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Dear Colleagues, 

We are delighted to present the Fall 2016 issue of OnCore. In this issue, you will find articles 

describing activities that have been used with students, pre-Kindergarten through high school, to 

enhance their understanding of key mathematical concepts, their abilities to solve challenging 

problems, and their interest in designing problems that match mathematical requirements. At the 

early childhood level, one article presents activities developed to enhance student understanding 

of related computational algorithms and their abilities to write equations.  A second article 

focuses on methods for capitalizing on preschoolers’ listening talents while concurrently 

developing their abilities to solve word problems. A third article focuses on equality, and games 

that require students to construct expressions by identifying missing addends in equations. 

Another article describes adventures with two gifted students fascinated by symbols used by 

mathematicians. At the middle-school level, one article focuses on the use of conceptual 

language to build concepts related to fractions. A second article describes mathematical rigor, the 

nature of a rigorous mathematics curriculum, and strategies for achieving both. Another article 

focuses on ways to differentiate learning and instruction based on students’ interests and talents. 

The final article considers applications of the S-curve, and in particular ways to model banking 

relationships. 

We hope that you enjoy these articles. If you have interest in contributing to the journal, please 

contact us. 

Have a joyful holiday season. 

Nanci Smith, President, AATM 

Carole Greenes, Journal Editor 
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Know Your Facts with Mastery and Flexibility 

Jenny Tsankova and Margaret Thombs 

Abstract: The authors, experts on Bulgarian mathematics programs, claim that students in

elementary schools would more easily master the basic facts of addition/subtraction and 

multiplication/division if they understood inverse operations. In this article, the authors describe 

activities that foster students’ understanding of addition and subtraction as related operations and 

multiplication and division as related operations. Among the activities are those involving the 

writing of equations and the use of the Fact Triangle. 

Avery, grade 1: “I am good at addition but I am not good at subtraction.” 

Alex, grade 3: “I am good at multiplication but I am not good at division.” 

Do those statements sound familiar? Do we hear them every year? How can we help 

students understand that if they know addition and multiplication facts, then they automatically 

know the corresponding subtraction and division facts? How can that understanding become 

“second nature” so that students apply those relationships seamlessly? 

The Common Core State Standards for Mathematics (CCSSO, 2010) state that Grade 1 

students need to “understand and apply properties of operations and the relationship between 

addition and subtraction,” (p. 15) and need to “understand subtraction as an unknown-addend 

problem” (p.23). Likewise, Grade 3 students need to “understand division as an unknown factor 

problem” and they should be able to “fluently multiply and divide within 100, using strategies 

such as the relationship between multiplication and division” (CCSSO, 2010). These goals are 

not new for teachers and many textbook publishers are not offering anything radically different 

for teaching basic facts. 
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Math in Bulgaria 

Consider the following task presented to elementary school teachers in Bulgaria at an 

in-service day: “You have the digits 0, 1, 2 and 3, and the symbols >, <, =, +, and - . Create as 

many equations or inequalities you can think of. You can repeat the digits. The context is 

beginning of the year in first grade. You have 1 minute.” Teachers work individually for one 

minute. Then they share their answers, recording them on a white board for all to see and 

discuss.  

I have done this exercise with my college students several times and the results are 

always very much alike. The equations and inequalities college students produce look like 

these: 

1+ 2 = 3 3 - 2 = 1  2 > 0  2 < 3 

1 + 1 = 2 3 + 0 = 3   0 + 0 = 0 2 – 0 = 2 

Now take a look at the equations and inequalities the Bulgarian teachers wrote: 

2 = 1 + 1 + 0  2 – 1 = 1 + 0  3 – 1 > 1 + 0 

2 = 3 – 1  2 > 1 > 0   2 + 1 – 1 = 3 - ? 

The discussion the Bulgarian teachers engaged in was also informative. They pointed 

out that children need experience with understanding the meaning of the equal sign as “the 

same as”, hence the presence of: 1) equations where the equal sign is on the left and on the 

right; 2) equations which contain an expression on each side of the equal sign; and 3) equations 

where there are more than two addends on either side of the equal sign. Inequality is also 

important to them. They want their students to consider the structure of an expression, not only 

the sum or difference of each expression in order to compare those expressions. And lastly, the 

teachers discussed how foundational that exercise is for first graders.  
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In first grade, most students come to school able to subitize and identify the number of 

objects, five or less, in a group. They are adding and subtracting with up to 5 objects, and they 

can easily compare two groups of items to determine which group is greater, less than, or equal 

to the other.  

Bulgarian teachers take for granted that addition and subtraction facts up to 20 are to be 

taught at the same time for students to understand their inverse relationship. However, teachers 

emphasize that mastery needs to be developed slowly and deeply. That means spending time at 

the beginning of first grade on 0 and 1; then on 0, 1, and 2; 0, 1, 2, and 3, and so on. They claim 

that by the time they reach groups with cardinality of 4, children generate rich equations and 

inequalities on their own. Flexibility is the ability to apply the knowledge of facts, as shown by 

the Bulgarian teachers, equations and inequalities using different models and representations 

and including text. 

It was interesting to see how much time Bulgarian teachers devote to developing 

“mastery and flexibility” with numbers up to 5 in Grade 1. The first grade curriculum suggests 

that teachers spend about 7 to 8 weeks on numbers 0 to 5, and about the same number of weeks 

for numbers 6 through 10. The remainder of the school year is devoted to addition and 

subtraction to 20. Note that in Bulgaria, Algebraic reasoning is not a separate strand from 

Arithmetic, and Geometry and Measurement are combined in one strand dispersed throughout 

the year. 

Likewise, multiplication and division facts are developed in the same fashion; Facts are 

taught and practiced slowly and deeply at the same time, with the dual purpose of mastery and 

flexibility.  
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Consider the following examples from a Bulgarian Grade 2 workbook (Manova et.al., 

2004): 

 

 

 

 

Picture 1: Fill in the missing symbols: (Note: The dot is the symbol for multiplication and the 

colon denotes division.)  

 

 

 

Picture 2: (Translated) The side of a square is 27cm and is 9 times longer than the side of an 

equilateral triangle. How many cm is the perimeter of the triangle? 

Math in the US 

The Bulgarian examples clearly show that the mathematical concept of inverse operations 

is supported by the curriculum resources. So, how can we in the US support development of the 

same idea? A model commonly used in elementary schools is the Fact Triangle (See Figure 1). 

 

                            Sum               Product 

                       ˗            ˗                                              ÷           ÷ 
                 Addend           +         Addend                           Factor         x         Factor                    

 

Figure 1: Fact Triangles 

The fact triangle is a visual representation that is commonly used to provide fact practice for 

students. It is also used to focus students’ attention on fact families. However, what we need to 

explicitly add to the meaning of this model is the inherent structure of the inverse operations: If a 
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product is missing, we need to multiply the factors. If a factor is missing, we need to divide the 

product by the given factor.  

 Mathematical Practice 7 (CCSS 2010) is focused on structure. Students are to recognize 

structure and make use of it. Not only must students know the facts, but they also need to be 

flexible in applying them in variety of situations. Consider the following middle and high school 

examples: 

a) D = R * T (Distance, Rate, Time) 

Product = factor * factor 

b) Y = mx + b (equation of the line) 

Sum = addend + addend 

c) Mean = sum of values ÷ number of values 

Factor = product ÷ factor 

Understanding the structure of inverse operations in elementary school paves the way to 

understanding the structure of linear equations in middle and high school. 

References 

National Governors Association Center for Best Practices & Council of Chief State School 

Officers. (2010). Common Core State Standards for Mathematics. Washington, DC: 
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Teaching Pre-Schoolers to Solve Word Problems 

Jeannette Beninati 

Abstract: A step-by-step approach is presented to prepare very young students to become 

problem solvers. The four-step process is: 1) listen to a story and represent the story with objects; 

2) identify a picture that represents the story; 3) use the information in a picture to answer a math 

question posed in the story; 4) listen to a story that displays countable objects to enable students 

to count the objects and complete the story.  

 

Anyone who has tried to teach middle school students how to solve word problems 

knows how challenging it can be.  If students struggle with word problems in middle school, that 

difficulty will no doubt persist through high school. Telling students how to solve problems 

doesn’t work.  Introducing students to multi-step methods for solving problems usually doesn’t 

stick. Several instructional programs present variations of George Polya’s (1945) four-step 

problem solving method (1. Understand the Problem. 2. Devise a Plan. 3. Carry Out the Plan. 4. 

Look Back and Check.) Even following these steps, many students still struggle.  

 

 

What? How can you teach 4-year olds, who are only beginning to learn the alphabet, to 

solve word problems? It is my contention that it is not only possible, it is critical for their future 

success in the study of mathematics. If you're skeptical at this point, read on to hear me out! And 

if you are technologically savvy, you will easily be able to apply everything I am saying to 

teaching with technology. 

So when is the best time to begin to teach students  

how to solve word problems?  

Start when students are young… before they can 

read! 
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F 

But how do you do this with problem solving? Word problems are so abstract! And the 

kids can't read!! Well, you can start by thinking of word problems as stories, and stories can be 

spoken. So that's the best place to start.  

First Step 

The first step is to introduce students to stories, and teach them how to listen and 

represent what they hear using three-dimensional objects. For example, give each student a set of 

ten blocks and say, "Pick up three blocks.” It's as simple as that! Be creative with the types of 

stories you tell and the kinds of objects you use. Spend several days or even several weeks on 

this step, gradually increasing the complexity and level of difficulty until students have mastered 

listening and identifying critical information. 

Second Step 

The second step is like the first, but employs more abstract representations. The goal of 

this step is to see if students can connect different representations of a story, as for example, a 

three-dimensional object representation with a two-dimensional picture. Start by preparing some 

pictures or images that represent different scenarios and attach them to cards (or create 

PowerPoint slides, if you're tech-savvy). Make the cards large enough so that when you hold 

them up, all students will be able to see the pictures on the cards. Read the story to the students. 

Young children learn through their senses: hearing, sight and touch. Preschool 

teachers tend to capitalize on these when teaching new ideas and concepts. As 

preschoolers engage in activities, they listen to directions spoken by the teacher, 

they watch how the teacher gestures, they see the materials they will be using in 

the activity (e.g., paper, crayons, blocks), and they can feel and manipulate these 

materials/objects. When teaching young children how to solve word problems, we 

can leverage these maturing senses and understandings. 
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Direct students to pick out the card that shows the story. For example, one card may show three 

ducks swimming in a pond. A second card shows the same pond with two ducks swimming in 

the pond and one duck resting on the grass next to the pond. Say, for example, "Three ducks 

were swimming in a pond. Which card shows the story?" You can create many different stories 

for each card, and your students can create stories too. As with the first step, you can increase the 

level of difficulty over a period of days until the students are comfortable hearing a story and 

identifying a picture that represents that story.  

Third Step 

The third step aims to help students understand that story problems require solutions. You 

can introduce this idea by using the previous example. Show the card with the picture of the two 

ducks in the pond and one on the grass and tell this story: "Three ducks were swimming in a 

pond. One duck climbed out onto the grass because he was tired. How many ducks were still 

swimming in the pond?" In this case, students are not asked to identify the picture that matches 

the story. Instead, they are looking at the information presented in one picture to answer the 

question. Focus on helping students understand that word problems require solutions, and that 

they should always solve the problem by answering the question they hear in the story. In this 

case, the solution is "2" because the question asked how many ducks were still swimming in the 

pond. 

Fourth Step 

Depending on the age of the students and their levels of comfort with the previous steps, 

the fourth step may take weeks, months, or may have to be continued into the next school year. 

This step involves representing stories of increasing complexity with a combination of words, 

numbers and pictures. Show students the story as you read it to them. The story uses words and 
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pictures. All countable objects in the story must be represented with pictures along with words.  

For example, if the story involves five airplanes, use five airplane-like icons in place of the 

words "five airplanes" in the sentence.  

"Jenny saw                                                                  on Saturday." As you read the words, the 

students count the objects they see in the sentence to complete the story. (At this point, it is 

assumed that students have already learned how to count.) Again, if you wish, you can start with 

just statements that have words and pictures and graduate to solving actual problems. As students 

do more and more of these, they will not only start associating the words they hear with the 

words they see, but more importantly, be able to "read" some of the information presented in the 

problem by looking for pictures and counting. What is really happening in this step is that 

students are learning to identify given information that is critical to solving the problem. And as 

you may recall, this aligns with Polya's first step in the problem solving process. Furthermore, 

the reason this step can take a lot longer than the other steps is because there are several levels of 

difficulty that students will need to master.  

After students become successful with counting objects that they see embedded in the 

sentences, you can replace all but one of the pictures with numbers.  For example, "One day, 

Frank noticed a traffic jam on the street. He counted 7                  ."  Be sure to emphasize the 

number so that students can't miss it. Now students do not have to count seven objects, but 

rather, they have to understand that when the number 7 precedes an object it's the same as having 

seen seven of those objects. The next level of difficulty involves replacing the picture with the 

word and continuing to use the number (e.g., 7 cars). Finally, students can be presented with 

word problems in the typical fashion. 
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Taking the time to go through these steps with young children before they can read (as 

well as while they are learning to read) will ensure that they have a good foundation for problem 

solving. This approach will set students up for success as they encounter more complex problems 

later in their education. Follow this approach and your elementary school and middle school 

teacher colleagues will have you to thank for making their jobs a little easier! 
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Fish for Ten 

Sarah Schaefer 

Abstract: Much of young students’ understanding of equality is developed in the early years 

while they are “playing” with numbers. In this article, the activity will enable students to gain 

greater insight into the meaning of equality and its symbol (equal sign), and identify addition and 

subtraction sentences that are correct. As students play Fish for Ten, they learn to construct 

expressions equal to 10 by identifying a missing addend. They then combine two equations into 

one and explore alternative approaches to accomplish this.   

  

Game Overview 

The game, Fish for Ten, can be played with groups of four or five students.  Students 

create a circle with the deck of cards, placed facedown. This is the “pond.”  Each student selects 

five cards from the pond and tries to make matches of two cards that add to 10.  Once matches 

are made, numerical equations are recorded on whiteboards.  The goal is for each player to ask 

for a card to create an addition sentence that has a sum of 10. 

Materials 

 Deck of cards with 35 pairs of number cards that have sums of 10,  

with no repeats. (e.g., 1 and 9, 8 and 2, 4 and 6, 3 and 7). 

 White board for recording equations 

 Paper or Journal for follow-up activity 

Optional for remediation  

 Two ten frames with red and yellow counters 

 Unifix cubes in two colors  

 Ten Frame cards  
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Demonstrating Fish for Ten 

Show the deck of cards to the students. Then mix the deck and place cards face down 

creating the pond. Direct each student to pick five cards from the pond and look for pairs of 

cards that “make 10.”   Once a match has been established, have students record the 

mathematical sentence on the whiteboard. For example, if a student picks a 3 and a 7, the student 

would record 3 + 7 = 10 (or 7 + 3 = 10).  After another equation has been recorded, as for 

example, 4 + 6 = 10, students are guided to apply the transitive property of equality and write:  

3 + 7 = 4 + 6.  When recording the new equation, students say: “3 and 7 is the same as 4 and 6.” 

Playing Fish for Ten 

Mix the deck of cards. Each player picks five new cards. The first player (A) asks another 

player for a card to make a match of 10. For example, for 2 +  ∎ = 10, Player A may say, 

“Player B, I have a 2. Do you have an 8 to make 10?” If a match is made, Player A records the 

equation, and looks for other equations in order to write an equivalent expression. If no match is 

made, Player A is told to Fish for Ten and collects a card from the pond. Play continues with 

Player B, then C, D, and E. The goal of the game is to recognize what is needed to “make 10,” 

state the number sentence for 10, and relate equivalent expressions.  

Extensions and Modifications 

If students struggle with understanding what to ask for, prompt them to build the given 

number on a ten frame with red counters or unifix cubes. Encourage students to use the 

“counting on” strategy to identify the missing number to make 10.  If the numerical 

representation on the card is too difficult for a student, ten frame cards may be substituted.  
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The use of the ten frame may help students visualize the missing part while connecting it 

to the written number sentence, and to identify equivalent expressions (See Figure 1).  

 

 

 

 

 

 

Figure 1. Ten frame showing: 6 + 4 = 2 + 8 

The Fish for Ten game begins with minimal structure (make 10), but can grow to have 

more structure. The amount of structure is determined by the students’ questions. For example, a 

student may ask, “Can I make a 10 with three numbers?” This extension can lead the class to 

deeper understanding of equivalent expressions with three addends (e.g.2 + 3 + = 10). 

Students may apply the transitive property of equality to record: 2 + 3 +  = 6 + 4. 

Once ample amount of time is devoted to playing the game and recording equations, 

groups of students may be the assigned the following problem.  

 

 

 

After working on the problem, students are prompted to answer the question: “How many 

different ways can you solve the problem?” During this time, it is important for teachers to 

  

      

  

  

  

  

   

  

  

  

6 + 4 = 2 + 8 

6 and 4 is the same as 2 and 8 

“They both make 10.” 

Solve this problem.  The shapes should be numbers that are not equal to 

two.  You may use same number more than once.    

2 + 7 = 2 +  +   
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informally assess how students are recording responses and identifying patterns.  Class ends with 

this journal entry assignment.  

 

 

 

 

Throughout the activity, students are encouraged to verbalize agreement or disagreement 

with other students’ written statements. A learning environment that allows students to 

communicate respectfully, to ask questions such as: Why?, How do you know?, Can you show 

me another way?, enhances depths of understanding.  

Fish for Ten also gives teachers the opportunity to listen to their students’ conversations 

and identify what is known and what is still troublesome.  What follows is a conversation that 

occurred in a Grade 1 classroom. 

Teacher: How many different ways can you complete this equation? 

2 + 7 = 2 +  +  

James: I think I have every solution because I see a pattern. 

Teacher: What do you see? 

James: I see the 2 on both sides of the equal sign.  If the equal sign means the same as, 

then 2 is the same as 2. The other two numbers have to make 7.  So 0 and 7, 1 and 6, 2 

and 5, 3 and 4.  This makes 4 ways but we can reverse them to get 8 ways. 

Brian: I get it.  I think there are more ways. I was thinking about moving all three 

numbers to get more ways like (and he wrote: 2 + 0 + 7 as 0 + 2 + 7, 0 + 7 + 2, 2 + 7 + 0, 

7 + 2 + 0, 7 + 0 + 2). 

Teacher: If we do what Brian says, how many ways can you find? 

How many ways can you complete this problem? Numbers may be used more than once. 

 8 + 1 = 2 +   +   ? 
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As the class ended, students were talking about Brian’s observation and excitement filled the 

room.  The teacher offered the following journal problem as reflection on the day’s lesson. 

8 + 1 = 2 +  +   

  

Figures 2-7 are examples of students’ submissions the following day. 

 

 

 

 

 

 

 

 

 

 

Figure 3. How many ways? 

Figure 2. How many ways? 
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Figure 4. How many ways? 

Figure 5. How many ways? 

Figure 6 How many ways? Figure 7. How many ways? 
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This game and related activities promoted productive conversation about important 

mathematical ideas.  By the way, Grade 1 students lining up for lunch that day continued their 

conversations. Who would have ever imagined young students claiming, “I think it must be 15 

solutions,” and another student responding, “We need to talk about this over lunch!” 

 Try this game with your students! 
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Adventure with Gifted Youngsters: 

Mathematicians don’t like to write lots of words, so… 

Carole Greenes 

Abstract: This is a short story about the author’s adventures with 6 year-olds, discovering their 

mathematical talents through the exploration of symbols.   

 

Two years ago, a couple of 6-year olds came to my office to be evaluated for their talents 

in mathematics, to determine if they were “gifted.” The schools the boys attended felt that they 

were “good” in math, but not extraordinary. The parents believed that the boys were budding 

geniuses.  

I began the assessment by engaging the boys in a number-theory logical reasoning game 

played on a 3-by-3 grid (Zupelz). In that game, several clues to the numbers to be placed in cells 

of the grid use symbols, as for example the symbol for the square root of a number (√). The boys 

had not seen that symbol before, so I explained: 

 

 

For example, instead of writing (and I wrote these statements large enough to fill the 

entire whiteboard in my office!) “I am thinking of a number that when multiplied by itself 

will give a product of 64. What is the number?, mathematicians write √64. By the way, what 

is the square root of 64?” Both boys responded, “8.”  

The boys asked to return to my office to explore interesting mathematical ideas and 

puzzles, and that became an ongoing activity. Our visits took place on Wednesday afternoons 

every two weeks for 2 + hours throughout the academic year.  I can’t resist eager learners. 

 Mathematicians don’t like to write lots of words. 

Instead of words, they use symbols.  
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The boys insisted that, at the start of every session, I present them with more symbols that 

mathematicians use who don’t like to write lots of words. A particularly interesting exchange 

took place when we were using symbols related to powers of numbers, in particular, exponents. 

“Mathematicians don’t like to write lots of words,” I said, “so instead of writing, What is the 

product: 2 x 2 x 2 x 2 x 2 x 2 x 2?, mathematicians write 27. The 2 is the base. The 7 is the 

exponent. The exponent indicates the number of 2s in the product.” Both boys interrupted me 

with, “128.”  “Yes,” I said and no longer surprised by their response, “128 is the 7th power of 2.”   

A couple of weeks later, we were playing a game and the value of 24 had to be computed.  

One boy said, “4 times 2 is 8.”  

The other said, “No, you don’t multiply the 4 and the 2.”  

I interjected, “That’s right. You don’t multiply the exponent and the base number.”  

“Well sometimes it works,” responded the boy who made the error. 

“When?” I asked.  

“Well,” he said, “if the base is 2 and the exponent is 2, then the power is 2 x 2.”  

“Yes,” said the other boy, “and it works for 1 to the first power. 1 x 1 = 1.” 

 Wow! I have never had anyone of any age note and offer those exceptions. 

Among the other symbols explored during the year, were those relating to numbers and 

relationships among numbers. The boys explored and used symbols to represent inequalities 

(greater than/less than; greater than or equal to/less than or equal to), factorial, percent, 

parentheses to change the order of operations, and the use of a letter to represent an unknown 

number or set of numbers. Relating to geometric figures, the boys explored and used symbols to 

represent parallel lines, perpendicular lines, angles, right angles, and degrees (angle measures).  
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The point of this story: Young students have many undiscovered talents, and their reasoning 

powers are often far beyond what we expect. To reveal those talents, we have to engage 

them in exploration of more complex ideas and in exciting mathematical excursions. 
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The Power of Using Conceptual Language to Develop 

Fraction Concepts 

Sandy Atkins 

Abstract: In this article, a distinction is made between symbolic decoding and conceptual 

language. Specific examples are given for using conceptual language to develop fraction 

concepts, including: equivalency, computational processes with fractions, and the Distributive 

Property. Four-part charts are introduced to help students connect conceptual language 

translations to symbolic, pictorial, and concrete representations.  

 

 The purposeful use of mathematical language can be your ally in helping students 

construct conceptual understanding. Conceptual language translations provide students with 

greater understanding of symbolic manipulations, while building the language of word problems 

(Atkins, 2015, 2016).  

Students read “6 +  7” as, “six plus seven.” How often is the word “plus” used in a word 

problem? Rarely! Likewise, “3 x 7” is usually read as “three times seven.” In both cases students 

are symbol naming. They are symbolic decoding. Consider the imagery that comes to mind when 

“3 x 7” is read as: 

 three groups of seven, 

 three rows of seven, 

 three jumps of seven, or 

 three by seven (when visualizing a rectangle). 

These conceptual language translations enhance e the meaning of multiplication, particularly the 

language of multiplication in word problems. 
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 When shown 74 = – 8 +  ℎ, many students immediately solve for h using memorized 

rules and procedures. Often, students focus on task completion without understanding the 

meaning of the equation. Suppose that, instead, students consider the relationship among 

numbers in the equation, and think: “seventy-four is eight fewer than what number?”  

Conceptual Language Translations and Fractions 

 In each of the examples above, conceptual language translations give students access to 

the meanings underlying the symbols. This same technique can be used to help students 

understand fractions. Consider the difference between reading 
3

4
 as “three-fourths” versus “three, 

one-fourth pieces.” The first is symbolic decoding. It is the naming of the number. The second 

connects the fraction to the number of unit fraction pieces. 

I’m not suggesting that we should throw out the first translation. However, the second 

translation, “three, one-fourth pieces,” assists with the process of comparing fractions with like 

denominators or like numerators. For example, when comparing 
2

4
 and 

3

4
, we ask ourselves, 

“Which is greater, 2 one-fourth pieces or 3 one-fourth pieces?” In this case, we are comparing 

quantities of unit fraction pieces. When comparing 
3

5
 and 

3

4
 we ask, “Which is greater: 3 one-fifth 

pieces or 3 one-fourth pieces?” The quantity is the same but the size of the fractional units 

differs. Three, one-fourth pieces is greater because one-fourth is larger than one-fifth of the same 

whole. “Three one-fourth pieces” also represents the product of a whole number and unit fraction 

(3  x 
1

4
 is the same as 

3

4
 ). 

Introducing Fractions 

Students begin their work with fractions by creating fractional units. This culminates in 

making a fraction kit. Each student is given 6 different colored 1” by 12” construction paper 
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strips. Students fold and cut the strips into a given number of pieces (1, 2, 4, 8, 3 and 6). I’m very 

purposeful in how we make the kit. The process includes: 

 Always use equal parts language instead of fraction language.  

 Do not model how to fold the pieces to preserve this potential problem solving aspect.  

 Do not label the pieces to ensure that the students name the pieces based on the total 

number of pieces that compose the whole. If labeled in advance, the embedded practice is 

lost.  

We don’t rush through the making of kits to get to the activities. The construction of the 

fractional units is an extremely important first step (Charalambous & Pitta-Pantazi, 2005; 

McCloskey & Norton, 2009). 

 As we continue, we’ll assume that students have completed the following foundational 

fraction experiences (Atkins, 2015).  

1. Each student has made a fraction kit. 

2. Students have had time to explore the relationship of the pieces in their kits. 

3. Students are comfortable representing mixed numbers using the concrete materials in 

their kits, and drawing matching pictures. 

Exploring Equivalency 

 Students explore equivalency as the way in which unit fractions pieces fit into a larger 

region (Steffe, as described by McCloskey & Norton, 2009). For example, I’ll ask students to 

build and then to draw a picture to answer the question, “How many halves in one and one-half?” 

Students first represent 1
1

2
 using their fraction strips (see Figure 1). 
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Figure 1. Fraction strip representation of  1
1

2
. 

They then iterate a one-half piece to determine the number of halves in one and one-half, 

arriving at 3. The drawing in Figure 2 shows the result of the iteration.  

 

Figure 2. Drawing representing the number of halves in 1
1

2
. 

Students build and draw several situations (Type 1) in which the unit fraction and mixed 

number denominators are the same (Atkins, 2015). How many problems? Enough for the 

students to be fluent. Once comfortable with the language of this type of problem, students easily 

relate mixed number and improper fraction representations. For example, to represent 5
3

4
 as an 

improper fraction, we want students to ask themselves, “How many fourths in five and three-

fourths?” Based on previous work, students know there are four fourths in each whole. There are 

20 one-fourth pieces in five wholes, with an additional 3 one-fourth pieces, for a total of 23 one-

fourth pieces. So 5
3

4
=

23

4
. Some fourth grade students I’ve worked with confidently say that they 

just did “5 times 4 and added 3 more.” In this case, the students are not reciting the steps of a 

memorized algorithm. They used repeated reasoning to construct the algorithm, and they could 

explain why the algorithm works. 

If we want to write the equivalent mixed number for 
23

4
 (23 one-fourth pieces), we want 

students to ask themselves, “How many wholes can I make with 23 one-fourth pieces?” This 

1 

3 

2 
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approach is not dependent on fact fluency. Struggling students may determine the answer by 

drawing pictures of the wholes that they can make with 23 one-fourth pieces (5
3

4
 ). 

 Once comfortable with Type 1 problems, we extend exploration to problems in which the 

denominator of the unit fraction is a multiple of the mixed number denominator (Type 2). For 

example, “How many fourths in two and one-half?” After students build and draw the associated 

pictures for this problem, they see that: 

 4 one-fourth pieces together are equivalent to one whole (
4

4
 =  1), 

 8 one-fourth pieces together are equivalent to two wholes (
8

4
 =  2), and  

 2 one-fourth pieces together are equivalent to one-half (
2

4
 =

1

2
). 

How many of these Type 2 problems should they do? Enough to become fluent.  

Linking to Division 

We’ve examined the concrete and pictorial representations for, “How many fourths in 

two and one-half?” Throughout these explorations, students have been dividing fractions 

unknowingly.  “How many fourths in two and a half?” is a conceptual language translation for 

2
1

2
 ÷  

1

4
.  

A different translation is used when dividing a fraction by a whole number. The 

conceptual language translation for 1
1

2
 ÷  2 would be, “One and one-half separated into two 

equal groups.” Students first build 1
1

2
 using their kits, and then model the separation of the parts. 

Again, the language reflects the imagery connected to solving this type of problem.  

Addition Translations 

 How would we translate addition of fractions using conceptual language? Replace “plus” 

with the phrases “put together,” “combined with,” or “joined with” (Carpenter, Fennema, 
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Franke, Levi, and Empson, 1999). For example, 2
1

2
 +  1

3

4
  can be translated into: “two and one-

half put together with one and three-fourths.” Students may draw A or B in Figure 3.   B may be 

a better choice for determining how the pieces fit together. 

 

  

 

 A     

 

 

B 

Figure 3: Representing  2
1

2
 +  1

3

4
   

Connecting Representations 

Four-part charts help students build stronger connections between concrete, pictorial, 

verbal, and symbolic representations of problems (Atkins, 2015, 2016). To make the chart, give 

each student a blank piece of rectangular or square paper. Have students fold their papers into 

four sections and outline the sections. In the example in Figure 4, one section contains the 

expression  2
1

2
 +  1

3

4
 . One section has the conceptual language translation. A third section has 

the pictorial representation. The last section has the final equation and an explanation of how the 

pieces were combined. 
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Figure 4. Four-part chart for 2
1

2
+ 1

3

4
 . 

A Subtraction Example 

The first subtraction problem I gave a group of fourth grade students was  12
1

2
 –  9 

5

6
 . 

What was I thinking? The standard algorithm as I was taught required several steps. First write 

12
1

2
 −  9

5

6
 vertically. Find the common denominator and then regroup. All of this had to be 

done before we could actually subtract. Since the fourth graders didn’t know this algorithm, they 

translated 12
1

2
 −  9

5

6
 as “twelve and one-half remove nine and five-sixths.” They drew a picture 

of 12
1

2
 and then crossed out (removed) 9

5

6
 (see Figure 5).  

2
1

2
+ 1

3

4
 

Two and one-half put 

together with one and 

three-fourths 

2
1

2
+ 1

3

4
= 4

1

4
 

I know because 2 wholes and 1 more 

whole is 3 wholes. One-half 

combined with two-fourths is another 

whole which is 4 wholes. There is a 

fourth left over. So the sum is four 

and one-fourth. 
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Figure 5. Sample drawing of 12
1

2
− 9

5

6
. 

Knowing that 
1

2
 is the same as 

3

6
 , they arrived at 2

4

6
 pretty quickly and accurately. The students 

knew how to approach the problem because they had a conceptual language translation for 

subtraction. 

Algebraic Properties 

 Conceptual language translations can also lead to the introduction of algebraic properties. 

I asked students to show three groups of “one and one-half.” They represented this problem with 

their fraction strips and completed a 4-part chart (see Figures 6 and 7). 

 

Figure 6. 3 groups of 1
1

2
 . 

In one section of the chart in Figure 7 is the conceptual language translation. In another is 

a drawing. In the third section, they described what they used to represent three groups of one 

and one-half: “Three groups of one put together with three groups of one-half.” In the last 

section, they connected their description to the symbolic representation, and applied the 

Distributive Property. 
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Figure 7. 4-part chart for three groups of one and one-half. 

 

Conclusion 

 For many students, understanding the language of mathematics is the process of symbolic 

decoding, and success in mathematics requires fluency with rules and procedures and lots of 

memorization. The conceptual language translations approach provides students access to the 

meaning of the symbols. It also builds the language of word problems. Struggling students are 

successful because solving problems is not dependent on fact fluency and procedure recall. All 

students can solve more difficult problems. Remember the fourth graders’ approach to solving 

12
1

2
 −  9

5

6
 !  

Conceptual language translations give all students access to developing deep 

understanding of mathematical concepts. Mathematics is no longer memorization. Mathematics 

is memorable.  

 

Three groups of  

one and one-half 

Three groups of one put together 

with three groups of one-half 

3 ×  1
1

2
 =  3 ×  (1 +  

1

2
) 

3 ×  1
1

2
 =  3 ×  1 +  3 ×  

1

2
  

3 ×  1
1

2
= 4

1

2
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Rigor and Mathematics in Arizona Schools 

Don S. Balka 

Abstract: The phrases “mathematical rigor” and “rigorous mathematics curricula” have 

appeared in numerous articles, state documents, and textbooks over the last decade.  What is 

mathematical rigor? What is a rigorous mathematics curriculum? 

In this article, rigor is defined in terms of content and instruction.  Two traditional 

problems, one from Grade 2: Number and Operations in Base Ten and one from Grade 8: 

Algebra1- Reasoning with Equations and Inequalities, are presented and followed by related 

problems that provide mathematical rigor. To implement mathematical rigor and a 

mathematically rigorous curriculum in Grades K-12, classroom instruction must change.   

 
Introduction 

 What is mathematical rigor? What is a rigorous curriculum? In 2010, the Arizona Board 

of Education produced Mathematics Standards for K-12 Education. In 2016, the Arizona 

Department of Education is releasing it new Mathematics Standards. Statements from both 

documents reference mathematical rigor.  

What is the meaning of rigor and rigorous as applied to mathematics education? What 

are the expectations for mathematics teachers, elementary through high school, as they 

implement the new Arizona Mathematics Standards and provide a rigorous curriculum? What 

does a mathematics classroom look like when mathematical rigor is implemented? How can we 

provide a rigorous mathematics curriculum, Kindergarten through Grade 12, if we don’t know 

 2010: These standards represent three fundamental shifts in focus onto 

coherence, and rigor.  

 2016: These standards are coherent, focused on important mathematical 

concepts, rigorous, and well-articulated across the grades. 

 2016: The Arizona Mathematics Standards are the result of a process designed to 

identify, review, revise or refine, and create high-quality rigorous mathematics 

standards. 
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the meaning of rigor or rigorous?  Figure 1 (Balka, 2014) provides definitions of mathematical 

rigor. In classrooms, where “rigor” is encouraged along with active engagement, student thinking 

and reasoning increase.  

Definitions of Rigor 

Mathematical Rigor is the depth of 

interconnecting concepts and the breadth of 

supporting skills students are expected to 

know and understand. 

Mathematical Rigor is the effective ongoing 

interaction between instruction and student 

reasoning and thinking about concepts, 

skills, and challenging tasks.  that result in a 

conscious, connected, and transferable body 

of valuable knowledge for every student. 

Content Instruction 

 

Figure 1: Rigor in Content and Instruction (Balka, 2014) 

Lesson Initiators That Lead to Rigor 

 Two examples are offered that provide situations for mathematical rigor to occur. 

Consider Grade 2 students involved in a lesson on place value with three-digit numbers.  Under 

the Number and Operations in Base Ten (NBT) domain, in both the 2010 and 2016 Arizona 

Standards, Standard 2.NBT.A.1 states that students are expected to:  

  Understand that the three digits of a three-digit number represent amounts of  

  hundreds, tens, and ones. 

In their programs, students may encounter a question such as the following: 

What three-digit number is represented by this arrangement of Base 10 blocks (1 

flat, 3 longs, and 5 units)? 
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The answer is 135. To answer this question, is there any student collaboration? Any 

student engagement?  Is rigor present? The answer is “No!”   

To add rigor, consider restating the problem as: 

 There are many three-digit numbers that can be made using any combination of 

 the Base 10 blocks shown above.  How many can you find? 

 Work with a partner and use your blocks to identify the three-digit numbers. 

The restated problem now provides multiple entry points for students.  

Partners will immediately begin to list three-digit numbers on their papers.  Other students will 

take Base 10 blocks and arrange them in various configurations.  As students explore, a variety 

of questions begin to surface:  Do we have to use all the blocks to show a number?  Can there be 

a zero in the hundreds place?  What about a zero in the ones place? In the tens place? 

 As students share their three-digit numbers, they notice patterns: 

 To produce a three-digit number, there must be a flat in the hundreds place. 

 There are actually four possibilities for the tens place:  0, 1, 2, or 3. 

 There are actually six possibilities for the ones place: 0, 1, 2, 3, 4, or 5. 

 After discussion that includes constructing viable arguments and listening to or critiquing 

the reasoning of others, students agree that there are 24 possible three-digit numbers.  Middle 
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school and high school mathematics teachers recognize the result as an application of the 

Fundamental Counting Principle: 1 (choice for hundreds) x 4 (choices for tens) x 6 (choices for 

ones) = 24 possible numbers.   

   130  120  110  100 

   131  121  111  101 

   132  122  112  102 

   133  123  113  103 

   134  124  114  104 

   135  125  115  105 

  

 

 

A second example comes from Algebra I (Reasoning with Equations and Inequalities) 

Grade 8 (Expressions and Equations). The 2016 Arizona Standards for Algebra I, Reasoning 

with Equations and Inequalities, the example focuses on:  Solve systems of linear equations 

exactly and approximately (e.g., with graphs), focusing on pairs of linear equations in two 

variables, and from the Grade 8 Standards, Expressions and Equations, the example focuses on: 

Analyze and solve pairs of simultaneous linear equations. 

 Typically, students are solving and graphing systems of equations as suggested by the 

standard.  In doing so, they learn a series of related concepts.  The graphs of a system of two 

linear equations may: 

 Intersect at a point, and therefore have one solution. 

 Be parallel, and therefore have no solution. 

The engagement, collaboration, and use of manipulatives 

provide rigor for a traditional lesson on place value. 
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 Represent the same line, and therefore have an infinite number of solutions. 

 Consider the following traditional problem.   

 

 
 

 

   

 By contrast, consider the following problem that offers mathematical rigor. 

 

 

 

 

 

 

 

Referring back to the definition of mathematical rigor, this new problem requires students 

to interconnect concepts, reason, and communicate using mathematical language:  slope,  

Y-intercept, parallel lines, intersecting lines, same line, one solution, no solution, infinite number 

of solutions. All of these ideas are a part of the Mathematical Practice:  Attend to precision. 

Solving this type of problem also encourages students to: Reason abstractly and quantitatively, 

 If the lines are parallel, the slopes of the two lines are the same and the 

y-intercepts are different.   

 If the equations represent the same line, then one equation is a multiple 

of the other with the same slope and y-intercept.   

 If they intersect, then the lines have different slopes. 

For which system of two linear equations are the graphs parallel? 

For which system of two linear equations are the graphs intersecting? 

2x + 3y = 5  2x +4y = 3  2x + 6y = 5 

2x + 3y = 8  4x + 8y = 6  2x + 7y = 8 

Use all of your number tiles, 0 – 9, to create three systems of 

equations so that one system has exactly one solution, a second 

system has no solution, and the third system has an infinite number of 

solutions. 

2x +___ y = ____          ____x + 4y = ____          ____x + 6y = ____  

____x + 3y = 0    4x + ____y = 1         ____x + 7y = ____ 
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Construct viable arguments and critique the reasoning of others, and Use appropriate tools 

strategically. 

Ongoing Efforts to Implement Rigor 

 The definition of mathematical rigor that has been offered involves both: content and 

instruction. Regardless of grade level, both must be present to have a rigorous mathematics 

program.  Student thinking and reasoning, engagement, classroom discourse, collaboration, use 

of manipulatives and other tools, are major components of a rigorous mathematics classroom.  

To accomplish this, a multi-layered professional development program must be offered to 

Arizona teachers, one that focuses on mathematical content, on the Mathematical Practices, and 

on strategies that promote rigor in the classroom.  Ongoing effort is necessary for teachers and 

classrooms to change, to make rigor a common theme in Arizona for all students in grades, K - 

12. 
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Charlie’s Story 
 

Cathy Draper 

Abstract: This is the story about students who had previously failed Algebra I, at least once, and 

how they began to experience success. The activities and materials described in the article were 

the actual ones used.  
 

Meet Charlie, the algebra student who proclaimed, “Algebra is easy, if you know what 

you’re looking for.” “If Charlie can see it, then we have a chance!” These types of statements 

confirm to algebra teachers that their instructional efforts are working. Charlie isn’t his real 

name, but the story is true. 

Algebra does not have the reputation of being easy so this declaration was unexpected, 

especially by Charlie. Charlie had spent time and effort in previous Algebra I courses trying to 

make sense of the content, to no avail. Now he had discovered a connection that he’d never seen 

before. He’d used his own 300 billion neurons to think about and make sense of the information. 

This story is really about all of the Charlie’s in algebra classrooms. Some students still 

have the energy, hope, and, possibly, the necessity to learn, while others have already accepted 

that they are “un-math” people like Anne. 

Anne, a self-diagnosed math-phobic, wrote in her journal, “I wasn’t born believing that I 

was unable to perform or even comprehend the simplest of mathematical processes or operations. 

I received enough messages about my weakness to convince even the dimmest of wits.”   

The un-math people, like Anne and the Charlie’s, are resigned to memorization as their 

only coping strategy in algebra courses. Unfortunately, memorizing has not worked out too well 

for them. 
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Charlie’s Experience 

Charlie was one of four students in a cooperative learning group. Other students in the 

group, like Charlie, had failed Algebra I many times. The content of those courses was the same 

as other Algebra I classes in U.S. high schools. Charlie’s group was assigned to sort, classify, 

and match algebra cards from a deck of cards from the Linear Graphs in The Algebra Game 

program (Draper, 2016). The assignment card, Matching Coordinate Pairs to Graphs, is shown 

in Figure 1. The Coordinate Pairs Literacy sheet, also in Figure 1, was provided to prompt 

discussion. The cards in the decks (see Figure 1), when dealt, provide students in the group with 

a “hand” to physically contribute to the sorting and matching.  

 

 

 

 

 

 

 

 

 

 

Figure 1. Matching ordered pairs 
 

 

 

 

 

The task card specifies role assignments:  

Manager, Speaker, Recorder (or Writer or Scribe), and Facilitator.  

Other roles are assigned as needed. Those include: Encourager, First Idea Person, 

Second Idea Person, Synthesis Person, and Questioner.  
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The activity is multi-layered, beginning with discussions among students within each 

group, and progressing to a class debate among groups. After the debates, all students generate a 

Splash Diagram, similar to the one shown in Figure 2, write descriptions in their journals, or do 

both. At various times before the end of the unit, students are given short quizzes, create projects, 

and complete a summative test.  

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Splash diagram  

 

One of the critical elements for success for Charlie with this approach is his acceptance 

of responsibility for his own learning. During the lengthy activity, Charlie and the other students 

were allowed to fumble, make mistakes, fix their errors, and get back up to pursue other avenues 

for solving their tasks. Some strategies were more efficient than others, but all working ideas 

were accepted and incorporated into the group’s thinking until the strategies or ideas were 
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proven to be unreliable or unworthy. Because the students decided on the worthwhile strategies, 

they began to trust the process. 

Other Visual Learners 

Charlie could be classified as one of Linda Silverman’s 63% visual-spatial learning 

preference population (Silverman, 2002). The horizontal “number line graph” in Figure 3 shows 

Silverman’s research preferences for two learning modalities: visual-spatial and verbal-

sequential. If visual-spatial learners constitute more than half of our population, then we need to 

change how we engage the Charlie’s and other visual-spatial learners in learning.  

  

 

 

 

Figure 3. Visual-spatial and verbal-sequential learners (Silverman, 2002) 

 

 

 

  

The visual learner does not learn through detail practice sheets, step-by-step rules, or rote 

memorization. 

Students who may have accepted their “un-math” status need some guidance on how to 

get back into the game. They will need to learn how to ask productive questions. This can be 

approached with the use of guide sheets like the ones shown in Figure 4 from Solving with 

Pythagoras (Draper, 2005). The Top Ten Guidelines and Question Stems help students formulate 

The simplest explanation of a visual-spatial learner is that they 

generally think in pictures, rather than in words. They also tend 

to learn holistically, instead of sequentially, or in parts. The  

visual-spatial learner can easily see the big picture of things, but 

might miss out on the details. (Linda Silverman, 2002)  
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questions by giving them enough of the context phrasing so that they can fill in the blanks with 

reasonable words or topics.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Guidelines to formulate a question. 
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Students also need some assurances that they can make reasonable conjectures. This 

activity can be aided by a Conjecture Worksheet as shown in Figure 5, and completed, first as a 

group effort and later, by individuals. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Conjecture worksheet. 

 

This re-entry of students from fearful and inactive participants to 

active contributors is a slow process. That may be another reason to 

employ cooperative groups. There is “safety in numbers!”  
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Instructional Practices 

 Both the Common Core State Standards for Mathematics (NGA & CCSSO, 2010) and 

the Principles and Standards for School Mathematics (NCTM, 2000) identify the importance of 

problem solving, persistence, and reasoning to understand mathematics. The teachers from 

Leominster, Massachusetts, successfully used the Rule of Four Link Sheet (see Figure 6) to help 

their visual-spatial and auditory-sequential learners, explore and learn different representations 

of algebraic relationships. Teachers also used Splash Diagrams, like the one shown in Figure 2, 

before, during, and after instructional units so that their students were involved in self-

assessment at every stage of the learning process.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. Rule of 4 link sheet. 

RULE OF 4 LINK SHEET 
 

  
Communicating what we know about _________________________________ 

 

Verbal Description 
Table 

 

Communicate in Words  

orally and/or in writing 

 

Communicate Numerically 
  

  

  

  

  
  

 

Graph 
Equation(s) 

 

Communicate Graphically 
 

                
 

 

 

 

 

Communicate  Symbolically 
(algebraically) 

 

 

y = 
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Students can think, just maybe not in the same way as others or in ways that algebra 

teachers might prefer. As long as students can substantiate their conjectures with reasonable 

support, along with accurate data, then their thinking is mathematical. Encouraging mathematical 

thinking does not occur when you tell someone how to think. Rather, mathematical thinking 

takes place when teachers provide opportunities for students to recognize connections, and 

identify and correct their own errors.  

 Our job as teachers is not to do students’ thinking for them, by reminding them of 

information that they need to learn to solve a problem or complete an assessment. Instead, 

provide students with a review list for the test at the beginning of the new unit or new chapter, 

thus answering the question, “will this be on the test (WTBOTT)?” Furthermore, instead of 

asking all of the questions, have students make up their own Who Am I? cards (see Figure 7). 

Use these cards as part of an ongoing assessment feature that students can use to question each 

other. Some cards can have stems and others can have complete descriptions, depending on how 

safe or reluctant the students may be. 

 

 

 

 

 

 

 

 

 

Who Am I? 

My square root is a 

terminating decimal. 

I am a multiple of 3 and 

less than 10. 

 

Who Am I? 

Who Am I? 

I am a positive fraction. 

My decimal has all 6’s. 

I am a ratio and I am less 

than 1.  

Who Am I? 
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Figure 7. Who am I? cards. 

Five Helpful Hints for Building a Student Responsibility Classroom  

1. Start small. Do not make many changes at the same time. Both you and your students will need to 

learn how to participate in a non-directive student responsibility environment. Self-discipline, 

self-responsibility, and self-control are being transferred to the students. 

2. Give students the responsibility for their learning – and don’t take it back. Use a WTBOTT list or 

outline. Do not enable the crippling dependency on reviews or teach past skills, but DO use those 

skills with new content or in new contexts, and have students work so they can learn from each 

other.  

3. Provide an earned point on tasks with an accumulated total that can still be computed as a 

percentage grade. 

4. Encourage visualization and imagination.  

5. Reward out-of-the-box thinking that is accompanied with reasonable and clear explanations. 

Step-by-step explanations are not necessarily helpful to the visual learner. By contrast, broad 

scope concept clarification is very helpful.  

 

 

Who Am I? 

I am a ________________. 

I have a __________ as a 

factor. 

I am a _______________ 

less than _________. 

Who Am I? 

Who Am I? 

My fact family has 

________________. 

I am a ________ a number. 

I am _______________ a 

prime number. 

Who Am I? 

Learning is not a spectator sport. Mathematics makes sense and is easier to 

remember and to apply when new ideas are connected to what is known. 
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Be DI-inspired! Exciting and Challenging 
Differentiated Instruction 

Tasks for ALL Students Grades 6-8 
 

Marcie Abramson 

Abstract: Strategies for building a learning environment that involves activities differentiated by 

content, process, and product, to address the needs of learners with varying talents, are presented. 

Strategies are illustrated with tasks and problems. 

 

The following communications are based on a true story. Only the names have been changed! 

 

Dear Parents, 

 

Welcome to a year of discovering the magic of Grade 8 Math! This highly participatory 

course will engage students in challenging tasks that allow for the use of differentiated 

learning and instruction, including multiple solution methods and representations. All of our 

tasks will blend the math practices with standards-based activities.  

Here is a sample of a task/problem (Adapted from Collins and Dacey, 2011). 

 

Peter Painter wants to mix the reddest paint possible. He is deciding among the 

following mixtures: 

 

Option A: One-part paint to four parts water 

Option B: Two parts paint to five parts water 

Option C: Three parts paint to seven parts water 

Which mixture will be the reddest? Show how you know! Prove your answer with at 

last two different strategies.  

 

Looking forward to a PRIME year! 

Ms. Abramson 
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Dear Ms. Abramson, 

I am very concerned with the so-called new math. In my opinion what is wrong 

with this Common-Core thing is that kids are being given problems like the one you 

noted. How can my son work on a problem when he does not have enough information? 

How much paint does he start with? It seems that there could be more than one amount. 

Do you want him to use red markers when answering this problem? Is a red color a 

strategy? How can I help him when I do not know this new math?  I would like to meet 

with you as soon as possible. 

Sincerely, 

Mrs. Coreless 

 

 

 

Dear Mrs. Coreless, 

Thank you for your note. This year we will focus on differentiating learning and 

instruction. Students may choose to use equations, graphs, charts, or other representations that 

help them make sense of the problem. There is one mixture that is the reddest but it can be 

proven in many ways and with different amounts of paint. Math has traveled from learning and 

using one method to solve a problem to using multiple strategies per problem. As well, students 

can select among sets of problems that focus on the same concepts or solution methods.  

Thank you for being such a concerned parent! It is a pleasure to have you on board as a math-

helper! 

Best wishes, 

Ms. Abramson 

 

Have you ever received a note or comment like the one from Mrs. Coreless? I have had 

many a conversation with parents, and some students, who feel that only math problems with one 

solution method should be presented to students.  With this in mind, I set out to build a 

mathematics learning community, filled with activities differentiated by content, process, and 

product, to address the learners with varying talents in my class. I began with a workshop for 
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teachers that I wanted them to replicate with their students. All of the activities took place over 

one day at the workshop. 

The Workshop 

As teachers entered the classroom and seated themselves at tables, as students do each 

day, they were presented with a Do Now! (A task to do NOW!) 

 

Task 1 

Tell me everything you know about this graph. 

 

Tables were abuzz with ideas! Each table-group, in carousel form, offered a 

new piece of  

 

Information: 

“The slope is 2,” from one table-group. 

 “It is a line,” from another table. 

“Its equation is y = 2x – 2,” from another table. 

 “It is parallel to y = 2x + 854,” from a fourth table.  

 

We continued until all agreed that “We cleaned our math plate”  
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Task 2 

A man always complained that he did not have enough money. One day, a goblin 

met him on a bridge that the man crossed every day. The goblin suggested, “I can 

help you! Every time you cross the bridge, your money will double, and every time 

you go back, you must pay me $24.” The man liked the idea ad accepted the offer. 

After the third return, he had no money.  

 How much money did the man have in the first place?  

 Show me how you know and be ready to prove it! 

 

Teachers were given 3 minutes of quiet time to attack the problem. (By the way, after a 

problem is posed, many students also need quiet, dedicated time to read the problem, figure out 

what is going on, identify the goal, and decide on a solution strategy.) After 3-minutes, teachers 

got back together to discuss and work on the problem using my DI Problem Solving Cube (see 

Figure 1).  

In turn, each teacher tossed the cube and read the directions on the top face of the cube. If 

a teacher at the table had used or had started to use a stated strategy, he/she had the job of 

explaining the strategy. Then all teachers at the table used that strategy to complete the problem. 

If no one had attacked the problem using the stated strategy, then all teachers worked together to 

do so. If a strategy was “tossed” but deemed to be not efficient for this problem by all teachers at 

the table, then that teacher that tossed the inefficient strategy had to provide a rationale for that 

decision.  

You may ask, why the cube isn’t tossed before attacking a problem. That would negate 

the DI nature of the task to provide a choice of type of solution method/representation. 
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Figure 1. Problem Solving Cube  

Solve the 
problem with 
_______. 
 
Your choice! 

Solve the 
problem with a 
chart.  

Write the 
problem in your 
own words. 

Agree or 
disagree with 
the reasoning 
of a tablemate. 

Solve the 
problem with a 
picture. 

Solve the 
problem with an 
equation(s). 
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Task 3 

For a science project, Sammy observed a chipmunk and a squirrel stashing 

acorns in holes. The chipmunk hid 3 acorns in each hole he dug. The squirrel hid 4 

acorns in each of the holes he dug. They each hid the same number of acorns, although 

the squirrel needed 4 fewer holes. How many acorns did the chipmunk hide?  

https://www.illustrativemathematics.org/content-standards/tasks/999 

This is not your typical routine problem. To make problems like this more approachable, 

a Word Problem Graphic Organizer is employed. It is named, “1-2-3 Read and 4-GO!”  What 

follows is how one table of teachers used the Word Problem Graphic Organizer to solve the Task 

3 problem.  

1st Read- What is the problem about? 

Chipmunks and squirrels hiding acorns in holes! 

 

2nd Read: What am I trying to find out? 

How many acorns the chipmunk hid. 

 

3rd Read- What information is stated in the story that is needed to answer the question?  

Tell or show me all that you know!  

 number of acorns are equal  

 3 acorns per hole for chipmunk   

 4 per hole for squirrel 

 squirrel 4 less holes 

https://www.illustrativemathematics.org/content-standards/tasks/999
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4th GO: S & S (Strategize and Solve!) Be sure to answer the question! 

 

4x = 3 (x + 4) and x = number of holes 

Remember that we are looking for ACORNS not holes!!!!! 

 

Some teachers used equations, others used a chart, and still others used pictures to solve 

the problem.   

Task 4 

Teachers were directed to choose a colored marker from the box of markers at their table. 

The box contained markers with the colors: red, orange, green, blue, brown, and black. Each 

color maker had to be chosen by at least one teacher. Next, each table of teachers was presented 

with a large piece of paper with the Peter Painter problem at the top of the paper, and the chart 

showing the “roles” of the colored makers, below the problem 

Color My World DI Template 

 

Peter Painter wants to mix the reddest paint possible. He is deciding among the following 

ratio mixtures: 

 

 Option A: One-part paint to four parts water 

 Option B: Two parts paint to five parts water 

 Option C: Three parts paint to seven parts water. 

 

Which mixture will be the reddest? Show how you know! 
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“Roles” of the colored makers 

RED marker = RECORD the important information. 

 

ORANGE marker = RECORD the unknown information. 

*GREEN marker = Show your work with a MODEL  

(e.g., tape diagram, double number line). 

*BLUE marker = Show your work in a GRAPH. 

 

*BROWN marker = Show your work using EQUATIONS. 

 

BLACK marker= ALL! Justify your response in written form.  

Prove how you know which mixture is the reddest! Go! 

 

 The GREEN marker’s job is to WRITE/DRAW a model, but not to solve the problem. 

The whole group does that together. The RED marker’s job is to record the important 

information.  This continues with each color, green, blue and brown, showing a different way to 

represent the problem. The BLACK marker is a table effort. While some teachers wanted to 

trade colors, they were “forbidden” to do so!  We used this template repeatedly, but changed the 

roles of the colors to “spice up the task!” 
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Task 5 

To end the workshop, a different type of open question situation was presented. 

The “What’s the Question?” Math Activity template:  

 

In 1940, Forrest Mars and his partner, Bruce Murrie, owners of the Mars Company, 

introduced hot-weather candy that wouldn’t melt. They called this candy M & M Plain 

Chocolate Candies. The name M & M came from the first letters of their last names, Mars and 

Murrie.  

When you open a one-pound bag of plain M&Ms, you will find about 500 candies in six colors. 

Approximately, 30% of them are brown, 20% are yellow, 20% are red, 10% are orange, 10% 

are green and 10% are blue. 

 

Task 1: Write two good questions that can be answered using the information above.  

1. __________________________________________________________________ 

 

2. _________________________________________________________________ 

 

 

Task 2: Answer your favorite question. Show your good math work! 

 

 

 

Task 3: Answer a question posed by a tablemate. 

 

 

 

Task 4: Answer a question posed by your teacher (me). 
 

 

 

The music of questions permeated the room. Task 4 is used only if a teacher has a specific 

standard or idea that is important to the lesson. Many times, student questions are so good that 

Task 4 is not needed.  
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Final Comments 

Prior to the workshop, teachers frequently asked me why I use open questions with 

students. My response: The use of open questions has the advantage of engaging ALL students at 

different levels of readiness, and enhancing their degrees of understanding. Questions/tasks must 

have just the right amount of ambiguity, while being conceptually appropriate and challenging. 

Teachers also asked about the value of having students ask questions of one another.  

My response: Students like to ask questions, but are not always given the chance to form their 

own (in contrast to only responding to teacher questions). When we give students opportunities 

to pose questions/problems, we give them the opportunity to wonder about numbers, patterns, 

representations, and calculations, and to exhibit their depths of understanding and creativity. 

 

Marcie Abramson received her B.S. and M.A. degrees in mathematics 

education from Boston University, and taught middle school 

mathematics for more than 25 years in Westwood, Massachusetts. She 

also served as the Westwood Mathematics Curriculum Coordinator. 

Currently, Marcie is an adjunct faculty member at both Brandeis 

University and Lesley University, and a consultant to many school 

districts in Massachusetts. She is author of Painless Math Word 

Problems (Barron’s 2010, 2001) as well as co-author of several 

supplementary materials. Marcie is a popular speaker at regional and 

national conferences of the National Council of Teachers of 

Mathematics.  
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S-curves and Banking 

Cora Neal and Rachel Bachman 

Abstract: The logistic function, often referred to as the S-curve outside of academia, has a wide 

range of practical applications, particularly in populations with limited resources or competition 

caps.  The S-curve is used to model adoption rates of new technology over time and enables 

companies to compete for customers with rival brands.  This article explores a similar 

phenomenon in banking and how this application may be implemented in high school courses. 

 

In banking, the S-curve can be used to describe the relationship between branch share and 

deposit share for a particular bank.  This model has an intuitive underlying philosophy: If a bank 

has very few branches, relative to its competitors, the bank is unlikely to house much of the 

deposits in a market.  This is due to two factors: (a) customers’ lack of familiarity with the brand, 

and (b) lack of convenience when using this branch in the area.  Once a sufficient branch share is 

obtained, the bank benefits from stronger name recognition and additional branches bring in 

higher proportions of deposit share as customers take advantage of the ease of accessibility. 

However, once a certain branch share level is achieved, additional branches do not substantially 

increase customer accessibility and do not bring in significantly more deposits. Banks are 

interested in modeling the S-curve relationship to help them decide which markets would benefit 

from additional branches.  

Each year banks are required to report their deposit amounts at each branch to the Federal 

Deposit Insurance Corporation (FDIC).  This information is released to the public and can be 

found at www.fdic.gov.  Table 1 shows information for a subset of banks in Salt Lake City 

http://www.fdic.gov/
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(SLC), Utah. The data are from 2015 and have been scrubbed according to industry standards, 

including capping deposits at an individual branch at $1 billion and removing headquarter 

locations.  The branch share is the number of branches owned by a bank divided by the total 

number of branches in the market. Likewise, the deposit share is the dollar amount housed by 

branches owned by a bank divided by the total dollar amount housed in all branches in the 

market.  

Table 1 
 

  

2015 Salt Lake City Bank Data 

Bank Name Branch Share Deposit Share 
AmericaWest 1.3% 0.3% 

Bank of Utah 1.9% 1.4% 

Bank of the West 2.5% 1.1% 

KeyBank 12.1% 3.8% 

JP Morgan Chase 20.4% 27.6% 

Zion 22.9% 32.1% 

Wells Fargo 26.8% 28.4% 

 

 This application of S-curves to banking provides an excellent opportunity for high school 

students to “interpret functions that arise in applications in terms of the context” (NGA & 

CCSSO, 2010, HSF-IF.B). This application allows for discussion of a variety of mathematical 

ideas, including intervals of increase and rate of change, as well as the process of modeling and 

line fitting.  

Exploration of the S-curve 

Begin by presenting students with the data in Table 1. Be sure that students understand 

what is meant by branch share and deposit share.  Ask, “What relationships do you see between 

branch share and deposit share?” Allow time for students to find these relationships on their 

own or with a partner.  If students do not choose to plot the data points, as shown in Figure 1, 
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prompt them to do so.  As a class, talk about patterns that the students see in the table and in the 

graph (e.g., increasing function, positive correlation, not precisely linear). 

 

Figure 1. 2015 Branch share and deposit share data from a subset of banks in SLC  

Next, present students with Figure 2 which shows the line of best fit for the data.  Ask, 

“How well are the data explained by the line? For what data point(s) is the line the poorest 

descriptor of the relationship? What equation best represents the line that “fits” the data?” How 

would this line be interpreted? What would be the practical domain of this function? Is it 

reasonable to have a negative y-intercept?" These questions match well with the high school 

standards of interpreting functions, working with linear models and interpreting models in an 

applied context (NGA & CCSSO, 2010, HSF-IF & HSF-LE).   
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Figure 2. Line of best fit for the 2015 FDIC data for a subset of banks in SLC. 

Next, return to Figure 1 and direct students to, “Draw a curve, versus a line, that better 

describes the relationship between branch share and deposit share.” Have students discuss the 

benefits and drawbacks of the different curves suggested. These activities match the high school 

standard for building new functions (NGA & CCSSO, 2010, HSF-BF).   

Now students are ready to hear about how the banking industry uses the S-curve as the way 

of describing this relationship between branch share and deposit share.  Show Figure 3 and ask 

students, “What do you notice about the curve?” You could show Figure 4 and ask the students 

to compare the fit of the S-curve with the fit of the line.  “In what ways is the S-curve more 

descriptive of the relationship between branch share and deposit share than the line?” 
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Figure 3. S-curve fit to the 2015 FDIC data for a subset of banks in SLC. 

 

Figure 4. S-curve and line fit to the 2015 FDIC data for a subset of banks in SLC. 

Focusing on Figure 3, ask, “Which bank gains the most deposit share by building one 

additional bank branch in Salt Lake City?” This question calls attention to the different rates of 

increase and addresses high school standard HSF-IF.B.6.  When we have asked this question in 

our classes, some students think that Wells Fargo, JP Morgan Chase, or Zion will have the 

biggest impact because they control the most deposit share. Some students recognize that the 

largest gain would actually be for KeyBank because the function has the greatest instantaneous 
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rate of increase at that point.  This raises an interesting discussion in which students need to 

construct viable arguments and critique the reasoning of opposing perspectives.   

If students wonder how much impact building one additional bank has on branch share, 

you can explain that the number of new branches needed to increase branch share by 1% in a 

given market equals the number of branches in the given market divided by 100.  Since there are 

approximately 200 bank branches in SLC, two additional branches would be needed to raise the 

branch share by 1%. 

After students are convinced that KeyBank would benefit the most from building one 

additional branch, separate the class into seven groups. Assign each group a bank and have them 

pretend that they are on the branch development team for that bank.  They are tasked with 

advising the bank about next steps to take in the SLC market.  After the groups have plenty of 

time to prepare, have each group make a presentation to classmates as if the class members were 

bank executives in charge of deciding whether to open or close branches.  Encourage the class to 

ask questions about each group’s proposal.  

Informing senior leadership about where to build new branches was the first author’s job 

when she worked as a statistician for a major bank. Looking at the bank’s position on the S-curve 

in a particular market was an important factor in those decisions. The following describes how 

you could advise the banks in this market.  The Bank of Utah, Bank of the West, and America 

West should not open individual new branches; small increases in their branch share will not 

increase their deposit share.  They could either buy one of their competitors, substantially 

increasing their branch share, or sell their SLC branches and invest in branches in another 

market.  KeyBank is best positioned to gain deposit shares by opening new branches and should 

therefore open new branches in SLC.  Although JP Morgan Chase would gain incrementally 
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more deposit share by opening new branches in SLC, there are other markets where they are 

better positioned on the S-curve for growth.  Zion might be the most optimally positioned bank 

in the market presently; they should not add distribution but could consider closing a branch. For 

Wells Fargo, the S-curve model predicts that closing several branches would not significantly 

impact their deposit share, and this suggests that they have too many branches in SLC. 

For a more advanced treatment of S-curves, the general algebraic form of an S-curve 

could be explored.  The equation for the logistic curve is𝑦 = 𝑎/(1 + 𝑒𝑏(𝑐−𝑥)).  Students could be 

encouraged to think about the practical domain and range of this function, identify the 

independent and dependent variables, and discuss the meaning of the three parameters: a, b and 

c. The value of a represents the horizontal asymptote as x approaches infinity. By United States 

law, no bank is allowed to house more than 10% of the nation’s deposits, and a few of the big 

banks are close to that cap. Look at the S-curve at a national level, and you see that the value of a 

is about 10%.  The point (c, a/2) is the inflection point of the curve and the graph is rotationally 

symmetric around that point. The value of b is related to the steepness of the “S”. The slope at 

the inflection point is ab/4.  Algebra students could be encouraged to discover the impact of each 

of the parameters by using technology.  Calculus students could be asked to identify the location 

of the inflection point and the slope at that point. 

In this paper, the parameters used for the example are:  

a = 0.3021, b = 55.5314 and c = 0.1559.   

Classroom Implications 

 The S-curve in banking promotes understanding of functions, and addresses the following 

high school mathematics standards: 1) interpret functions that arise in applications in terms of 

context (HSF-IF.B), 2) analyze functions using different representations (HSF-IF.C), 3) build a 
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function that models relationship between two quantities (HSF-BF.A), and 4) interpret 

expressions for functions in terms of the situation they model (HSF-LE.B) (NGA & CCSSO, 

2010).  This application also highlights the standards of mathematical practice.  Students have to 

make sense of a relationship rarely studied in mathematics classrooms.  This causes them to be 

actively engaged in sense making and authentic problem solving. Throughout this activity, 

students are asked to construct viable arguments to explain their positions and to critique the 

reasoning of their peers in a manner consistent with managers in the workplace. Students are 

expected to make meaning by connecting various representations of the data (table, graph, and 

equation).  They are asked to examine the structure of the data and contemplate how well 

different models capture those relationships. 
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