: Grade 6:RP.A.2 

and Grade 7: RP.A.1).  

Discussion 

 Returning to Mr. Smith’s class, in what ways might he have challenged his students to 

consider the question about which fraction to invert? What could have been done to move the 

emphasis away from teaching steps of an algorithm to the process of  making sense of informal 

student procedures? We could argue that a contextualized approach might have aided the 

students in exploring the implications of inverting the first fraction, and led them to compare the 

outcomes with the traditional invert and multiply method.  

 Consider the following problem once again: “If 
8

3
 feet of ribbon can make 

7

6
 bows, how 

many feet of ribbon can make one bow?” When the first fraction is inverted, we obtain 
3

8
×

7

6
 or 

21

48
 bows per foot, the reciprocal of the answer. This situation, showing the number of bows made 

with 1 foot of ribbon, is illustrated in Figure 4. 
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Figure 4: Inverting the first fraction in 
8

3
÷

7

6
 

If Mr. Smith used this approach in his teaching, it is possible that his students could have 

not only solved the problem correctly, but they also might have been able to develop deeper 

understanding of the division of fractions. 
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Making Algebra Accessible For All 

Ann Collins 

Abstract: To develop students’ problem solving talents and enhance their understanding of key 

algebraic ideas, students must be engaged in realistic mathematical work, collaborative 

brainstorming, and communication, both orally and with the use of graphical representations. 

The high school lesson described in this article provides an example of one way to achieve these 

goals. 
 

For many years, research has demonstrated that success in Algebra I often determines 

whether students will pursue higher-level mathematics courses in high school as well as their 

entry and performance in college. When many students and adults hear the term “algebra,” they 

either shudder or state that they “hate mathematics,” “never understood mathematics,” or ask, 

“Why is algebra a course?” These comments and question arise most likely because of the way 

in which algebra (and mathematics in general) is taught, and the fact that it is often taught with 

no connection to what students learned previously.  

Think about all of the changes that have occurred in the last 

century. Model T cars were replaced by efficient hybrids and electric 

cars. Telephones evolved from rotary dial versions that sat on tables to 

phones that fit into pants or jacket pockets. Space exploration expanded 

from moon landings to establishing and occupying an international 

space station. Unfortunately, the typical high school classroom looks, in 

most cases, the same as it did in the early 1900s.  

Students need to be taught to succeed in our world of 

technology, computing, and communication, and become experts at problem solving. We 

teachers must prepare students for the future, for new problems to be solved, for new jobs that 

have yet to be created. This requires a change in both what we teach and how we teach.  

Very often algebra classes focus on textbook lessons. Students are shown problem-

solving procedures, and presented with worksheets on which they are expected to duplicate 

procedures they witnessed. This narrow-focus prevents students from thinking for themselves –

from developing their own algebraic reasoning talents. Compare this approach with classrooms 

in which students: 1) are presented with mathematically interesting situations that they may face 



 
 

45 
 

in their everyday lives; 2) work collaboratively to 

analyze a problem and brainstorm various solution 

approaches; and 3) communicate and justify their 

thinking through oral, verbal, and graphical 

representations. 

This is not to say there is no need for 

students to become proficient with the processes 

used in solving equations, recognizing and 

simplifying expressions, comparing systems of 

equations, and knowing when and how to apply 

trigonometric ratios to situations. But, this should be a relatively small piece of a lesson. There is 

a critical need to involve students in making conjectures, critiquing the reasoning of others, 

proving that their solutions are reasonable, answering the problem at hand, and recognizing the 

importance of collaborating on the solutions of challenging problems.   

Embedding the Standards for Mathematical Practice  

In one classroom, when introducing exponential 

functions, the teacher began by reading The King’s Chessboard 

to her students. After the story was read and the teacher was 

certain that her students understood the context, she first asked 

students to make predictions of how many grains of sand would 

be on the sixty-fourth square of the chessboard. Students were 

instructed to record their predictions on sticky-notes, which were 

collected. In pairs, students were urged to consider the 

reasonableness of their predictions. Next, working in small 

groups, students solved the problem and used multiple 

representations to support their solutions. As they worked, the teacher observed each group and 

noticed that some groups made input/output tables, others were struggling to write equations, and 

one group was graphing the data by hand while one member of that group checked the graph 

using a graphing calculator. After an allotted period of time, each group recorded their solutions 

on poster-size paper and attached the posters to the wall of the room. During a facilitated gallery 

walk, students could post positive comments, ask questions, or make suggestions to improve the 

Standards for Mathematical Practice 

SMP3: Construct viable arguments and 

critique the reasoning of others  

NGA & CCSSO, 2010 

Standards for Mathematical Practice 

SMP2: Reason Quantitatively and 

Abstractly 

NGA & CCSSO, 2010 
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work of a different group. It was only then that the teacher introduced the function notation f(x) 

= Ab2. 

The teacher found that her students were very curious and eager to see how their 

predictions compared with those of other groups, as well as how close their predictions were to 

the actual solution. Students were directed to select a statistical representation to describe their 

data set. Some students constructed a box-and-whisker plot, others made a line plot, others drew 

histograms, and some attempted a scatterplot. As the teacher visited each working group, she 

asked questions about the representations: “Explain to me why you chose the scatterplot?” 

“What relationships are you showing?” “Would another representation give more precise 

information?” “What information do you glean from the box-and-whisker plot?” “How might 

you convince me that the line plot is the best representation?”  Once all representations were 

complete, the teacher challenged the students to work in small groups to compare and analyze 

the various representations and discuss how they related to one another. When her students 

appeared confused, she suggested that they examine and compare the data represented in the 

box-and-whisker plot with that in the histogram. She also recommended that they examine each 

representation to determine which one best for identifying the mean, median, mode, and 

interquartile range. In the discussion that followed, students agreed that a scatterplot is not a 

preferable representation since two variables are not being compared, but that the simplicity of a 

line plot has potential. An in-depth discussion of the histogram and the box-and-whisker plot 

ensued, with many students arguing that all they could derive from the box-and-whisker was the 

median and interquartile range. By contrast, with the histogram, they could determine the mode, 

percentage of students choosing each predicted value, and the shape and distribution of the data. 

All students agreed that they needed more than just the 32 data points to make sense of the data. 

Meeting Individual Needs 

In almost every classroom there are students who may need more scaffolding, possibly 

remediation, but also greater challenge. In the classroom, during the lesson, the teacher in this 

story recognized the breadth of statistical understanding among her students. She designed an 

activity for those struggling to recall/understand that focused on: 1) How to use data to construct 

a box-and-whisker plot, and 2) How to compare the data in the box-and-whisker plot with that 

shown in the histogram. Since some students needed more experience while others were looking 

for greater challenges, the teacher decided to set up centers around the room. Each center 
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addressed a different aspect of both the main lesson on exponential functions, and the secondary 

lesson on statistics. In one center, students selected a car from newspaper ads and investigated 

what that automobile would cost over the lifetime of a 5-year car loan, with compounding 

interest at the rate of 3 percent. At another center, students made plots, using licorice sticks on 

graph paper, to examine how the minimum, maximum, and median values are represented and 

the interquartile range may be calculated. Another center worked on finding the square root of 43 

by drawing squares on graph paper, identifying the difference in the number of squares between 

two consecutive square numbers, and figuring out how many of those squares are needed to build 

from 36 to 43.  

Many students learned that to determine if 

a function is linear, quadratic, or exponential, they 

should make a table, and from that table they can 

determine the finite differences in the outputs. For 

students who needed greater challenge, it is appropriate for them to investigate why the Finite 

Differences Method works.  

The teacher served as a visitor to each center, posing questions, prompting students’ 

thinking, and assessing their understanding. 

Summary 

If we closely examine what and how students are engaging in their learning outside of the 

classroom, it becomes obvious that they are learning at a speed that is almost unheard of in 

traditional classrooms. This fast rate is accelerated further with technology. By contrast, the 

curiosity of students is largely left at the doors of many of our schools, as they must prepare to 

sit, watch, and listen to teachers show and tell them how to perform mechanical computations 

that computers and graphing calculators can complete in seconds. For many, mathematics is a 

discipline linked solely to the classroom, rather than as a necessary tool for solving real-life 

problems and situations.  

If we think about learning mathematics in the context of a sport or music, we might 

recognize that all the drills that are done in sports practice, all the scales that are practiced over 

and over in music, are preparation for the game in sports or for performing a composition in 

music. Athletes and musicians recognize that they need the drill and practice for the big event, 

yet in mathematics, unfortunately, in most classrooms the big event never occurs. Students are 

Standards for Mathematical Practice 

SMP 8: Look for and examine the structure 

of mathematics  

NGA & CCSSO, 2010 
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deprived of situations that require the application of all the skills and procedures necessary to 

solve a critical problem. They eagerly await the “big game” or the “recital” and are happy to 

work towards it. But, if all they ever do is practice, their interest will wane very quickly. The 

same is true of learning and doing mathematics. Problem solving situations are what increase 

students’ interests, persistence, and achievements. 
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It is vital to change the perception of algebra as the intensive study 

of the last three letters of the alphabet, x, y, z – to viewing algebra as 

an entry into a logical, sequential discipline designed to generalize 

arithmetic and make repetitive calculations unnecessary. Algebra 

can be appreciated as an excursion into the beauty of mathematics, 

a facet too often overlooked. It is also crucial to recognize that:  

Teaching is not telling  

AND 

 Learning is not listening. 
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Hello! My Name Is … 

James Tanton 
 

Abstract: Mathematics is a creative and intensely human enterprise. This article is about fitting 

equations to data as an example of the joy and power of teaching problem solving while teaching 

curriculum content. There are four tasks in the typical upper-middle school and high-school 

curricula, focusing on the topic of data fitting. In this article, I present a mathematical story that 

attends to all four tasks. 

 

My name is   4 3 283 497 4141 3463
164

24 12 24 12
P x x x x x     . At least, that is my 

personal polynomial that spells my name. It has  1 10P   and the tenth letter of the alphabet is 

J,  2 1P  and the first letter of the alphabet is A,  3 13P M  ,  4 5P E  , and 

 5 19P S  , to spell JAMES. My personal polynomial has the additional property that, 

despite the fractional coefficients, it always gives integer outputs for integer inputs. What is your 

personal polynomial? 

 

 

Graphic software by Branden Stone in cooperation with MSR and the Global Math Project. 

This article is about fitting equations to data as an example of the joy and power of 

teaching problem solving while teaching curriculum content. At the end of the article you and 

your students will be able to write the polynomials that spell your names as examples of this 

work. Even clever upper-school mathematics can be fun and quirky! 
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Finding equations whose graphs fit given data points appears in at least four high-school 

curriculum tasks.  

 

  

 

 

 

Such tasks are usually presented through real-world modeling applications. For example, 

students might be asked to predict the landing point of a projectile given three points on its 

supposed parabolic path, to model exponential bacterial growth, or to model the oscillatory 

population numbers of a mammal via a trigonometric function.  

Is it vital that students master such mathematical tasks? No. Will students ever “need to 

know” how to do such work? Probably not. (And, if I really want the answers to such fitting 

questions I would personally use Wolfram Alpha!) But did I as a teacher, and now as a 

curriculum consultant, want students to try such tasks? Yes! Why? Because each task provides 

an opportunity to teach students the cleverness of relying on their wits. Promoting the confidence 

Task 1: Find the equation of the line passing through two given points. For example, 

what is the equation of the line that passes though the points  2,5  and  14,92 ?  

Task 2: Find an exponential function whose graph passes through two given points. 

For example, find a function of the form   xf x a b   that passes through the points 

 2,5  and  14,92 .  

Task 3: Find the equation of a quadratic equation whose graph passes through three 

given points. For example, find a quadratic equation of the form 
2y ax bx c    that 

fits the data  2,5  and  14,92  and  100, 2 . 

Task 4: Find a trigonometric function with a given midline, amplitude, and period. 

For example, find a trigonometric function with maximal value 17 , minimal value 7 , 

period 36 , and adopting its minimal value for the input 5 .   
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to joyfully persist in innovative problem-solving is my ultimate goal as a mathematics educator. 

We can cut through the mathematical clutter of our curriculum, and teach thinking to encourage 

confidence.  

Here’s a storyline of mathematical thinking that attends to all four tasks. It’s an overview 

likely too swift for students thinking about this material for the first time. But my goal here is to 

provide ideas that can be developed into mathematical discussion and thinking practice for the 

classroom. (I did do the following with my own students.) I will start with Task 2, then 3, then 4, 

and will conclude with Task 1. 

Consider a first natural approach to the example of Task 2. 

Example: Find values of a  and b  such that:  

    

 

 

Dividing gives 12 92

5
b  , so  

1

1292 / 5b  . (Thinking to divide the two equations takes a 

lovely flash of insight.) Substituting into the first equation now yields 

 
2

12

5

92 / 5

a   and 

the exponential function that fits the data is: 

   
 

1 2

12 12

2

12

5 92 92
5

5 5
92 / 5

x
x

f x

 
            
 

  

 

Let’s pause. This answer is beautiful and revealing (although the approach we took to it 

did not feel that way). Notice that substituting 2x   gives  
0

92
2 5 5

5
f

 
   

 
, and substituting 

14x   gives  
1

92
14 5 92

5
f

 
   

 
.  We see the exponents 0  and 1  appear for 2x   and 

14x  , respectively, and 0  and 1 are almost always very friendly numbers to work with in 

mathematics.  
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Example: Find an exponential function   xf x a b   that fits these data: 

 

Answer: We want an exponential function that starts with the value 7  at 0x   and is 
18

7
 

as big at 1x  . The function  
18

7
7

x

f x
 

   
 

  does the trick. (Do you see this?)  

This example provokes a moment of  

Mathematical Thinking:  Writing exponential functions that fit data at 0x   and 1x   

is straightforward. Can all exponential fitting questions be made just as easy? 

Mathematicians will always work very hard to avoid hard work! They will pause and 

look for ways to make a difficult problem easier before leaping into complicated work to solve it. 

Example: Find an exponential function   xf x a b   that fits these data: 

 

Answer: If we were given input values 0x   and 1x  , then we would write 

 
13

11
11

x

f x
 

  
 

 and be done. So, can we make 8x   and 9x   “behave like” 0x   and  

1x  ? Why yes!  We have  
8

13
11

11

x

f x



 
  

 
 that works. (Check this!) 
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Example: Find an exponential function   xf x a b   that fits these data: 

 

Answer: Can we make 8x   and 18x   behave like 0  and 1?  We can try

 
8

13
11

11

x

f x



 
  

 
again, which gives an exponent of 0  for 8x  . But alas, it gives an 

exponent of 10  for 18x  . Can we can make adjustments so that we get an exponent of 

1 for 18x  ? How about  

8

1013
11

11

x

f x



 
  

 
?  Yes! That works.       

Example: Find an exponential function   xf x a b   that fits these data:  2 5f   and 

 14 92f  .  

Answer: We want  
exponent

92
5

4
f x

 
  

 
 with an exponent behaving like 0  and 1  at 2x 

and 14x  , respectively. We see that  

2

1292
5

5

x

f x



 
  

 
 does the trick, just as before. 

Cleverness and wits now allow us to simply write, without any work, exponential 

functions that fit two given data points.  

Practice: If possible, write exponential functions that fit the following pairs of data points. (Are 

there potential difficulties?) 

a)  2,6  and  5,12   

b)  5,80  and  10,8   

c)  45,100  and  55,100   

d)  2,0  and  10,8   

This work on exponential functions provides a lovely lead-in to good thinking for 

trigonometric functions, Task 3. 
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Mathematical Thinking: We have just learned that 0x   and 1x   are particularly 

friendly input values for exponential functions. What are two friendly input values for 

trigonometric functions? 

We might argue that 0x   and 90x   are particularly lovely inputs in trigonometry. 

Example: Sketch a graph of  7sin 2 50 3y x   in units of degree. 

Answer: We know that the graph of  siny x  oscillates above and below the 

horizontal line 0y   with an amplitude of 1  . Thus  7siny x  oscillates about the 

same horizontal line with amplitude 7 , and  7sin 3y x   oscillates about the 

horizontal line 3y   between the values 4  (seven down) and 10  (seven up).    

The scary part of the equation  7sin 2 50 3y x   is the input “ 2 50x  ”.  

So let’s ask: When is this input easy? 

When does 2 50x   have the value 0 ? At 25x  . 

  When does 2 50x   have  the value 90 ? At 70x  . 

So the graph of   7sin 2 50 3y x    is a modified sine curve that “starts” at 25x   

and reaches its first peak at 70x  . The graph must be as shown.       

 

 

The graph of  7sin 2 50 3y x   , in degrees.  

We are set to contend with the example of Task 4. 
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Example: Find a trigonometric function with maximal value 17 , minimal value 7 , period 36 , 

and adopting its minimal value for the input 5 .   

Answer: A function we seek could be of the form  5sin 12y x  , but with the inputs 

modified. (This function oscillates about the horizontal line 12y   with minimal value 

12 5 7   and maximal value 12 5 17  .)   

We want the period of the function to be 36 and we want the minimal value of the 

function to occur at 5x  . The “start” of the sine function is a quarter period later and 

the maximum of the sine function occurs a quarter period later again. This means that we 

want 5 9 14x     to “behave” like 0 , and 14 9 23x     to behave like 90 . 

Now “ 14x  ” has value 0  at 14x  , but value 9  at 23x  .    

Okay, then work with “
14

90
9

x  
 
 

.” This still has value 0  at 14x    

and value 90  at 23x  . 

The trigonometric function   5sin 10 14 12y x    fits the given data. 

Practice: Find a cosine function that fits the data. 

Students are often taught to use their graphing calculators to complete items of Task 3, 

fitting quadratics to data. This involves a student-mysterious process of setting up a system of 

three equations in three unknowns and using matrix inversion to solve the system. (If the process 

is to remain mysterious, then please let students use the proper mathematics software to just give 

the answer!)  

Exercise: Here is an equation that fits the data  2,5  and  14,92  and  100, 2 . (This 

is the data of the Task 3 example.) 

 
  

  

  

  

  

  

14 100 2 100 2 14
5 92 2

5 14 5 100 14 2 14 100 100 2 100 14

x x x x x x
y

     
  

     
 

Do you see that this is a quadratic equation?  

Do you see that when 2x  , 5y  ? Do you see that when 14x  , 92y  ?  



 
 

57 
 

Do you see that when 100x  , 2y  ? (Really do check these. Doing so will 

unlock for you how I created this bizarre equation.) 

Do you see that you could make this equation look friendlier if you wanted to?  

The challenge of the previous exercise is to figure out how I “pulled out of the air” an 

equation that fits the data perfectly. It’s a different type of problem-solving task: making sense of 

an answer that, at first, seems incomprehensible.  

The equation presented in the exercise is a sum of three terms, one for each data point, 

and each is a fraction with a numerator, a denominator, and a coefficient at the front of each 

fraction. The numerators are constructed so that all but one of them vanishes for a given data 

input.  

For example, for 14x  , only the middle term has a non-zero numerator. The 

denominator of that fraction is such that it perfectly cancels the numerator at 14x   and so the 

fraction has value 1 at 14x  . The coefficient of 92 , at the front, gives at 14x  , the value 

5 0 92 1 2 0 92y        , as desired. 

At 2x  , we get 5 1 92 0 2 0 5y         , and at 100x   we get 

5 0 92 0 2 1 2y        . 

Example: Write a quadratic equation that fits these data: 

    

 Answer:  Here it is. 

  
  

  

  

  

  

  

17 4 7 4 7 17

10 11 10 21 11 21

x x x x x x
y a b c

     
  

  
. 

(Feel free to simplify this if you wish!)  

Most, if not all, textbook questions that ask students to fit a quadratic function to data ask 

little about the resultant quadratic. One need not usually spend any effort to simply the equations 

we obtain. (Another lesson: Avoid unnecessary work!)  
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Practice: Find the quadratic equation whose graph passes though the points  1,1 ,  1,3 , and 

 10,111 . What is the y -intercept of the quadratic? What is the coefficient of the 2x  term of the 

quadratic? What is the coefficient of the x  term of the quadratic? Try to answer these questions 

with as little effort as possible. 

Practice: What curious thing occurs—and why—if you write and simplify the equation of a 

quadratic whose graph passes through the points  3,3 ,  2, 7  , and  5,7 ?    

Practice: What goes wrong—and why—if you try to write a quadratic equation whose graph 

passes through the points  8,10 ,  12,9 , and  8,15 ?   

Mathematicians are, on the whole, intellectually playful and curious. It is natural to wonder!  

Mathematical Thinking: Does this technique apply only to three data points? Can we 

find equations that fit any list a data points?  

One can see that the answer is yes. 

Example: Write a cubic polynomial that fits these data: 

    

 Answer:  The equation does the trick. (Feel free to simplify this if you wish!) 

  

   

   

   

   

   

   

   

   

5 9 10 3 9 10
22 500

8 6 7 8 14 15

3 5 10 3 5 9
888 56

6 14 1 7 15 1

x x x x x x
y

x x x x x x

     
 

    

     
 



 

  My personal polynomial given at the start of this article is the degree four polynomial 

that fits the data  1,10 ,  2,1 ,  3,13 ,  4,5 , and  5,19 . I went to the effort of simplifying it 

(using mathematical software, of course!)  

Practice: Find your personal polynomial. 
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Challenge: Prove that your personal polynomial also has the astounding property of only giving 

integer outputs for integer inputs. 

These polynomials that fit given sets of data are known as Lagrange Interpolation 

Polynomials. The French/Italian scholar, Joseph Louis Lagrange, wrote about them in 1795 

(although other scholars had discovered them too, and before Lagrange.)  

My high school students were often very familiar with the task of finding equations of 

lines through two given data points, Task 1 from their work in middle-school. They typically 

used the y mx b   construct. It is eye-opening to see that Lagrange’s approach applies here 

too, if you choose to use it. (There is no need to. All good and correct approaches in mathematics 

are good and correct.)  

Example: Write an equation that fits the data  2,5  and  14,92 . 

 Answer: We have the following that works:  

  
 

 

 

 

14 5
5 92

9 9

x x
y

 
 


  

And look! This is a linear equation. (It simplifies to

5 92 5 14 5 92 87 130

9 9 9 9 3
y x x

   
      
 

)  

Mathematics is a joyous, creative, and human enterprise. And our school curriculum is 

threaded with beautiful stories and opportunities to illustrate this. Moreover, the practice of 

teaching is, in and of itself, a beautiful human conversation between each of us and our students. 

With great content and great context, what could be a better set-up for consistently meaningful 

and uplifting experiences for all in the mathematics classroom? 
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61 
 

Math Challenges: Holidays and Other Events 

Jason Luc 

Abstract: This article provides challenging problems for you to use to make the fall semester an 

engaging mathematical experience for your students. The problems are tied to holidays during 

the months of August, September, October, November and December, three of which are real 

and two that are very different! 

 

Celebrations, some tied to real holidays, and others that are strange (!), are designed to develop 

students’ curiosity, persistence, and problem solving talents. The problems are not may be solved 

by students working alone or in teams. In the process of solving the problems, students and will 

model with mathematics, reason abstractly and quantitatively, and talk math, as they:  

 Make sense of the problems – what is the problem to be solved? 

 Identify needed data, gather those data, including the interpretation of diagrams, tables 

and other data sources;  

 Organize and analyze the data; and 

 Bring the data to bear to solve the problems. 

Although solution methods/answers are provided, they aren’t necessarily the methods your 

students may employ. If disagreements arise, have students make the cases for their solution 

approaches and answers. 
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August 1: Devastation Debt 

 

 

On Aug 1, 2017, at 10:30 am, the United States National debt was $19,968,769,700,000. 

1. If that debt amount of money was in $20 bills, and  

    the bills are stacked, one-on-top of other: 

     

A. How tall is the stack? __________________________ yards 

 

 

B. Can the stack reach the moon at about 240,000 miles?     __________ 

 

 

C. How much will the stack weigh?  __________________________ kilograms 

 

 

2. If the $20 bills are placed end-to-end, connecting their shorter sides to form a path, how long 

will the path be?  __________________________ miles 

 

 

 

U.S. Currency 

Bills 

2.61 inches wide 

6.14 inches long 

0.0043 inches thick  

1 gram in weight 
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Monday: A “Laborious” Holiday 

Labor Day, celebrated the first Monday in September, was instituted as a national holiday  

on June 28, 1894 (6/28/1894). 

Use the numbers: 1, 2, 4, 6, 8, 8, and 9, either singly or in combination (e.g. 24)  

to write expressions for the numbers 1 – 30, representing the 30 days of September.  

1 2 4 6 8 8 9 

 

1 = _____________________________ 

2 = _____________________________ 

3 = _____________________________ 

4 = _____________________________ 

5 = _____________________________ 

6 = _____________________________ 

7 = _____________________________ 

8 = _____________________________ 

9 = _____________________________ 

10 = _____________________________ 

11 = _____________________________ 

12 = _____________________________ 

13 = _____________________________ 

14 = _____________________________ 

15 = _____________________________ 

 

16 = _____________________________ 

17 = _____________________________ 

18 = _____________________________ 

19 = _____________________________ 

20 = _____________________________ 

21 = _____________________________ 

22 = _____________________________ 

23 = _____________________________ 

24 = _____________________________ 

25 = _____________________________ 

26 = _____________________________ 

27 = _____________________________ 

28 = _____________________________ 

29 = _____________________________ 

30 = ___________________________
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October 31: A Prime Holiday 

Halloween is always celebrated on October 31. 

 31 is a prime number. 

 When you reverse its digits, you get 13, also a prime number. 

1. How many two-digit prime numbers produce a prime number when their digits are reversed? 

Record the primes before they are reversed.   

 

___________________________________________________________________________ 

 

2. Name all “reversible” prime pairs. (e.g. 13 and 31)  

 

___________________________________________________________________________ 

 

3. How many three-digit numbers, from 100 - 300, produce a prime number when their digits 

are reversed? Record the primes before they are reversed. 

___________________________________________________________________________ 

 

4. Name all “reversible” prime pairs. (e.g. 107 and 701) 

 

___________________________________________________________________________ 
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Nov 29: National Square Dance Day  

18 people entered the Square Dance.  

They are each given a number, 1 - 18, and told to pair up  

so that the sum of each pair’s numbers is a square number.  

Pair the numbers     Square Number 

__________  with  __________ = __________ 

__________  with  __________ = __________ 

__________  with  __________ = __________ 

__________  with  __________ = __________ 

__________  with  __________ = __________ 

__________  with  __________ = __________ 

__________  with  __________ = __________ 

__________  with  __________ = __________ 

__________  with  __________ = __________ 
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December: A Prime Version of the 12 Days of Christmas 

 

Original 

Number 

of Gifts 

Given 

by Day 

Day Prime Total Number of Gifts Given by Days 

(The number of gifts is a prime number that 

corresponds with its position in the prime 

number sequence, beginning with 2.) 

 

1 1 2 

3 2 5 

6 3 10 

10 4 17 

 5  

 6  

 7  

 8  

 9  

 10  

 11  

 12  

 Total      _______         ________ 

 

How many more gifts are given as a Prime 12 Days of Christmas than the original 12 days of 

Christmas versus the original 12 Days of Christmas? ________ 

 

On the first day of Christmas 

my true love sent to me: 

A Partridge in a Pear Tree7 

On the second day of Christmas 

my true love sent to me: 

Two Turtle Doves 

and a Partridge in a Pear Tree2 

On the third day of Christmas 

my true love sent to me: 

Three French Hens 

Two Turtle Doves 

and a Partridge in a Pear Tree1 
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Solutions 

August 1: Devastation Debt 

1. 

           A. $19,968,769,700,000 ÷ 20 = 998,438,485,000   $20 bills  

                    998,438,485,000 bills × 0.0043 inches = 4,293,285,480 inches 

                    4,293,285,480 inches ÷ 36 inches/yard =  

                    119,257,930 yards 

B. 119,257,930 yards ÷ 1760 yards/mile = 67,760 miles 

      No 

C. 998,438,485,000 grams ÷ 1000 grams/kilogram = 998,438,485 kilograms  

2. 998,438,485,000 bills × 6.14 inches = 6,130,412,297,900 inches ÷ 12 inches/feet =  

    510,867,691,492 feet ÷ 5280 feet/mile = 96,755,245 miles 

 

September Monday: A Laborious Holiday 

1 = 4 + 6 – 8 – (9 – 8) × 12 

2 = (4 + 6 – 8) × (9-8) × 12 

3 = (4 + 6 – 8) × (9-8) + 12 

4 = 4 + 6 – 8 + 9 – 8 + 1 

5 = 1 + 4 + (8 – 8) × 6 × 9 × 2 

6 = 2 + 4 + (8 – 8) × 1 × 6 × 9 

7 = 1 + 2 + 4 + (8 – 8) × 6 × 9 

8 = 2 + 6 + (8 – 8) × 1 × 4 × 9 

9 = 9 + (8 – 8) × 1 × 2 × 4 × 6 

10 = 9 + 1 + (8 – 8) × 2 × 4 × 6 

11= 9 + 2 + (8 – 8) × 1 × 4 × 6 

12 = 9 + 2 + 1 + (8 – 8) × 4 × 6 

13 = 9 + 4 + (8 – 8) × 1 × 2 × 6 

14 = 9 + 4 + 1 + (8 – 8) × 2 × 6 

15 = 42 -1 1 + (8 – 8) × 6 × 9 

16 = 42 + (8 – 8) × 1 × 6 × 9 

17 = 42 + 1 + (8 – 8) × 6 × 9 

18 = 9 + 6 + 4 – 1 + (8 – 8) × 2 

19 = (9 – 6) + 42 + (8 – 8) × 1  

20 = (9 – 6) + 42 + 1 +(8 – 8)  

21 = 6 × 4 – (1 + 2) + (8 – 8) × 9 

22 = 6 × 4 – 2 + (8 – 8) × 1 × 9 

23 = 6 × 4 – 1 + (8 – 8) × 2 × 9 

24 = 6 × 4 + (8 – 8) × 1 × 2 × 9 

25 = (1 + 4)2 + (8 – 8) × 2 × 6 

26 = 6 × 4 + 2 + (8 – 8) × 1 × 9 

27 = 6 × 4 + 2 + 1 + (8 – 8) × 9 

28 = 6 × (4 + 1) – 2 + (8 – 8) × 9 

29 = 4(6 – 1) + 9 + (8 – 8) × 2 

30 = 6(4 + 1) + (8 – 8) × 2 × 9 
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October 31: A Prime Holiday 

1. Five numbers: 11; 13; 17; 37; 79 

2. 11 and 11; 13 and 31; 17 and 71; 37 and 73; 79 and 97 

3. Ten numbers: 101; 107; 113; 131; 149; 151; 157; 179; 181; 199  

Note: Only numbers that have a hundreds digit need to be considered, since a number in the 200s 

when digits are reversed will have a 2 in the ones place, so it will not be prime.  

4. 101 and 101; 107 and 701; 113 and 311; 131 and 131; 149 and 941; 151 and 151; 157 and 

751; 179 and 971; 181 and 181; 199 and 991 

 

November 29: National Square Dance Day  

 Note: The only square numbers possible as sums are 9, 16, and 25 that result from pairs of 

numbers from 1 through 18.  

Partners are: 

1 and 15; 1 + 15 = 16 

2 and 14; 2 + 14 = 16 

3 and 13; 3 + 13 = 16 

4 and 12; 4 + 12 = 16 

5 and 11; 5 + 11 = 16 

6 and 10; 6 + 10 = 16 

7 and 18; 7 + 18 = 25 

8 and 17; 8 + 17 = 25 

9 and 16; 9 + 16 = 25 
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December: A Prime Version of The 12 Days of Christmas  

In the original 12 Days of Christmas song, the total number of gifts for each day is the number 

of gifts identified by the day number plus the total number of gifts from the previous day.  

The number of gifts for a Prime 12 Days of Christmas correspond to the first 12 prime numbers 

(2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, and 37). The total number of gifts for each day is identified 

by the number of gifts on the current day plus the total number of gifts from the previous day.  

Original Song         Prime Song  

Day Number of Gifts Given Total 

1 2 2 

2 3 5 

3 5 10 

4 7 17 

5 11 28 

6 13 41 

7 17 58 

8 19 77 

9 23 100 

10 29 129 

11 31 160 

12 37 197 

 

 

Prime 12 days of Christmas total – Original 12 days of Christmas total is 824 – 364 = 460 
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Day Number of Gifts Given Total 

1 1 1 

2 2 3 

3 3 6 

4 4 10 

5 5 15 

6 6 21 

7 7 28 

8 8 36 

9 9 45 

10 10 55 

11 11 66 

12 12 78 
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