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Dear AATM Colleagues, 

 Here it is! The spring 2018 Issue of OnCore. The majority of articles focus on activities 

for middle-school students. However, as indicated by the authors, many of those activities can be 

adapted for use at other grade levels. Making Minutes Matter focuses on developing students’ 

creativity and number sense through the play of several types of number puzzles, including those 

involving digital clock displays, phone numbers, and cryptarithms. The activities Four Fours and 

Reverso require the creation of arithmetic equations and sequences of those. Planning for A 

Poster Fair requires groups of students to generate layouts for the display of posters and poster 

boards in a large exhibit hall. In the process of generating plans, students use mathematics to 

model and analyze the situation, including the use of proportions, proportional reasoning, and 

measurement. Reasoning about Structure in A Growing Tower Activity introduces students to 

recursive and explicit expressions as they represent “growing” patterns of blocks. Results of the 

work of five groups of students are illustrated along with detailed descriptions. In Delve into 

Diffy, a well-known activity is extended to the use of fractions, decimals, integers and algebraic 

symbols. These extended activities challenge students to determine when problems are solvable 

or not, and to provide a rationale for those decisions. In A Statistical Literacy Project, a 

framework for instruction and assessment, with three levels of complexity, is described. 

Emphasis in instruction focuses on formulating questions, collecting and analyzing data, and 

interpreting results. In Uncovering Talent and Promoting Mathematical Thinking,  the history of 

the MATHadazzle puzzle book-writing project (10 volumes to date!) is described, including how 

authoring those books and seeing them published with names as contributors, enhanced students’ 

understanding of the mathematics, their deductive reasoning powers, their persistence in solving 

problems; and their desires to learn more advanced mathematics.  

We hope you enjoy these articles. 

 

Consider contributing an article to our Fall 2018 OnCore.  

Happy spring. 

 

                                                                                                                        

 

Carole Greenes, Journal Editor     Mary Cavanagh, Editorial Designer     James Kim, Editorial Assistant 
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Making Minutes Matter 
Ralph Connelly 

Abstract: Making Minutes Matter provides teachers with a variety of problem solving, 

mathematical reasoning, and number sense ideas that will grab students’ attention, and help 

make the most of the first few minutes of each math class. 

 

“There just doesn’t seem to be enough time to teach everything we’re told we need to 

teach.” 

How many times have you heard this lament in the Teacher’s Room, and how many 

times have you said it?  We all know the importance of getting our students involved in problem 

solving, and developing mathematical reasoning and number sense, but it often seems very 

difficult to fit it into our math classes. 

The activities described in this article can be done quickly at the beginning of class to 

maximize the use of those first few minutes. They require little or no “set-up” time, so students 

can be working on them almost immediately. Most of the activities can be completed in just a 

few minutes. However, some of your students may not want to stop! So, you may want to re-visit 

some of the activities when more time is available. 

Digital Clock Display:  

1. During how many minutes in a 12-hour period will at least one 9 be displayed? At 

least one 2?   (Answer:  9 appears in 126 minutes, 2 appears in 270 minutes) 

2. At what time of day is the sum of the digits the greatest?  (Answer: 9:59) 

3. In a 12-hour period, for how many minutes is the sum of the displayed digits equal to 

10?  (Answer: 62 minutes) 

4. How often in a 12-hour period are the digits in a counting sequence as, for example, 

3:45?  (Answer: 5 times, or 8 times if you allow 9:10, 10:11, and 11:12 as counting 

sequences.)                                                                                                                               

5. Bonus Question if you have more than 5 minutes to allow for this activity. 

The following times contain each of the digits 0-9 exactly one—they span a 7 hour and 51-

minute time:  12:08, 4:36, and 7:50. What three clock times contain the digits 0-9 exactly once 

and span the shortest period of time? (Answer: 8:57, 9:46, and 10:23. The time span is 1 hour, 26 

minutes.) 
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Four Fours: This classic problem has a multitude of variations making it one of the most 

versatile computational exercises. As well as the obvious practice with computations and order 

of operations, Four Fours is also lots of fun and can be used at many different grade levels. A 

“mini version” that can be done reasonably quickly (particularly if you have half the class 

working on 1-5 and the other half on 6-10) is to have students find expressions for all the 

numbers from 1 to 10 using four fours and the operations:  +, -, x, ÷, √. For example, 

(4 + 4) ÷ (4 + 4) = 1   and   4 + 4 – 4 ÷ 4 = 7.  If you wish to extend the activity into an “ongoing 

project” at higher grade levels, you can include use of decimals and factorial, and have students 

try to create expressions for all numbers from 1-100. Warning—some of these are REALLY 

difficult!   A simpler assignment would be to have students create many different solutions to the 

problem: Use +, -, and x, to fill in the spaces   

 4 ___ 4 ___ 4 ___ 4 =?  

 Reverso: Beginning with a one-digit number, students create a series of expressions of 

increasing complexity by “re-expressing” a number in the previous expression in terms of two 

other numbers and a single operation.  For example: 

  6 

= 4 + 2 

= 7-3 + 2 

= 7 - 6÷ 2 + 2 

= 7 – 6 ÷ (3-1) + 2     note the necessary parentheses 

 = 7 – 6 ÷ (3-1) + 4 ÷ 2 

= 7 – 6 ÷ (3-1) + (9-5) ÷ 2 

= 7 – 6 ÷ (3-1) + (9-5) ÷ (8 ÷ 4) 

The object is to create a final expression which uses as many of the digits 1-9 as possible without 

repeats. 

Phone Number Puzzle: Use the first three and the last four digits of your phone number 

(NOT the area code), to make expressions for the same number. You can use decimal points, 

parentheses/brackets, exponents, and any of the four basic operations. 

Example:  phone number 637-1661 could be:  63 ÷ 7 = 16 – (6 + 1)   or 

6 ÷ 3 x 7 = 1 + 6 + 6 + 1 
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Of course, the disadvantage to this activity is that not all phone numbers will work (in which 

case you might just provide the student(s) with one that will), but you’ll be surprised how many 

phone numbers will generate solutions.  

 Cryptarithms:  A cryptarithm is a puzzle in which letters are substituted for the digits in 

an arithmetic calculation. Each letter represents a digit, and different letters represent different 

digits.  Here are just a few to show you the variety of skill levels (and degrees of ingenuity) that 

can be tapped using cryptarithms. 

 

 

Simple:                                  

                                                  I      AT 

                                          +    M            +      A 

                                  ME                TEE 

 

Slightly Harder:                

                                                IN 

                                            +RID 

         DOOR 

Real Challenge: 

                                                               SAG 

                                                           x     AS 

                 USES 

      SAG   

     BEDS 

 

[Answers:   Simple-   I = 9, M= 1, E= 0; Slightly Harder-   I = 5, N = 8, D = 1, R = 9, O = 0 

Real Challenge-    S = 5, A = 1, G = 3, U = 2, E = 6, D = 9, B = 7] 

Conducting a computer search on the word Cryptarithm will provide you with a great 

many of this type of computational puzzle. 

These are just a few examples of the ways in which you can “Make Minutes Matter.” I 

hope find these activities useful. Enjoy!   
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Planning for A Poster Fair 

Rebecca McGraw 
Abstract: This article describes a poster fair activity for middle grades students that focuses on 

proportional, spatial reasoning, measurement, and the application of the Pythagorean Theorem. 

Students are given some constraints within which to work, such as the total number of posters 

and the size of a tri-fold poster, but other aspects of the project are left open. Thus, students have 

opportunities to engage in aspects of mathematical modeling as they make decisions about how 

much space (length and width) to allow for each poster, how the tables can be combined to 

increase lengths, and how much walkway space is reasonable for traffic flow, as potentially 

hundreds of people will navigate the space. Within the given constraints, multiple table and 

poster configurations are possible, and students benefit from communicating their reasoning and 

decision-making processes to their classmates. 

 

Mathematical modeling has been identified as an important activity in K-12 mathematics 

(NCTM, 2000; CCSSM, 2010). Modeling activities require making connections between 

mathematics and the real world, and involve analyzing problem contexts, making assumptions 

and simplifications, using mathematics to create the models, and consider how well the model 

works in the real world.  In the activity that follows, students engage in mathematical modeling 

while increasing their facility with measurement, proportional reasoning, and spatial thinking. 

One key aspect of event planning is the organization of space. In this event-planning 

activity, students focus on organizing a large room at a conference hotel for a poster session. 

Poster sessions allow many people to present their work to others during the same time period. 

Posters are set up on tri-fold poster boards or displayed on walls in pre-determined spaces. 

During presentation times, visitors can walk at leisure among the posters and talk to the poster 

creators about their work. The activity described here uses actual information that was taken 

from a large conference resort hotel in the Southwest U.S.  
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Figure 1. Tri-fold Poster Board at a Science Fair 

 

The Poster Session Project 

 You and your team are responsible for organizing space for a poster session at an 

upcoming conference. You anticipate that there will be a total of 120 total posters. You have 

been given the following information: 

One of the long walls will be used for posters. The other long wall will have doors for 

entering and exiting the room.  

Directions to Students: Work with your team to develop a plan for how to place the 120 posters 

in the room. Create a scale drawing on graph paper showing how you will organize the tables 

and posters. Show all calculations and be sure to include units. Include a description of what 

your team feels are the strengths and potential drawbacks of your plan. 

 

 

 

Size of room for poster session: 114 feet by 37 feet 

Sizes of tables: Two types: 1) 16 inches by 8 feet and 2) 16 inches by 6 feet  

Size of posters: 4 feet wide by 3 feet tall 

Size of tri-fold poster boards: 4 feet wide by 3 feet tall; 1 foot on each side folds so 

that the board will stand (see Figure 1) 
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Materials for the Activity 

1. Several sheets of graph paper for each student (1 cm grids work well) 

2. At least one Tri-fold board  

3. Measuring tools – rulers, tape measures (1 per student) 

Launching the Activity 

Students should spend 10-15 minutes drawing initial sketches in order to identify some of 

the key pieces of information they will need to consider in solving the problem. Aspects of the 

problem that will be important include: 1) the amount of space (length and width) to allow for 

each poster, 2) how the tables can be joined to form longer lengths – not all lengths are possible, 

and 3) the amount of walkway space reasonable for traffic flow, as potentially hundreds of 

people will navigate the space. It is not necessary, or even desirable, to answer all these 

questions prior to developing a plan for the space. However, developing awareness of some of 

these issues at the onset of the activity will help ensure that students use their time productively. 

 

Figure 2. Pythagorean Theorem Calculation of the Poster Board Width When Folded 

 

The least amount of space for each poster board could be 4 feet by 8 inches. So, with 16-

inch wide tables, two posters could be placed back-to-back. The total number of poster boards on 

a table will depend on the length of each table and the number of connected tables. Note: 

Students could reach this conclusion by folding and measuring a tri-fold poster board and 

applying the Pythagorean Theorem (see Figure 2). 

Because the tables have lengths of 6 feet or 8 feet, students will be constrained in terms 

of the lengths they can create by joining tables. What lengths are possible?  For example, a 20-

foot set of tables would be possible since (6 + 6 + 8), but a 25-foot set of tables would not 
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(cannot combine 6s and 8s to add to 25). Determining all possible combinations of 6 and 8 is an 

interesting problem that could be an extension to this activity. 

Students will need to decide on an appropriate width for the walkways in the poster 

space. They can create and physically test sample walkway spaces. In reality, a walkway of at 

least 8-9 feet between tables is needed, and a walkway of at least 10 feet is desirable. Walkway 

space needs to be wide enough so that people can stand on each side speaking to poster 

presenters while still having room in the middle for two-way traffic. 

Student Small Group Work 

Many possible table/poster configurations are possible. Teachers should avoid providing 

too much guidance at this stage. Questions or statements that can redirect students, as needed, 

include: “How much space are you providing for people to walk?” “How many poster boards can 

fit on that table?” “Did you check the reasonableness of these numbers?” Allowing students to 

wrestle with how to organize the tables is key to the success of the activity, and students will 

encounter a great deal of mathematics along the way. For example, they will use proportional 

reasoning when they create their scale drawings (see Figure 3) and when they convert between 

inches and feet. 

Working with rates that are not distance, time, and speed related, are enabled by this activity. For 

example, 12 poster boards/table x 8 tables = 96 posters boards; 114 feet ¸  24 hanging posters = 

4.75 feet/poster.  

Three examples of student scale drawings, with descriptions, are shown in Figures 3. In 

the first example, students have chosen to use “friendly numbers” rather than the actual 

dimensions of the room. This seems to be a reasonable simplification – if 120 poster boards fit in 

the slightly reduced space, then they will fit in the actual space. 

 

 

 

 

 

 

 

 

 



 13 

 

A. In this method, students simplified 

the problem by using convenient 

dimensions for the room. They used 

several tables to create lengths of 24ft, 

and placed 6 posters on each side of 

the table, which provided a length of 

4ft per poster. Using both the end 

walls and one side wall for posters, 

students were able to display 120 

posters. One question related to this 

method is whether there is enough 

walkway space within each U-shaped 

area of posters for people to move in 

and out of the area. 

 

 

B. It may appear at first glance that 

method B allows for wider 

walkways than method A. 

However, each small square in the 

scale drawing for method B is 3ft 

by 3ft, rather than 5ft by 5ft as in 

method A. In method B, students 

created 48ft lengths and placed 12 

posters on each side of the tables, 

which provided 4ft of length per 

poster. In this way, students could 

place 96 posters (12 posters per side 

per table x 2 sides x 4 tables). The 

remaining posters will fit along one 

of the long walls. A question 

related to this method might focus 

students’ attention on the distance 

between the ends of the tables and 

the 37ft walls and whether too short 

a distance might cause traffic flow 

issues. 

 

C. Also using a 3ft by 3ft scale, 

method C is something of a hybrid of 

methods A and B. Here, students used 

the 6 and 8ft tables to create 18ft, 20ft, 

and 24ft lengths. This combination 

allows for more space between posters 

hanging on the wall than in method B. 

It also appears that there might be good 

traffic flow in the middle section where 

the total table length is only 20ft, and 

people can move through the space 

without doubling back to exit. One 

question would be whether there is 

sufficient space in this method for 

people to move around the corners of 

the 20ft lengths while others are 

examining posters on the long wall. 

 

Figure 3. Examples of Student Scale Drawings 
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Whole Class Discussion 

As well as presenting their drawings, calculations, and strengths/drawbacks of their solutions to 

the class, students benefit from reflecting on the mathematics they engaged with as they solved 

the problem. Students can share their reflections with the class, and the teacher can direct 

students’ attention to key mathematics as needed, including when reasoning proportionally 

(creating scale drawings), using spatial reasoning (thinking about how to organize the tables and 

posters within the allotted space), calculating measurements and working with units, and using 

the Pythagorean Theorem (to determine the amount of space needed for one poster board). 

Students may be surprised at the variety of mathematics they encountered, and they may broaden 

their perspectives about what counts as mathematics. 
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Reasoning about Structure in  

A Growing Tower Activity 

William DeLeeuw 
Abstract: A growing pattern of blocks activity is used to illustrate how lessons and activities can 

be planned and implemented to provide opportunities for students to look for and use structure 

and express regularity in repeated reasoning. Emphasis is on making connections among prior 

knowledge, different types of representations and multiple solutions paths (NGA & CCSSO, 

2010). 

 

Figure 1: The Task  

After working in groups with blocks, grid paper, and guiding questions from their 

teacher, each group of students developed at least one rule for the Growing Tower Sequence (see 

Figure 1). The teacher then asked groups of students to share parts of their solution procedures. 

She directed Group 3 to recreate their table on the left-side of the whiteboard (see Figure 2) and 

describe their approach.  

 

 

1a. Draw the 5th Case in the growing pattern of blocks above. 

1b.  Describe a pattern that you see in this sequence of Cases. 

1c. Write a rule that will tell you how many blocks are in any Case. 

 

2.  Which Growing Tower Case will have 21 squares? 

 

3.  Is it possible for a Case in the Growing Tower sequence to have 64 squares? Why? 
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Figure 2: The Work of Group 3 on the Whiteboard 

Student A: We decided to make a table of the number of blocks for each figure. We saw that it 

was going up by 2 each time. 

Teacher: What was going up by 2 each time? 

Student B: The total number of blocks was going up by 2 each time.  

Teacher: On Group 3’s table, Group 1 students please record your representation of the total 

number of blocks for each Case as a third column of Group 3s table? How are your recorded 

numbers like those of Group 3? 

 

Figure 3: The Work of Groups 3 and 1 on the Whiteboard  

Student C: We saw that each picture was the same as the previous one except that there was one 

more block on the bottom of each leg. This is where the plus 2 is from what Group 3 found 

(points to the red “+2” on the table). But we wrote it differently, because the total is just going to 

be whatever there was before plus two more blocks (adds a third column to the existing table as 
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shown in Figure 3). So, the seven blocks are just the five from the previous picture plus these two 

more (holds up the task paper and points to the bottom two blocks in the third Case).  

The teacher allows the class to ask both groups any questions that they might have, and 

each group responds directly to the questioner. 

 

Teacher: So, if you used the pattern that Group 1 described to figure out the total number of 

blocks for the 20th Case, what would you do? 

Student E: We would take however many blocks there are in the 19th Case and just add two 

more blocks to the bottom of each leg. 

Teacher: Student C, how could you write that? 

Student C: (Student writes Total = Prev. Total + 2 under the third column of the table in Figure 

3). The total is just the previous total number of blocks plus the two new ones for each time for 

whatever Case we wanted to do. 

Teacher: Does everyone agree with this? 

Students: Yes. 

Teacher: Thank you. The patterns that Groups 3 and 1 identified are called recursive patterns. 

The teacher provides more examples of recursive patterns. 

Teacher: Group 5 identified a different pattern. Group 5 students, please draw what you did on 

the board, and describe for us the pattern that you identified. (Group 5 adds their solution on the 

board as shown in Figure 4). 

 

 

Figure 4: The Work of Groups 3, 1, and 5 on the Whiteboard 



 18 

Student G: We saw that each Case had the same three blocks and then there were two columns 

that had the same number of blocks as the Case number. So that was like 3 plus two times the 

Case number. Since we were adding 2 each time, we wrote the total blocks as 3 plus five 2s for 

Case 5. 

Teacher: How could we write this relationship for any Case number? Let’s call the unspecified 

Case number n. 

Student H: We are just going to do the original 3 and then add the same number of groups of 2 

as the Case number. So, it is 3 plus 2 times n (student adds 3+2×n). 

The teacher then asked Group 2 to recreate their solution on the board. Group 2 saw the 

pattern as starting with five blocks and then adding 2 to each Case after the first one, as seen in 

Figure 5. 

 

Figure 5: The Whiteboard with Group 4’s Contribution 

Teacher: The expressions in the second and third tables are called explicit expressions because 

they can give the total number of blocks for any Case number.  

The teacher continued to describe the nature of an explicit rule and facilitated a 

discussion about the advantages and disadvantages of recursive and explicit expressions. She 

then asked the class to identify what is the same across all tables. After a few responses, students 

noted that the “plus 2” number in each of the solutions was the same. The teacher then asked 

students to identify where the “plus 2” is in each picture and chart, and then called on a student 

to go to the board and circle them (see Figure 6). 
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Figure 6: The Final Solution  

Student I: In the first table, they added 2 to what they had before. In the other tables, they added 

2 a bunch of times, one 2 for each Case.  

Teacher: In the first table, why do we add 2 in the equation each time, but in second and third 

tables, we multiply by 2? 

Student I: Well, 5 times 2 is just 2 added together 5 times. Because times is just repeated 

addition, right? 

Teacher: Yes, great. Another way we can say the same thing is that 5 multiplied by 2 is 5 groups 

of 2. Both of these explanations are excellent ways of describing this pattern.  

The teacher then continued the discussion about how the two explicit expressions are 

equivalent forms of the same relationship, how the students can justify their equivalence, and 

how the differences relate back to the picture.  

This example of how an activity might be enacted to foster connections between previous 

and current learning and between different representations of a relationship illustrates how the 

NGA & CCSSM (2010), MP 7 (structure) and MP 8 (regularity in repeated reasoning) can be 

implemented in the classroom. The activity provides an opportunity for students to be the ones 

doing the mathematical work. By asking the students to identify and justify connections, the 

teacher further facilitates the “doing” of mathematics. Additionally, as these students continue 

their mathematical education, they can refer back to this concrete representation of a pattern with 

a multiplicative relationship (the number of blocks added and the Case number) and a linear 

relationship (the Case number and the total number of blocks in any one Case).  
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 Presenting mathematics as a unified whole by helping students make connections 

between prior knowledge, representations, and solution paths, provides opportunities for students 

to see math as “a set of relationships between concepts, facts and procedures,” and helps them 

“to think about things in a new way, such as to see new relationships between mathematical 

ideas” (Stigler & Hiebert, 1999, p.89-90). Once our students have experienced the potential of 

this understanding of mathematics, their growth and achievements are limitless! 
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Delve into DIFFY 

William Speer 
Abstract: This article describes the DIFFY Board in a context that goes beyond using it as a 

whole number subtraction drill, to using it with fractions, decimals, money, time, integers, and 

algebraic symbols. Use of the DIFFY Board also helps to develop students’ eyes for patterns, and 

their abilities to explain, not only how something works, but also why it works. Note: All figures 

are at the end of the article. 

 

Teachers have long sought ways to provide environments for the necessary anchoring of 

certain fundamental skills in mathematics, while concurrently enabling students to demonstrate 

their talents. The DIFFY Board (Figure 1), which has been around mathematics classrooms for 

quite some time, provides a venue for accomplishing both. Let’s look at how it is typically used 

for drill and how it might be used for other explorations. 

In traditional uses of the DIFFY Board, a student chooses four numbers and places one in 

each of the four outside corners of the board. Say that the user chooses to begin with 4, 7, 17, and 

3. At this point, the corner chosen for a particular number is not relevant. However, some may 

find it of interest to try the same numbers placed in different corners for a second or third effort 

with the board (Figure 2). 

After the destination is “locked in” for the four numbers (by writing them in the four 

outside corners), the student identifies the circle that joins each pair of numbers, and records the 

difference between the numbers in that circle. A key observation here is that the difference 

between the lesser number and greater number is recorded – not bottom from top or right from 

left, but always lesser from greater. (See Figure 3.) 

This ballet continues until a NEW set of four numbers is generated in the four circles that 

joined the original four. (See Figure 4.) These then become new corners and the pairwise 

differences are placed in the circles joining them. And so on, and so on. (See Figure 5.)  

If the numbers that the student has selected do not eventually collapse to all zeros, take 

the numbers that are in the innermost set of circles, and place them in the four outside circles of a 

new DIFFY Board. Then, continue the subtraction process until zeros result in all four circles. 

(See Figure 6.) 

Before attempting to answer the following questions, additional examples using different 

starting numbers should be explored. 
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 Does this “all zeros” always happen?  

 Is there any way to predict what number will appear before the step with all zeros?  

 Do the original four numbers share any characteristics when the inner circles are all filled 

with 4s? 

 At this point, explore a new DIFFY Board by first inserting any set of four integers. The 

Follow the same process to determine the entries for the joining circles. Again, be consistent in 

always taking the lesser number from the greater (or vice-versa?).  

 Does this same collapse to “all zero” entries eventually result?  

 Think about why. 

 For different challenges, try using amounts of money (dollar.cent format) or times of the 

day (hour:minute format) for the four outer circles. Do these units revert to zero dollars or zero 

minutes? Remember, if they do not then take the four non-zero entries from the center and place 

them in the four outer circles of a new DIFFY Board and continue finding differences.  

 Using a DIFFY Board for fraction or decimal subtraction practice poses a few new 

challenges. The process is the same as for other types of numbers, but the prospect, especially 

when working with fractions--for denominators potentially to “explode” – nevertheless, the 

practice in subtraction will result, with patience, in the center zeros. Using decimals, of course, 

will be “manageable” since the denominators will always be powers of ten. 

 Finally, consider trying a DIFFY Board with simple algebraic expressions and constants. 

Figure 7 shows steps for the original entry of A, B, 3, and 5A on a DIFFY Board. 

Note that the “rule” of always taking lesser from greater does not apply when considering 

variables that may have different values depending on the values of A and B. 

 Does that mean that this subtraction order rule (or some variation of it) does not apply?  

 Will the algebraic expressions board reduce to zeros no matter what order you use to 

subtract terms joined by a circle?  

 Did order ever (or always) really apply? 

Continue to explore with DIFFY Board and see what conclusions you can draw while 

getting more practice with subtraction than you would with a worksheet format! 
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Additional Exploration 

If a mistake is made in one or more of the subtractions, the DIFFY Board will still collapse to all 

zeros—just in a different way than if all subtractions were done correctly. Check this out. 

Compare two Boards that begin with the same four numbers. One board is completed correctly 

and the other has an error. 
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A Statistical Literacy Project 

Jeff Hovermill 
Abstract: The importance of involving students in statistical literacy projects at the middle 

school level is the focus of this article. The types of projects described engage students in the 

application of the many ideas they learned about statistics throughout their schooling.  The 

Guidelines for Assessment and Instructions in Statistics Education (Franklin, et al., 2009) 

recommend that students have opportunities to engage in all four components of statistical 

investigation: Formulating Questions, Collecting Data, Analyzing Data, and Interpreting Results. 

Many opportunities for this type of investigation enhances students’ understanding at increasing 

levels of rigor. 

 

 

National recommendations for statistics education emphasize the importance of providing 

students with opportunities to study all components of statistical investigations. Arizona State 

Standards for Mathematics (Arizona Department of Education, 2016; updated July 27, 2017) 

integrate statistics and probability concepts throughout the middle and high school curricula. 

However, students rarely have opportunities to immerse themselves in all four steps of the 

statistical problem solving investigative process (Franklin et al., 2007, p.11). These steps are: 

1) Formulate Questions: Students clarify the problem at hand and formulate one (or 

more) questions that can be answered with data.  

2) Collect Data: Students design a plan to collect appropriate data and activate the plan. 

3) Analyze Data: Students select appropriate graphical and numerical methods, and use 

these methods to analyze the data. 

 4) Interpret Results: Students relate results of analyses to the original question.   

Ideally, this four-step statistical problem solving investigative process should be carried 

out several times throughout the grades in order for students to deepen their knowledge, and 

progress through three various levels of understanding.  

In their Guidelines for Assessment and Instructions in Statistics Education (GAISE) 

Report (2007), Franklin and his co-authors describe three developmental levels: A, B, and C. 

“Our lives are governed by numbers. Every high-school graduate should be 

able to use sound statistical reasoning to intelligently cope with the 

requirements of citizenship, employment, and family to be prepared for a 

healthy, happy, and productive life,” (Franklin et al., 2007). 
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Although these three levels may parallel grade levels, they are based on development in 

statistical literacy, not age. Thus, a middle-school student who has had no prior experience with 

statistics will need to begin with Level A concepts and activities before moving to Level B. This 

holds true for a secondary student, as well. If a student hasn’t had Level A and B experiences 

prior to high school, then it is not appropriate for that student to jump into Level C expectations. 

Note: Learning is more teacher-driven at Level A, but becomes student-driven at Levels B and C 

(p.13). 

 Depending on the experience of your students you may want to focus on a particular level 

statistics project, or flexibly allow your students to investigate at a level most appropriate for 

them.  Details of the types of questions, methods, and results associated with each level of the 

Statistical Problem-Solving Framework are shown in Table 1 on the next page. 
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Table 1: The GAISE Statistics Problem Solving Framework 

Process 

Component 

Level A Level B Level C 

I. Formulate 

Question 

Teachers pose 

questions of interest. 

Questions restricted to 

the classroom. 

Students begin to 

pose their own 

questions of interest. 

Questions not 

restricted to the 

classroom. 

Students pose their own 

questions of interest. 

Questions seek 

generalization. 

II. Collect Data Census of classroom Sample surveys; begin 

to use random selection 

Sampling designs with 

random selection. 

III. Analyze Data Use particular 

properties of 

distributions in the 

context of a specific 

example.  Display 

variability within a 

group.  Compare 

individual to individual.  

Beginning awareness of 

group to group.  

Observe association 

between two variables. 

Learn to use particular 

properties of as tools of 

analysis. Quantify 

variability within a 

group. Compare group 

to group within displays.  

Acknowledge sampling 

error.  Some 

quantification of 

association; simple 

models for association. 

Understand and use 

distributions in analysis 

as a global concept.  

Measure variability 

within a group; measure 

variability between 

groups. Compare 

group-to-group using 

displays and measures 

of variability. Describe 

and quantify sampling 

error. Quantification of 

association; fitting of 

models for association. 

IV. Interpret 

Results 

No generalization 

beyond classroom. Note 

difference between two 

individuals with different 

conditions.  Observe 

association in displays. 

Acknowledge that a 

sample may or may not 

be representative of the 

larger population. Note 

the difference between 

two groups with different 

conditions.  Note 

differences in strength 

of association. Aware of 

the distinction between 

association and cause 

and effect. 

Generalize from 

samples to populations.  

Understand the 

differences between 

observational studies 

and experiments.  

Interpret measures of 

strength of association.  

Distinguish between 

conclusions from 

association studies and 

experiments. 
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Table 2: Sample questions at increasing levels of sophistication and generalization. 

Level A Level B Level C 

What type of music is 

most popular among 

students in our class? 

 

Will a plant placed by the 

window grow taller than a 

plant placed away from 

the window? 

How do the favorite types 

of music compare among 

different classes of 

students? 

 

Will five plants placed by 

the window grow taller 

than five plants placed 

away from the window? 

What type of music is 

most popular among 

students in our school? 

 

How does the level of 

sunlight affect the growth 

of plants? 

Examples of questions that can sustain authentic statistical investigation and problem 

solving at each of the three levels are shown in Table 2. Questions and topics are limited only by 

the curiosity of the students and the time available for investigations. 

Developing a reliable and valid survey and sampling plan is non-trivial and an often-

overlooked component of (even applied) mathematics and statistics. A valuable resource teachers 

can use to help Level A students identify topics and develop the wording for surveys is The 

Survey Toolkit and it’s associated resource manual (Walsch, 2009; 2011).   

Starting a project from ‘ground zero’ in this way can increase motivation for students to 

‘want to know’, sustain their inquiry through the investigation, and enable them to gain 

understandings and make connections. 

Level B students may enjoy using the Census at Schools (ASA, 2018a) data sets and 

instructional resources, including lesson plans and webinars (ASA, 2018b). With these resources, 

it is possible to design studies that investigate similarities and differences among participating 

Arizona classrooms and comparable classrooms, nationally. 

Regardless of the level of investigation, the act of planning and implementing a study in 

its entirety should deepen students’ interest and understanding. When students identify a topic 

that they are interested in, they have a ‘buy-in’ into following through on the project until 

completion. Having students present their results to their classmates provides opportunities for 

developing public speaking and presentation skills, and an opportunity for others to recognize the 

work and the learning that has taken place.  

 

Why not try a statistical literacy project! 
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Uncovering Talent and Promoting  

Mathematical Thinking 

Carole Greenes and Mary Cavanagh  

Abstract: Developing math puzzles enhances elementary, middle and high school students’ 

logical reasoning abilities and their knowledge of mathematics. AND, they want to do more! 

 

Since 2015, the Practice, Research and Innovation in Mathematics (PRIME) Center at 

Arizona State University has conducted a program to enhance student interest in mathematics. 

The program: Developing and publishing books of MATHadazzles Mind Stretch Puzzles. Each 

puzzle is a 3-by-3 grid with 9 cells, and circles at the ends of the rows and columns. Those 

circles contain row and column sums. Some cells have clues about the nature of the numbers that 

belong in those cells. Clues describe types of numbers (e.g. integer, rational), characteristics of 

numbers (e.g., prime, triangular), or the results of computations (e.g., 23). Solving a 

MATHadazzle puzzle requires deductive reasoning and persistence.  

Creating a MATHadazzle reverses the 

typical math assignment of figuring out answers 

to previously constructed problems. Instead, in a 

MATHadazzle, answers are determined first. i.e., 

the nine given numbers are placed in the cells 

and row and column sums are computed. Then 

clues for some of the cell numbers are created. 

The solver has to identify numbers from given 

clues, and then reason deductively to identify 

numbers that belong in cells with no clues. 

  

Puzzle # 43 from MATHadazzles, Volume 3 
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MATHadazzles Development History 

The first three books, Volumes 1 (Reasoning with Numbers),  

2 (Reasoning with Integers) and 3 (Reasoning with Whole Numbers) were 

developed by middle-school teachers who had participated in our STEM 

in the Middle Project (Helios Education Foundation, 2012-2015). They 

created the puzzles, tested their creations with their own middle-school 

students to be sure that answers were correct and unique, and then rank- 

ordered the problems by difficulty before they were published (PRIME 

Center, 2016). Teachers commented on how much they learned about the 

talents of their students while they solved the puzzles. 

In 2015, two middle school students (Aidan, grade 5 and Porter, 

grade 8) came to our Center for assessments of their math talents and saw 

the MATHadazzles books. One claimed that middle-school students could 

write those types of problems. The other agreed and said that we should 

invite students to the university to write more MATHadazzles books.  

 

Messages were sent to area schools inviting their grades 5-8 

students to our Center to develop puzzles on Saturday mornings, 9am to 

12:30pm. All students were invited to bring phones with calculators. If 

they did not have phones, we gave them calculators. Sixteen students 

participated, including the two students who asked for the project; 

those two served as Project Assistants. At the start, we reviewed types 

of clues. One 6th grader asked if Absolute Value could be a clue. Our 

response, “Absolutely…if you know what it means!” The student 

stepped to the front of the room and gave a presentation of the meaning 

of absolute value that we are now using in our presentations! “Imagine 

 

When students ask for more math, who can refuse them? 
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a number line,” he said. “Here is zero. Where 

is positive 2? How many spaces are there from 

positive 2 to zero? (2) Where is negative 2? 

How many spaces are there from negative 2 to 

zero? (2). So, absolute value means the number 

of spaces from zero.” Students liked that clue 

because it didn’t give a single answer, which 

meant more “heavy duty reasoning.” Volumes 

4 (Reasoning with Fractions) and 5 (Reasoning 

with Decimals) were published in summer 

2017. 

By fall 2017, two of the students who 

contributed to the middle school books were in 

high school and were participants in our NSF-

funded project, App Maker Pro (AMP; NSF 

#1509105). High school students in that project 

spend Saturday mornings, 9am to noon, at the 

Polytechnic campus of Arizona State University 

analyzing existing apps, creating and testing new 

apps, and developing and conducting community 

outreach programs. The two high school students 

thought that there should be MATHadazzle puzzles 

that focus on algebraic reasoning. We agreed, on 

the condition that book creation would take place, 

from 1 to 4pm, on the same Saturdays as AMP. 

Our colleagues, friends and families thought we 

were crazy. What high school students would give 

up all day on several Saturdays to create math 

puzzles? So, our staff reserved a small room AND 

27 of our AMP students appeared! Those students 

created two MATHadazzles books, Volumes 6 and 

Puzzle # 56 from MATHadazzles, Reasoning 

with Decimals, Volume 5. 

 

 

 

Middle school students demonstrating one of 

their puzzles for MATHadazzles Reasoning 

with Fractions, Volume 4. 
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7: Reasoning Algebraically. Three of 

those high school authors suggested the 

need for a more complex book and they 

helped recruit 10 more students to 

produce Volume 8: Reasoning 

Algebraically with Decimals Super 

Stumpers! (And, most of those stumpers 

will keep you up for hours solving 

them!)  

While distributing copies of 

Volume 8 to some of the authors, a 

younger grade 2 onlooker saw the book and 

asked, “Can I learn how to make 

those puzzles?” That was the 

beginning of our latest project: 

MATHadazzles Junior: Volumes 1 

and 2, Reasoning with Numbers. 

Fourteen students from grades 2 and 

3 came to our Center on several 

Saturdays (9am to 12:30pm) to learn to write puzzles, develop and check them, and organize 

them by difficulty. Since it was the beginning of the school year, the students had been in their 

assigned grades for only a couple of weeks. We talked about numbers and computations with 

them. Most could add and subtract, but few knew multiplication and none understood division. 

  

High school students creating a puzzle for 

MATHadazzles Volume 6, Reasoning Algebraically. 
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Mathematicians are clever! Introducing multiplication and division symbols 

 

  

Carole: “How many of you know how to add?  

Students (with all hands up): “I do, I do.”  

Carole: “Great! So how much is (as she writes on the board) 5 + 5 + 5 + 5?”  

Students: (blurting out): “20.”  

Carole: “Did you know that mathematicians do not like to write all of those numbers? Instead, 

they write (as she writes 4    5 = 20 on the board), 4 times 5 is equal to 20.  

The 4 tells how many 5s to add.” 

Grade 2 student, Brent: “Why did those math people use an    ?”  

Carole: “Well,” (Carole made a plus sign with two of her fingers and then rotated them to 

form a multiplication sign. “Mathematicians wanted to show that multiplication means you 

have to do lots of additions. We call it a times sign.”  

Brianna: “Wow! That is cool!” The other students agreed. 

Carole (after solving several multiplication problems with the students):  

“Here’s something new to think about. How many 2s can we subtract from 10  

until we get to zero?”  

She recorded 10 at the top of the board and proceeded to subtract 2s until  

reaching zero. The students yelled, “5.” She wrote 10 ÷ 2 = 5 on the board.  

Shristi: “Why did they use the line and two dots?” 

Carole: “Do you see the subtraction symbol? (Many nods.) Great. Well, to show 

 that there are lots of subtractions of the same number, mathematicians used  

two dots – one above and one below the subtraction line.”  

Grant: “Let’s try another problem.” 

Carole: “How many 5’s can I subtract from 30?”  

Brianna and Brent yell: “6.”  

Carole: “Right you are! Mathematicians write (she wrote 30 ÷ 5 = 6 on the board while 

saying) 30 divided by 5 is equal to 6. The 6 tells how many 5s we subtracted from 30 to get to 

zero.” 

Daphne: “It’s a good thing they didn’t connect the dots, or it would look like addition.”  

 10 

 -2 

 -2 

 -2 

 -2 

 -2 

 0 

 

 

 ÷ 
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From then on, these young students used 

multiplication and division, along with addition and 

subtraction, to create clues for their puzzles. And, 

they learned how to use variables to represent 

missing numbers, not just at the end of a computation, but also inside expressions to identify a 

missing addend or factor. 

A favorite conversation when working with these young math whizzes was one with 

Shristi, a second grader who was in the group of five students who had opted to create their own 

book with Carole. She told the students that they would have to develop some puzzles at home so 

they would have enough time to check solutions and identify the difficulties of the puzzles “next 

Saturday.” Without direction, one student counted the puzzles and discovered that 37 had been 

created. They knew that they needed 78 for the book. “That means we need 41 more,” said 

Brent, a third grader. Carole asked, “So, how many puzzles should each person do for 

homework?” Shristi responded, “If we each make nine puzzles, then we will have 45 puzzles. 

We can use the extra four puzzles in case some don’t work.” Carole’s mouth dropped open 

before gathering her thoughts to ask, “Are you a fifth grader in disguise?” 

Teaching the relationship between addition and multiplication (multiplication as repeated 

addition), and the relationship between subtraction and division (division as repeated subtraction) 

made lots of sense to these students and was memorable. The use of variables was very exciting, 

particularly when we allowed them to decide, as a group, which alphabet letter should represent 

an unknown number. One of our third graders said that in his brother’s math book, an unknown 

number was represented with an x. All agreed that x could be confusing since it looked too much 

Puzzle # 66 from MATHadazzles, Junior, 

Volume 2. 
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like the multiplication symbol. They finally agreed to use n, the first letter of the word number, 

to represent an unknown number.  

In Summary 

What amazed us throughout the whole MATHadazzles adventure with students of all ages 

was their eagerness to create the puzzles, to persevere in puzzle creation over long periods of 

time, to collaborate with others in the editing and ranking of problems by difficulty, to talk about 

“best clues to use,” and the depths of understanding of mathematics they exhibited. We believe 

the psychology of creating answers before designing problems removes the “onus” of figuring 

out how to solve a problem created by someone else. Of course, seeing their names in print and 

participating in a signing party for family and friends, contributed to the dedication and 

excitement.   

Note: Contributors receive three copies of each book, one for their math teacher, one for 

their family and one for themselves. Funds from sales of books are dedicated entirely to new 

programs for students. 

 

 

 

Quotes from Grade 5-8 student authors of MATHadazzles, Volumes 4 and 5 

 

“It (writing MATHadazzles) improved my ability to think ahead and visualize the problem 

outcomes and determine the right number. I learned math concepts/tools that weren’t 

part of my curriculum yet.”  

Aidan Macias, Grade 5 

 

"I learned to work backwards because that is how I made the problems. It was fun to 

receive the book and see my name in it."  

Jacob Organista, Grade 7 

 

 “It was a lot of fun!  I enjoy math and creating the puzzles was a challenge – making it 

simple enough for middle schoolers, but difficult enough to help them learn.”  

Porter Aller, Grade 8 
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An invitation: Any teacher interested in getting their students involved in the creation of 

mathematical puzzles, do contact us: cgreenes@asu.edu or mcavanagh@asu.edu  

 

 

 

 

 

 

 

 

 

  

Quotes from high school student authors of MATHadazzles, Volumes 6, 7 and 8 

 

"MATHadazzles, was not only a wonderful way to refresh my skills by trying out 

challenging puzzles made by my peers, but also stood as a way to show that you don't 

have to be a complete math genius to have fun with it."  

Lakshmi Vallabhaneni, Grade 11 

 

 “I exercised my ability to think about a problem from different perspectives and learned a 

few fun puzzle-making skills. The project was very rewarding!” 

Sanjana Sarkar, Grade 10 

 

"MATHadazzles made my understanding of math much more advanced and it was fun." 

Rebecca Yacoub, Grade 9 

Book signing party for contributors to 

MATHadazzles Volumes 1-8. 

Book signing party for contributors to MATHadazzles Junior, Volumes 1-2. 

mailto:cgreenes@asu.edu
mailto:mcavanagh@asu.edu
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