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Dear Colleagues, 

We are delighted to present the Spring 2016 issue of OnCore. In this issue, you will find articles 
describing activities that have been used with students, kindergarten through grade 12, to 
enhance their understanding of key concepts in the various domains of mathematics, and their 
abilities to solve perplexing problems.  At the early childhood level, students are challenged with 
the task of completing word problems by choosing the set of “just right” numbers that makes 

sense in context. At the upper elementary and middle school levels, 
students solve problems (without numbers) that appeared in a 
mathematics book published more than 100 years ago with the goal of 
enhancing students’ reasoning and problem solving talents! An activity 
structure enabling students to focus on justification during the problem 
solving process is described in the next article, along with activities for 
middle school students   Activities designed to develop understanding of 
rate, ratio and slope, are the foci of two articles for middle and high 
school students. Mathematical modeling of the upright spin during ice 
skating is the context for a mathematical adventure designed for 

secondary-level students. The journal concludes with two articles, one focusing on the power of 
simulation and sampling to analyze raffles, and the other eigenvalues and matrices.  

I hope that you enjoy this issue. And, if you have interest in contributing to the journal, please do 
contact me at cgreenes@asu.edu. 

Before closing, several comments. 

First, a big thank you to all authors.  

Second, I invite readers to consider submitting articles for inclusion in the fall 2016 OnCore. 
Specs for developing articles may be found on the AATM website. 

Third, and finally, very best wishes for a joyful, not too hot, summer! 

 

Carole Greenes  

AATM OnCore Editor 
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Teachers’ Journey Toward Proficiency Using 
“Just Right” Numbers and Word Problems 

 
Melissa Hosten 

 
Abstract: In this article are descriptions of activities involving “Just Right” numbers, designed 

for use with kindergarten and first grade students to advance their problem-solving talents.  “Just 

Right” numbers are carefully selected pairs or trios of numbers that can be placed in a word 

problem so that the relationships among numbers and numbers with context, make sense.  

Challenges and successes from a year-long focus on the “Just Right” numbers approach are 

described, as well. 

 

Have you ever wanted to know if all students in your class grew in their understanding of 

mathematics last week, and how close they are to reaching your end-of-year goals? A group of 

Kindergarten and first grade teachers embarked on a journey to learn exactly what their students 

knew. This is their story. 

This past year I had the opportunity to work with a small group of Kindergarten and 

Grade 1 teachers and their students. Most students came from homes where English is a second 

language, and all students qualified for the free-or-reduced school-lunch program. At the start of 

the school year, when I met the teachers, they stated that their main goal for the year was to help 

their students become proficient with the use of addition and subtraction to solve real-world 

problems, and to apply content and reasoning skills aligned with grade-level standards of the 

Common Core State Standards-Mathematics (NGA & CCSO, 2010), and the Progressions 

Document for Operations and Algebraic Thinking (Common Core State Standards Writing 

Team, 2011).  
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Recognizing that each class had students varying in their levels of understanding of 

mathematics, teachers and I agreed that it would take time for every child to become proficient. 

We also agreed to identify and leverage some key representations to support student 

understanding, including five-and-ten frames, open number lines or number tracks, concrete 

objects, rekenreks, and part-whole mats.  

In the training session, we talked about how children learn to read and how they can 

improve their reading levels. Teachers were quick to point out that students who are exposed to 

text that is just above their current reading levels, frequently grow toward that level. By contrast, 

students who experience books only at their current reading levels, have difficulty growing 

beyond those levels. This idea resonated with all teachers. I then drew a parallel from reading 

levels to types of numbers.  For example, working with numbers 0-10, is less complex than 

working with numbers 0-100 and 0-1000. Working with numbers 1-5 is less complex than 

working with numbers 0-5, 0-9, 0-10, 0-19, 0-20, and so on. Students need to be intentionally 

encouraged to work with numbers “just above” their current levels of comfort and supported 

while doing so. Teachers agreed in theory with these ideas, but they asked how to identify 

children’s current comfort levels, and then how to provide them with experiences that 

intentionally expose them to number types one level above their current levels. This is when I 

introduced the idea of “Just Right” numbers.  
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In Just Right number problems, students choose the “right” number pair to fill in the 

blanks. An example is shown in Figure 1. 

 

 

 

 

 

 

 

 

Figure 1: “Just right” problem 

Teachers learned to create word problems with numbers replaced with fill-in blanks, and 

for solutions, to carefully craft a set of three or four “Just Right” number pairs or trios. To 

identify students’ comfort levels with mathematics, we decided to ask students to choose their 

“Just Right” number pair (or trio) to solve a problem. Once that problem was solved, students 

grouped themselves according to the pair or trio of numbers selected for the solution, and 

defended their choices.  

Over the next four weeks, Kindergarten and Grade 1 teachers implemented “Just Right” 

numbers with word problems like the one in Figure 1. Teachers collected students’ work, 

analyzed it, and wrote reflections on their students’ progress. For example, one teacher wrote: 

The students got used to the two steps quickly, within a week. I was surprised they 
learned the routine so fast. I can’t believe how much I learned about my students. I know 
where every student feels comfortable, and I can actually see the change across the 
weeks. This really does help urge them forward. I just need to vary what they use to solve 
the problems more. 
 

The children were playing Red Light Green Light.  

Liam walked _____ steps on his first turn.  

He walked _____ steps on his second turn.  

How many steps did Liam walk in all? 

 

A. 2, 1   C.     6, 0 

B. 3, 2   D.     6, 4 
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Another teacher wrote:  

I didn’t believe this would work. I was not sold on it, but my whole team was excited so I 
went along with it too. The kids have never learned different numbers so fast. I can really 
see students who need to be pulled into a small group because they are the ones that are 
not changing their “Just Right” choices. I think I’ll need to push them a bit more to take 
a risk too. I guess I can see that this might work well if we keep doing it all year. 
 

 

At the next training session, teachers shared their reflections and we discussed in greater 

detail the various representations for addition and subtraction, and how to introduce those to 

students. Teachers made intentional decisions about which ones to show and in what order. I left 

them with the plan of implementing the activity, observing students during the activity, 

collecting and analyzing students’ work, and commenting on their observations and analyses.  

Again, teachers’ reflections revealed excitement and feelings of success and hope. One 

kindergarten teacher wrote:  

I think the rekenrek is very useful, but I hope that some of my students will choose the five 
frame and ten frame when I show them those representations next. The kids are getting so 
fast with the rekenrek! I wonder if they will understand the part-whole mat that we are 
going to use next week. 
 

A first grade teacher wrote:  

The students are actually asking if they can choose their tool! I cannot believe it. 
Yesterday Malia asked if she could trade her rekenrek for a ten-frame sheet and counters. 
She said that the ten frames help her remember what numbers fit to make a ten! I could 
not believe my ears! Malia is in special education for math and reading. She was very 
slow at learning math last year. I think that has really changed for her. 
 

 

Throughout the year, teachers varied their word problems, but always provided three or 

four “Just Right” number pairs or trios, and students could choose which representation (tool) 

they would use to solve the problems. Students were intentionally exposed to more number types 

and greater numbers as the year progressed. At first, they solved problems alone. Then, as a 

group, they tackled the next more challenging “Just Right” number pair (or trio). By the end of 
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the year, all but two kindergarten students demonstrated proficiency using numbers 0-10 in 

addition and subtraction, and many had been successful working with numbers to 20. In first 

grade, all but three students demonstrated proficiency using numbers 0-100, and many had 

moved beyond 100 with addition and subtraction of multiples of ten (e.g., 70 + 50). The five 

students who did not demonstrate proficiency did show progress. Their teachers had a good 

understanding of what each student still did not fully understand. That information was 

communicated to the student’s next year teacher.  

We continued to meet throughout the following year. I was a consultant and at times co-

taught a lesson to demonstrate to teachers the use of a new representation, or to refine aspects of 

their planned lessons.  Launch and closure, were the most frequently supported elements. 

Examples of problems used in classes are shown in Figure 2. 

Tino climbed ____ stairs. He stopped to take a rest. Then he climbed some 

more stairs to reach the top. The staircase has ____ stairs. How many stairs 

did Tino climb after his rest? 

A. 20, 10   C.     60, 14 

B. 30, 9   D.     60, 40 

The river split into three small streams. Lina counted the fish she could see in 

each stream. There were ____ fish in the first stream. There were ____ fish 

altogether. How many fish could be in the other two streams? 

A. 1, 5   C.     4, 8 

B. 6, 10   D.     6, 12 

Figure 2: More challenging “Just Right” problems 
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As a final reflection on their work, teachers described how effective the plan was for 

reaching their goal, how easy it was to implement, and how powerful it was to have the whole 

team focused on one goal for the entire year. The principal and math coach created a very 

supportive environment during those activities. The greatest “take away” from this project was 

best expressed by a first grade teacher. 

We learned that ALL of our kids can grow each day, and ALL of our kids will rise to 
whatever challenge we give them. We learned that we were not challenging our kids 
enough in the past, and now that we know how to challenge each and every one of them, 
we will never go back to only challenging a few of them. 
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Problems without Figures: 
1909 and 2016 

 
Carole Greenes, Mary Cavanagh, James Kim, 

Jason Luc, Yifan Tian, and Tanner Wolfram 
 

Abstract: For more than 100 years the goals of mathematics education have not changed much! 

Problems without Figures, published in 1909, was designed for students in grades 4 – 8 to 

develop their problem solving talents, and for high school students, to review and practice 

solution strategies. We discovered the book online and have been using the problems to both 

enlighten our middle and high school students about what math was like long ago, and to 

stimulate their interest in problem solving. In this article, we reproduced 10 of our favorites and 

include one solution per problem.  

 

Every problem in arithmetic calls for two distinct and widely different kinds of work: first 
the solution, which involves a comprehension of the conditions of the problem and their 
relation to one another; second, the operation. First we decide “what to do;” this 
requires reasoning. Then we do the work; this is a merely mechanical process… Adding, 
subtracting, multiplying and dividing do not train the power to reason, but deciding in a 
given set of conditions which of these operations to use and why, is the feature of 
arithmetic which requires reasoning  S.Y.Gillan (1909).  

 
Mathematically proficient students start by explaining to themselves the meaning of a 
problem and looking for entry points to its solution. They analyze givens, constraints, 
relationships, and goals. They make conjectures about the form and meaning of the 
solution and plan a solution pathway rather than simply jumping into a solution attempt. 
They consider analogous problems, and try special cases and simpler forms of the 
original problem in order to gain insight into its solution (NGA & CCSSO, 2010).  
 

 Although these two documents were produced more than a century apart, they both 

identify reasoning as central to the study of mathematics by students at all levels. Interesting, 

how history repeats itself! 
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We first became aware of Gillan’s book a couple of years ago, and have used several of 

his problems primarily as a stimulus for developing students’ arithmetic, geometric, and 

algebraic reasoning talents, and secondarily, to introduce students and teachers to the “old” 

measurement units, forms of speech, and sentence structures. Note that Gillan’s book of 360 

problems is free (no answers included!). You can download the book at: 

https://s3.amazonaws.com/ddmeyer/problemswithoutfigures.pdf 

We are particularly fond of the 10 problems that follow. Note that have not altered the 

punctuation (authors of older texts didn’t like to use periods), nor the spelling of common words 

(look for those). Many of the problems have multiple solution methods. We show only one. So, 

when you use these problems with students, be open to alternative approaches. The clip art was 

our choice.  Enjoy!!!!!!
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1909 MATH 

 

 

 

 

 

	

	

	

2. On a street railway the price of a ride 
is cheaper for those who buy tickets, 
but some passengers pay cash. At the 
end of the run, one indicator shows 
how many tickets and another how 
many cash fares were collected; how 
can you compute the total amount 
taken in on the trip? 

	

Solution: Multiply the ticket fee by the number of tickets. Multiply the number of cash 
fares by the price of a cash fare. Add the two products. 

	

	

Sun Mon Tue Wed Thu Fri Sat 
     1 2 

3 4 5 6 7 8 9 
10 11 12 13 14 15 16 
17 18 19 20 21 22 23 
24 25 26 27 28 29 30 
31       

1. What is the easiest way to find the sum 
of all the numbers printed on a January 
calendar? 

January 1909 

Solution: Find the average of the first and last numbers (1 + 31 = 32, and 32 ÷ 2 = 16), 
and then multiply that average by the number of days in the month (31 x 16 = 496). Or, apply 
the formula for computing the sum of n consecutive numbers beginning with 1. 

𝑛(𝑛 + 1)
2 =  

31×32 
2 = 31 ×16 = 496 
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Solution: The rectangular-shaped farm will require ¼ more fencing. For example, a 2-by-2 
square has an area of 4 square units and a perimeter of 8 units. A 1-by-4 rectangle has an 
area of 4 square units and a perimeter of 10 units) 

	

	

	

	

	

	

	

	

	

Solution:  1− !
!
=  !

!
 and !

!
 ÷ 2 =  !

!
. One-sixth the length of the long rod must be cut off 

and added to the short rod to make the rods the same length. 

3. Two farms are of the same size; one is 
square and the other is four times as 
long as it is wide. Which will require 
the more fence to enclose it, and how 
much more? 

4. One iron rod is two-thirds as long as another; 
what part of the long rod must be cut off and 
added to the short one to make them the 
same length? 
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Solution: Let h represent depth (or height of the can). Then: 

1 𝑔𝑎𝑙 = ℎ(!
!
)! ×𝑝𝑖    1 𝑔𝑎𝑙 = ℎ × !!

!
 ×𝑝𝑖              ! !"#

!"
= ℎ!    ℎ =  4𝑝𝑖!  

 

 

 

 

 

 

 

	

	

	

	

	

	

Solution: Let T represent total number, r represent red, b represent blue, and w represent 
white. Since we know the sum of red and white, and the sum of blue and white, we can 
write:  T – (r + w) = b, T – (b + w) = r. Simplified: T – (r +b) = w 

	

5. A cylindrical can holds a gallon; its 
depth equals its diameter. What are 
the dimensions of the can? 

6. In a box of marbles some are red, some 
white, and the others blue. If you are 
told the total number, also the sum of the 
red and the white, and the sum of the 
blue and the white, how can you find the 
number of each color? 
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Area of Z is 4 times the area of W.	

	

	

 

 
 
Solution: The horse’s weight (h) = !

!
 ×  !

!
 of the weight given. 

Total weight (TW) of horse, rider and saddle is given is “certain numbers of pounds” 
TW – h = rider’s weight (r) + saddle’s weight (s) 

r = 19s  TW – h = 19s + s TW-h = 20s 

Solve for s:   s = (TW – h) ÷ 20 

	

	

	

 
 

 
 
 
 

 
 
 

 
 
 

 
 

Solution: Formula for area of an equilateral triangle:  A = s2 3  
  4 

 1 3         3 
  4             4 

 
 

7. A horse, rider, and saddle weigh a certain number of 
pounds; the man weighs nineteen times as much as the 
saddle. If you are told what two-thirds of the horse’s weight 
is, how will you find the weight of the saddle?  

=	

8.  Lay sticks of equal length (such as 
matches, pencils, rulers, etc.) on 
the desk in the form of an 
equilateral triangle. Now arrange 
six to make the same kind of a 
figure, two on each side. The 
second triangle is how many 
times as large as the first? 

W =	 4√3 
	 4 

Z =	 = √3	

Z	W	

4 

Area of Z is 4 times the area of W. 
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9.  How would you find the distance around a square field if 
you knew how long two-thirds of one side is?	

	

 
	
	
	
	
	

 

 

Solution: Multiply 2/3 length of one side by 3/2 to get the length of one side. Then 
multiply the length of one side by 4 to get the perimeter of the square. 

	

	

	

	

 

10.  If you know the width of an 
American flag, how can you find 
the width of one stripe, and of the 
blue field? 

 

 

 

 

 

Solution: There are 13 stripes: 7 red and 6 white. The width of a stripe is the width of the 
flag divided by 13. The width of the field portion of the flag covered by stars is the 
product of the width of one stripe and 7. 

The 46-star US flag of 1909 
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Bringing Justification to the 
Forefront in the Classroom 

 
LeeAnna Misterek, Phil Clark, and Melina Priewe 

	

Abstract: In this article, we present a generalized activity structure that is useful for enabling 

students to focus on justifications and arguments when solving problems, as opposed to just 

finding answers.  We first discuss Math Practice #3 of the Common Core State Standards –

Mathematic (NGA & CCSSO, 2010): Construct viable arguments; and critique the reasoning of 

others. To foster a culture where students regularly engage in MP3, we present an activity 

structure for class sessions that will allow students to negotiate what constitutes viable 

mathematical arguments and provide them with an opportunity to critique each other's reasoning.  

The activity structure is organized with two Preparation Items and four Action Items.  We claim 

that lessons prepared with these guidelines will foster an environment where class discussions 

are focused on arguments, rather than on solutions. To illustrate our point, we describe how this 

type of lesson preparation led students to create arguments, and to use mathematics to support 

their positions.  

	
As states begin to implement the Standards for Mathematical Practice (NGA & CCSSO, 

2010), school districts are collaborating with mathematics education researchers to improve the 

mathematics education of all students. This is a mutually beneficial activity. Researchers provide 

teachers with research-based professional development opportunities to help them improve both 

their pedagogical and content knowledge. Teachers, in turn, inform ongoing research by 

participating in classroom observations and interviews, and by providing researchers with 

classroom data.   	

The Standards for Mathematical Practice (NGA & CCSSO, 2010) were designed to 

reflect the types of behaviors mathematicians exhibit when engaged in problem solving. Without 
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instruction, these behaviors do not come naturally for typical students.  

Mathematical Practice #3 (MP3) has two components:  constructing viable arguments; 

and critiquing the reasoning of others.  This practice, in particular, presents an opportunity for 

teachers to rethink the way they plan for a classroom activity, and to intentionally create lessons 

aimed at engaging students in MP3 types of reasoning and communicating. Once students are 

creating and critiquing justifications, it is important that the teacher continues to provide 

guidance as needed.	In this article, we present a generalized activity structure that is useful for 

helping students focus on justifications and arguments during problem solving. Related research 

regarding communication in the mathematics classroom is presented first, followed by a 

description of the activity.	

In order for MP3 to become a regular part of communication, it is important for teachers 

to insure that students’ activities and arguments are driven by mathematics.  To differentiate 

classrooms with noticeably different mathematical discourse, Kazemi (1998) introduces the 

terms high press and low press.  In a high press classroom, “teachers create a high press for 

conceptual thinking, mathematics drives not only the activities but the students’ explanations. As 

a result, student achievement in problem solving and conceptual understanding increases” (p. 

414).  By contrast, in a low press classroom, students may be engaged in discussion, but they do 

not explore the depth of mathematical ideas.   

The description of high press discourse includes four socio-mathematical norms that 

align with the goals of MP3. These are: 1) explanations consist of mathematical arguments, not 

simply procedural summaries of steps taken to solve the problem; 2) errors offer opportunities to 

re-conceptualize a problem and explore contradictions and alternative strategies; 3) mathematical 

thinking involves understanding relations among multiple strategies; and 4) collaborative work 
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involves individual accountability and reaching consensus through mathematical argumentation. 

Thus we see that in a high press classroom, students are regularly engaged in MP3.	

Figure 1 presents an activity structure for class sessions that will allow the teacher and 

students to negotiate what constitutes viable mathematical arguments, and provide the students 

with opportunities to critique each other's reasoning.  The activity structure is composed of two 

parts: 1) Preparation Items and 2) Action Items.  Lessons prepared following these guidelines 

will foster an environment where class discussions are focused on arguments rather than on 

solutions.  	

	

Figure 1. Activity structure for classroom argumentation	
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The Problem	

To demonstrate how each of these action items may look in the classroom, we present the 

Popcorn Cylinder Problem (see Figure 2).   This task was chosen for two reasons:  1) its potential 

to elicit argumentation, and 2) the mathematics required to solve the problem is aligned with 

course objectives.   

	

Figure 2. Popcorn cylinder problem 

Preparation Items in Context	

Preparation Item #1 (PI-1):  Select a mathematical question that has almost equally inviting 

options as answers.	

The main requirement for task selection is that the problem includes a question along 

with a few options for answers.  The students form an opinion about which answer seems correct 

based on their intuition.  Furthermore, the question evokes discussion because the solution has 

options, and the correct answer is not obvious to students.	

As shown in Figure 2, the Popcorn Cylinder Problem presents three possible solutions:  

the tall cylinder, the short cylinder, or that both cylinders will hold the same amount of popcorn.  

We observed that each option was selected in a Grade 7 class when the problem was first 

hold the same amount. 

or will both 
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presented. The effect of this question shifts the focus from finding an answer to creating an 

argument for a specific answer. 	

Preparation Item #2 (PI-2):  Anticipate possible student actions and prepare questions 

accordingly.	

In advance, the teacher prepares by thinking about different ways students might solve 

the problem, and anticipates possible misconceptions that may arise.  The teacher can then 

formulate questions to support students as they investigate the mathematics, and form their 

mathematical justifications. 	

Action Items in Context	

Action Item #1 (AI-1):  Present the task to the class and allow 2-5 minutes for students to commit 

to a position without any investigation.	

Initially, students each record initial conjectures. The teacher reminds students that this is 

just an opinion based on their previous experience with the task, and that they will have the 

opportunity to change their minds later in the process. 	

Action Item #2 (AI-2):  Students share their initial conjectures with the class.	

A short class discussion after making conjectures provides an opportunity for students to 

justify their initial positions. This reinforces the classroom norm that students must provide 

justifications for their answers. Figure 3 shows two conjectures provided by students.  

  

 

 

 

Figure 3. Initial conjectures	

	

	

Student A:  “Short.  Because I can actually fit my hand in the shorter one because 
it has a greater circumference then the tall one.” 

Student B:  Short.  “It has a bigger/wider width and more could fit around it/ in it.  
You would get more in it I think.” 
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Action Item #3 (AI-3):  Students investigate the question using mathematics to confirm or reject 

their initial positions.	

Depending on the nature of the question, students may use paper and pencil or 

technology for making calculations, for creating graphs, forming illustrations, or writing 

algebraic equations to solve the problem.  Grouping students for this action item is effective 

because it affords them the opportunity to convince each other of a position. During this time, the 

teacher circulates around the classroom, and checks on students arguments. 

	

Figure 4. Measuring with “cups of popcorn” as the unit 

 During Action Items 1-3, students are actively engaged in creating viable arguments. As 

the facilitator, the teacher reminds groups that their arguments need to be convincing for  

themselves, as well as for others. Students within a group often urge each other to provide 

convincing arguments, particularly if they have chosen opposing initial positions. Once a group 

has come to consensus, they record their reasoning on a poster or whiteboard, to be used and 

described during whole class discussion (See Figures 4 and 5).	

Long	Cylinder	=	7	cups	of	popcorn	
	

Short	Cylinder	=	17	cups	of	popcorn	
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Action Item #4 (AI-4):  The teacher facilitates whole class discussion to allow students to come 

to consensus on an answer by analyzing various justifications.	

The teacher gives several groups the opportunity to present their positions and share their 

mathematical justifications. The goal of the group presentation is to use mathematical reasoning 

to convince classmates.  The teacher’s job is to use key questioning techniques to insure that 

students are focused on the justifications presented. This also creates an opportunity for students 

to critique each other’s mathematical arguments.  

 

Figure 5. Focus on justification.  	
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Facilitating class discussion can be tricky since it is not possible to know how students 

will react to each other’s work.  This is especially the case the first few times this activity is 

conducted. One way to open class discussion is to ask the class if any students have changed 

their thinking after their mathematical investigations.  Students can then volunteer identifying 

mathematical ideas that convinced them to change their positions.  In Figure 5, we see that the 

original hypothesis is different from the final answer.   	

This activity structure was successful in:  1) bringing mathematical arguments to the 

forefront of student presentations, and 2) providing an opportunity for the teacher to help 

students negotiate and arrive at a decision of what constitutes a sufficient mathematical response.  	

Discussion and Conclusion	

This generalized activity structure for classroom argumentation is an opportunity for 

students to engage in constructing viable arguments and critiquing the reasoning of others, as it 

places emphasis on justification.  After students investigate their initial conjectures and prepare 

for whole class discussion, there is an opportunity for rich classroom discussion, for which 

mathematics is the ultimate authority. 	

We anticipate that this class format lends itself to the building of socio-mathematical 

norms described by high press discourse.  We claim that this structure may lend itself to student 

and teacher behavior that reflect MP3 more than a general problem solving session might.  The 

value of preparing for an activity in this fashion is that the focus changes from simply analyzing 

various solution paths, to directing students to work as mathematicians.	It also presents an 

opportunity for the teacher to establish a community where students are able to critique the 

reasoning of others, in a constructive (not personal) fashion. 	
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Using the Idea of “Steepness” to Develop  
Mathematical Reasoning 

	
Scott Adamson 

 
Abstract: The Common Core State Standards (NGA&CCSSO, 2010) are challenging 

mathematics educators to provide opportunities for their students to develop the abilities 

identified in the Standards for Mathematical Practice. The purpose of this article is to describe a 

lesson in which Grade 8 students were given the opportunity to explore the ideas of “steepness” 

and “fast” while developing their proportional reasoning powers. What mathematical 

understanding was attempted to be achieved? How did students respond? What did teachers do 

when student thinking did not develop as planned?  

 
 

Introduction 

The Mathematical Practices in the Common Core State Standards - Mathematics (NGA 

& CCSSO, 2010) provide challenges for mathematics teachers at all grade levels. The big 

question teachers are asking:  

How can I support my students as they engage in mathematical reasoning, problem 
solving, and sense making? 
 

Consider the important topic of slope and constant rate of change and its role in 

developing the idea of linear functions. Many students might memorize, without understanding 

and sometimes incorrectly, the formula  (Crawford & Scott, 2000). What is the 

mathematical foundation for this formula? How can students develop understanding of the idea 

of constant rate of change and its connection to slope? Do students have to apply this formula 

exactly as shown above whenever they need to determine a constant rate of change or slope? 

2 1

2 1

y ym
x x
−

=
−
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In this article, activities are presented to provide students with opportunities to develop 

the mathematical reasoning necessary to make sense of the idea of constant rate of change and its 

connection to the concept of slope, both of which are basic to understanding linear functions. 

The activities that follow were implemented in a grade 8 class during one 75-minute period. The 

surprising (to the author) results are described, as well.  

Intended Learning Trajectory 

The focus of the lesson, from my perspective, was to expose inadequate student thinking 

about why division is needed when computing constant rate of change. Two real-world contexts 

were used to create classroom learning tasks with the expectation that this inadequate 

understanding would be exposed, discussed, and resolved. The first context involves staircases at 

well-known sites: Lombard Street in San Francisco and the Stairway to Heaven near Honolulu, 

HI (Activity 1). The second context involves the speed at which two different animals travel 

(Activity 2). The questions posed were the following:  

Activity 1: Which staircase is “steeper?” How do you know? Be prepared to justify 

your response with mathematical reasoning. 

Activity 2: Which animal is traveling faster? How do you know? Prepare a 

mathematical argument to defend your choice. 

When planning the lesson, the expectation was that students would compute the slope in 

each situation using a formula that they had been taught previously. Perhaps they would invoke 

the formula “rise over run” or figure out how  could be applied. I expected that 

students would struggle to prepare a mathematical justification for the computations (Cioe, King, 

Ostien, Pansa, & Staples, 2015). That is, “Why did they use rise over run?” and, more 

specifically, “What does over mean in each situation?” When challenged to respond to the 

2 1

2 1

y ym
x x
−

=
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question “Why did you divide?”, I expected that students would continue to struggle and likely 

respond with, “Because the formulas require it!” I thought I would leave students wondering, 

“What is the mathematical justification for the formula?” 

I began the lesson by asking students to describe anything they knew about slope (recently 

studied in math classes.) Student responses were very naïve and superficial. For example, one 

student held up her forearm and said, “It’s like this!” I speculated that she was trying to 

communicate the idea of steepness.  Another student responded that “Slope has something to do 

with an angle.” After a brief discussion, students were directed to begin Activity 1.  

Activity 1 – A Surprising Result 

For Activity 1 (see activity sheet), students were presented with pictures and diagrams 

related to two staircases. In the diagrams, students were given the vertical (rise) and horizontal 

(run) distances for one step in each situation. Since the class previously discussed slope, and due 

to the nature of the task and the culture of the classroom, students opened their math notebooks 

to the section on slope (where their notes indicated that slope is found by calculating “rise over 

run”) and got to work. The classroom was set up with nine groups, four students per group. 

While the students worked, the classroom teacher and I toured the classroom and observed 

student work and listened to the conversations. 

As students worked on the task, we were surprised to see that some groups chose to 

subtract the vertical and horizontal distances given. Some added the quantities. Some multiplied. 

Only two groups chose to divide the two quantities, appropriately. 

In each case, the students had reasons for their conclusions, albeit invalid mathematical 

reasons, but reasons nonetheless. For example (Solution A) one group of students claimed that 

the Staircase to Heaven is steeper because   2.5 ft – 1.75 ft < 1.5 ft – 0.25 ft. That is, the lesser 
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the difference between the vertical and the horizontal lengths of the step, the steeper the staircase 

must be. We noticed that not all students attended to the order in which the additive comparison 

was made.  

Another group (Solution B) claimed that the Staircase to Heaven is steeper because

. That is, the greater the product of the vertical and horizontal lengths, the 

steeper the staircase must be. We noticed that the students did not attend to the meaning of this 

product.  

 

 

 

 

 

 

 

 

 

Learning from Student Thinking 

The classroom teacher and I were surprised that, in spite of having notes related to the 

idea of slope, most students did not use the slope formula to compute the slope. Why? We 

speculated that the slope formula held no meaning for them. The formula was disconnected from 

the context with which the students could relate (e.g. the steepness of a staircase) (Crawford & 

Scott, 2000).  

2.5 1.75 1.5 0.25× > ×

	
Solution A 

	Solution B 
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New Learning Goal 

During the lesson, the learning goal changed from a focus on urging students to make 

sense of the slope formula and why division is used, to the new goal of supporting student 

learning for a reason for comparing quantities (multiplicatively) in the context of these staircases. 

Proportional reasoning is at the heart of this work. 

In the Stairway to Heaven situation, for every 1.75 horizontal feet travelled, one would 

have to step up vertically 2.5 feet. In the Crooked Street, for every 1.5 horizontal feet travelled, 

one would have to step up 0.25 feet. To make the comparison easier to understand, we can cut 

the horizontal lengths in each situation into 1 foot increments. In the Stairway to Heaven, there 

are 1.75 one-foot increments along the horizontal length. Each 

full section is  of the total length, each of which 

represents one foot (Solution C). 

To insure proportionality, the vertical distance of 2.5 feet would also have to be cut into 

1.75 sections. One full section represents of the total length;  (see Solution 

D). Note that . We can now say that, for every 1 foot travelled 

horizontally (1 foot is equivalent to of 1.75 feet), the vertical distance traveled is 

(proportionally) feet. For every 1 foot travelled horizontally, we step up 

approximately 1.43 feet (Solution D). This is what it means to 

be in proportion.  

1
1.75

1
1.75

1 2.5 feet
1.75

×

1 2.5 feet2.5 feet
1.75 1.75

× =

1
1.75

1 2.5 feet 1.43
1.75

× ≈

2.5 feet 

of 2.5 feet 

Solution D 

Figure 3 

1.75 feet 

1 foot = of 1.75 feet 
0.75 feet 

Solution C 
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Specifically, a proportional relationship is a relationship between two quantities such that 

if you increase the size of one by a factor a, then the other quantity must increase by the same 

factor to maintain the proportionality (Thompson and Saldanha, 2003). With the Crooked Street, 

first cut the horizontal distance of 1.5 feet into 1.5 sections. Each full section represents of 

the total length which represents 1 foot. To insure proportionality, the vertical distance also has 

to be cut into 1.5 sections. That is, we have to cut the 0.25 foot vertical length into 1.5 sections. 

One full section represents of the total length, or . We can say that, 

for every 1 foot travelled horizontally, one would step up approximately 0.17 feet.  

This comparison simplifies the claim that the Stairway to Heaven is “steeper” than the 

Crooked Street. When two streets are compared, the greater the vertical distance traveled per one 

unit of horizontal distance, the steeper the street. This applies to other contexts, as well. 

Activity 2 – Who is Faster? 

To follow up and establish repeated reasoning (Mathematical Practice #8, NGA & 

CCSSO, 2010), students worked on Activity 2. It was rewarding to witness students applying the 

kind of mathematical reasoning developed in Activity 1 in this new context.  

To determine “who is faster,” students argued that in order to make a fair comparison, 

they have to determine how far each animal travels in 1 hour. Students knew that in the case of 

ducks and geese who can travel 25 miles in !
!
 hour, they needed to proportionally scale up the 

time and the distance by a factor of 2 to obtain a whole number of hours. Therefore, ducks and 

geese can travel 2 x 25, or 50 miles per hour. In the case of whales, since they can travel 0.75 

miles in one-quarter hour, they can travel 4 x 0.75, or 3 miles per hour. Since ducks and geese 

1
1.5

1
1.5

1 0.25 feet 0.17 feet
1.5

× ≈
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can travel a greater distance in the same amount of time as whales (50 miles as compared to 3 

miles), the ducks and geese are traveling faster! 

Reflection 

One might argue that the quantities provided in Activity 1 – Which Staircase is Steeper? 

made the mathematical thinking complex since it is challenging for students to conceive of 

cutting a quantity into 1.75 sections. That is true. This was done by design to push student 

thinking toward proportional reasoning. In retrospect, it became clear that this would not be the 

best place to start. However, Activity 2 – Who is Faster?, allowed students to apply their 

proportional reasoning to a situation (distance-rate-time) that was more familiar to them. 

Conclusion 

The goal of this paper was to present a classroom situation where student thinking was 

visible, student understanding and mathematical engagement were desired, and mathematical 

meaning was encouraged. Students’ struggles to accomplish all of these were supported in the 

following ways: 

• An engaging and interesting (to most students) context. 

• Students were allowed and encouraged to think about the situation in any way that they 

chose. 

• Student thinking was then made visible and students were asked to explain their thinking. 

• Student thinking was challenged which led to more logical reasoning connected to a new 

situation. 

• Students were encouraged to make sense of mathematical ideas and calculations by 

connecting them to other mathematical ideas (proportional reasoning, in this case). 
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When students are allowed to think, to share their thinking, and to engage in problem solving, 

exciting (even if sometimes worrisome) classroom learning opportunities can arise! In this case, 

student thinking guided the direction of the lesson and led to the beginning of the development of 

the idea of slope, including the meaning of “steep” and “fast.” 
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Activity 1 - Which Staircase is Steeper? 

Below are pictures and descriptions of two staircases. Your task is to determine which staircase 

is steeper. Prepare a mathematical argument to defend your choice. Be prepared to share your 

work, including an explanation of what “steeper” means. 

 A section of the Staircase to Heaven has the following profile details: 

 

 

 

 

 

A section of the Crooked Street stairs has the following profile details: 

 

 

 

 

 

 

 

 

 

 

 

1.75	feet	

2.5	feet	

1.5	feet	

0.25	feet	
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Activity 2 - Who is Traveling Faster? 

Consider the two situations and determine who is traveling faster. Prepare a mathematical 

argument to defend your choice. Be prepared to share your work, including an explanation of the 

meaning of “faster.” 

Situation 1: During migration, ducks and geese can travel 25 miles in !
!
 hour. 

 

 

 

 

Situation 2: During migration, humpback whales can travel 0.75 miles in !
!
 hour. 
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Fermi	Problems:	Rate	and	Ratio	Reasoning	

 

Courtney Arthur 
 

Abstract: This activity provides an opportunity for middle-school students to apply the ratio and 

rate reasoning methods developed to date to the solution of unfamiliar, Fermi-type problems. 

Sense-making and mathematical modeling are central to this work. To understand what problems 

entail, students decompose large questions into more-manageable sub-questions. In the process, 

they have to make assumptions, plan an approach, and reason with the mathematics they know. 

Along the way, they also need to make choices about strategies and tools to employ  

 

Activity 

Begin the activity with one or two thought-provoking questions. For example: 

● How many times does your heart beat in a year? 

● How many hours of television do you watch in a year? 

● Some research has shown that it takes 10,000 hours of practice for a person to achieve 

the highest level of performance in any field, including sports, music, art, chess, and 

programming. If you aspire to be a top performer in a field you love, as Michael 

Jordan did in basketball, Tiger Woods did in golf, and Maya Angelou did in 

literature, how many years would it take you to meet that 10,000-hour benchmark if 

you start now? How old would you be when you reach that benchmark? 

Give students a moment to ponder these questions and make rough estimates. Then, tell 

students that these types of problems are called “Fermi problems,” named after Enrico Fermi, an 

Italian physicist, who loved to think up and discuss problems that are impossible to measure 
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directly, but can be roughly estimated using known facts and calculations. Here are some other 

Fermi problems:  

● How long would it take to paddle across the Pacific Ocean? 

● How much would it cost to replace all windows on all the buildings in the United 

States? 

Be sure to have some resources on hand to support student investigations of Fermi 

problems, as for example, a map or computer projection of a map to explore the problem of 

paddling across the Pacific Ocean. As a class, decide on one question to pursue. Encourage 

students to think about how Fermi might have estimated answers to that question. Remind 

students that in his time, search engines such as Google did not exist! 

Record the Fermi question and student estimates. If generating an estimate is too difficult 

for some students, have them record an estimate that would definitely be too low and an estimate 

that would definitely be too high. Then ask questions that could be more easily tackled, and 

would help in solving the larger problem (e.g., sub-questions). For example, if the Fermi 

question is, “How long would it take to paddle across the Pacific Ocean?” some sub-questions 

could be: 

● What is the distance across the Pacific Ocean? 

● At what speed can you paddle a boat? 

● Do we assume that folks paddle continuously, or that they take breaks to sleep?  

Next, have students share estimates with classmates. Identify the lowest and highest 

estimates, and point out that it is perfectly acceptable for an estimate to be expressed as a range 

of values, rather than as a single value. 
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Ask students to describe their sub-questions. Talk about how assumptions about a situation 

affect how a problem is solved.  

After working on a Fermi problem as a class adventure, have small groups of students 

brainstorm three to five potential Fermi problems that they would like to answer. Once they have 

compiled a list, instruct them to have you ‘approve’ one of their questions. From then on, 

students should formulate sub-questions that can help support their solution to the big problem.  

To encourage ratio reasoning and the use of tools, such as double number lines and tables, 

select problems that involve two quantities. A problem like those described earlier (e.g., “How 

much would it cost to replace all windows on all buildings in the US?” and “How long would it 

take to paddle across the Pacific Ocean?”) involves accounting for two quantities at the same 

time (cost and number of windows, or time and distance across the Pacific), and is more likely to 

elicit ratio and rate reasoning. Keep this in mind as you help students sift through their ideas.  

As students collaborate, notice the range of their estimates and the sub-questions they 

formulate to help them solve the big problem. Some examples of productive sub-questions might 

be: 

● What information do we know? 

● What can be measured? 

● What cannot be measured, but can be calculated? 

Students should then create a visual display that shows the problem solving process they 

employed when solving their Fermi problems. This can be the focus of whole class discussion, in 

which students present their findings orally, or display them as part of a gallery walk. During the 

latter, students stand next to their posters and describe their work to other students. Talking about 
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completed work, and responding to questions, helps to cement understanding of important 

concepts and skills. 
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Arm	Magic	in	Skating	Spins 

	
Diana Cheng and Tetyana Berezovski 

 
Abstract: In this article, we describe mathematical modeling activities designed for middle school 

and secondary school students that are based on the figure skating upright spin, with video 

recordings and dynamic geometry representations of that spin. These activities span multiple 

content areas, including algebraic and spatial reasoning, and geometry. The Common Core State 

Standards-Mathematics (NGA & CCSSO, 2010) promote the use of mathematical modeling as 

one of the mathematical practices. The questions posed in this activity address the following 

Content Standards: 6.EE.C.9; 7.G.A.1; 7.G.B.4; 7.RP.A.2.C; 8.F.B.4; HSG.MG.A.1; 

HSG.GMD.B.4; and HSG.C.B.5.  

 

We chose to use a particular element of figure skating, the upright spin, as a context for 

the creation of a modeling activity. The fastest spins documented were completed on the ice, and 

two were set by skaters performing upright spins. 

• In 2003, Swiss skater Lucinda Ruh became the longest spinner on ice with the greatest 

number of revolutions on one foot. She completed 115 revolutions (Guinness Book of 

World Records, 2003). A video of her spin may be accessed at 

https://www.youtube.com/watch?v=hpmFcxDl1gg.   

• In 2015, an 11-year old Canadian skater, Olivia Rybicka-Oliver, became the fastest 

spinner on ice, rotating at a rate of 342 revolutions per minute. She did this in a rink in 

Warsaw, Poland (Guinness Book of World Records, 2015).  A video of her spin may be 

accessed at https://www.youtube.com/watch?v=w6d7aKyQm80.  

Before proceeding with the activity, readers must understand the body position of a skater in 

this element. During rotations, the skater’s arms and free leg move, while the skating leg stays 
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relatively still. These motions are aesthetically pleasing and technically challenging, and they can 

serve as a context for mathematical inquiries involving algebraic and geometric reasoning. 

Modeling the Arms in an Upright Spin 

The upright spin is very complex, and different body parts contribute to its completion. 

There are four stages to the upright spin: 1) The skater enters the spin on her left foot and 

continues using her left leg until the spin’s exit. 2) She begins spinning in a counterclockwise 

direction with her arms extended. 3) She pulls her arms and legs in to accelerate the spin and 

prolong the rotations. 4) She exits the spin on her right foot.   

Usiskin (2015) has advocated for simplifying complex real-life problems for the purposes 

of mathematical modeling in the middle grades.  Consistent with this suggestion, we focus on the 

motion of one particular body part, the arms.  This activity is designed to investigate the position 

of the arms in the second and third phases of the spin when the arms are at an extended position, 

and the skater bends her elbows and brings her forearms in toward her torso.   Due to the fact 

that the upper arm has constant length, the trace of each hand is a circle’s sector. We assume that 

the left and right sides of the body are moving symmetrically and simultaneously at a constant 

rate throughout this stage of the spin. We ignore the additional distance traveled by the rotation 

of the skater’s body, as this is not part of the investigation. 

Task Set-Up 

We suggest that teachers begin this activity with students by watching a video of an 

upright spin. While showing record-breaking spins, the skaters in those spins use different arm 

positions to achieve their goals of spinning as long and as fast as possible. For the purposes of 

creating a mathematical model accessible to middle school students, we have simplified the 

motion of the arms during the upright spin.  A corresponding video that shows the simplified 
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model of the arms’ motion, recorded by one of authors of the activity, is available at: 

http://www.youtube.com/watch?v=te5hL01yn9o 

After watching the video, teachers should ask students what they notice and wonder about 

the skate arms during the spin. To begin the discussion, the following questions may be used: 

• How is the skater changing her arms’ positions in the spin? Why does she move her arms 

in this manner? 

• What mathematical questions could you ask about the upright spin’s arms? 

• Which of these questions will you investigate and provide answers? 

• How will you validate these answers? 

The activity sheets may be completed without the use of dynamic geometry software.   

Extensions of the Exploration  

We provide an accompanying Geometer’s Sketchpad file that shows an animation of 

these motions, available for download from the following website: 

https://sites.google.com/site/mathematicswithinanuprightspin/home. Students can use the 

“Animate” button to observe how the arms move from an extended position to the pulled in 

position, and to “trace” the path that the arms travel.   

For purposes of assessment or enrichment, teachers may also use this file to change the 

lengths of the line segments.  Moving point H up or down along the vertical line of reflection 

will proportionally resize the entire diagram.    
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Activity 

Looking Over an Upright Spin 

 
In our activity, we explore mathematics of the arms’ motions from a bird’s eye view. In 

the right hand column of Figure 1, the bird’s eye view of three positions of the upper arms during 
the spin, constructed using dynamic geometry software, is shown.  

  
The following points represent the skater’s body parts as listed below: 
 

• Point H: skater’s head 
 

• Point A: skater’s right shoulder 
 

• Point E: skater’s right elbow 
 

• Point R: skater’s right hand 
 

• Point C: skater’s left shoulder 
 

• Point F: skater’s left elbow 
 

When the arms are fully pulled into the torso, the left and right hands are crossed and 
intersect such that the left hand is closer to the right shoulder and the right hand is closer to the 
left shoulder. At the moment when the right and left hands are collinear with the head, pentagon 
ACFRE is formed. When both hands reach the elbow line, isosceles trapezoid ACFE is formed; 
the two parallel sides are the shoulder line and the elbow line. 

Figure 1 shows arms at three time intervals from front and bird’s eye views. This assumes 
that this part of the spin takes place in 21.5 seconds.   
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Figure 1. Upright spin - Model of arms from front and side views at three time intervals.   
 

Time 
(sec) 

Front View                            Bird’s Eye view of Arms (Model) 

0 

  
5  

 

 
21.5  
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Refer to Figure 1 and answer the following questions regarding the motion of the arms in the 
upright spin.   

 

1) List at least five line segments of different lengths in the dynamic animation that do not 
change length during this portion of the spin. List at least three line segments that change 
length during this portion of the spin. Describe what each segment represents on the skater’s 
body. Hint: You may construct auxiliary segments. 

 

2) In the diagram in Figure 1, the upper arm’s length AE is 3.66 centimeters, representing the 
skater’s actual upper arm length of 13 inches. 

 

a) What is the scale factor between the skater’s size and the sizes shown in the 
diagram? 

 
b) The skater’s forearm length is 17.75 inches. How long should ER be in the 

diagram?  Give your answer in centimeters. 
 

c) AC is the distance between the skater’s shoulders. In the diagram, AC is 4.5 
centimeters. How long is the actual distance between the skater’s shoulders?  
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distance (inches)

25
time (seconds)

50

40

30

20

10

20151050

 

3) Answer the following questions about the trajectory of the right hand during the spin. 

 

a. Determine the distance the right hand travels (in inches, rounded to the nearest tenth), 
and the measure of ∠ REA (in degrees), at the time intervals indicated in Table 1. 
Complete the table. 

 
Table 1. 
Time vs. Distance that right hand travels and measure of∠REA 
 

Time (seconds) Distance that R 
travels (nearest tenth 
of an inch) 

Measure of ∠REA 
(nearest degree) 

0   
5   

21.5   
 

b. On the graph in Figure 2, plot the data from the first two columns of Table 1. 
Determine the best-fit equation describing the relationship between distance traveled 
by the right hand and time. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Graph of distance that right hand travels vs. time 
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c. On the graph in Figure 2, plot the data from the first and third columns of Table 1 in 
part 3a. Determine the best-fit equation describing the relationship between the 
measure of ∠REA and time.  

 

 
Figure 3. Graph of measure of ∠REA vs. time  

 
 

d. Determine the rate of change of distance traveled by the right hand. Describe how 
you determined that rate. Determine the measure of angle REA’s rate of change. 
Describe how you determined that rate. 

 
 
 
 
 

e. In a few sentences, describe what your two graphs represent in the context of an ice 
skating rink.  

 
 
 
 
 

 
4) When both hands reach the elbow line EF at time = 21.5 seconds, describe two ways to 

determine each of the following distances (in inches):  
 

a. EF 
 

b. CE 
 
 

180

time (seconds)

(degrees)

30

2520151050

60

90

120

150

m∠REA
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Solutions to Activity: Looking Over an Upright Spin  

1) AE, EF, AC, AF, ER; AL, EL, RL 
2) a) There are two ways to figure out the scale factor: 

• Convert 13 inches to 33.02 cm. Scale factor is !.!! !"
!!.!" !"

 = 0.11 

• Convert 3.65 cm to 1.44 inches. Scale factor is !.!! !"
!" !"

 = 0.11 

b) !.!! !"
!" !"

= !.! !"
!".!" !"

 ; EF = 5.0 cm 

c) !.!! !"
!" !"

= !.! !"
!" !"

 ; AC = 16 in 

2) We deliberately chose to have students report distances to the nearest tenth of an inch to 
obtain a proportional relationship between time and distance traveled when determining the best 
fit equation.  If teachers wish to discuss margin of error (with a non-zero y-intercept for the line 
of best fit), they may request rounding to a different place value. 

Table 2: Time vs. Distance that right hand travels and measure of∠REA 
a) 

   
 

 

 

 

Using the coordinate points depicted in Figure 4, we can find the equation of best fit: D = 2.16t, 
where D represents distance and t represents time. 

 b) 
 

 

 

 

 

 

 

Figure 4. Sample graph of distance that right hand travels vs. time 

Time (seconds) Distance that R travels 
(nearest tenth of an inch) 

m∠ REA  
(nearest degree) 

0 0 180 
5 10.8 145 

21.5 46.5 30 

distance (inches)

25
time (seconds)

50

40

30

20

10

20151050
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Using the coordinate points depicted in Figure 5, we can find the equation of best fit:  

M = -7t + 180, where M represents m∠ REA and t represents time 

 

 c) 

 

 

 

 

 

 

  
Figure 5. Sample graph of measure of∠REA vs. time  

 

d) The rate of change is the slope of the line. Velocity of the right hand is 2.16 inches 
per second; the angular rate of change of m∠ REA is -7 degrees per second. 

 
e) The right hand travels a distance that increases 2.16 inches per second.  The measure 

of the angle formed by the right shoulder, elbow, and hand decreases 7 degrees per 
second. See Figure 6: 

 

 

Figure 6. Bird’s eye view picture when right and left hands are on the same line segment EF 

m∠REA = 30.00°

m∠ABC = 120.00°AC = 4.51 cm
AE = 3.66 cm
RE = 5.95 cm
RL = 1.05 cm
EC = 7.89 cm
EF = 10.85 cm

L FE

A C

B

H

R

180

time (seconds)

(degrees)

30

2520151050

60

90
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150

m∠REA
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a) Below are several ways for determining the length of EF: 

• On Geometer’s Sketchpad, select points E and F and measure the length of EF. The 
result is 12.84 cm.   Convert this measurement to determine the actual distance from 
the shoulder to the opposite elbow. 
!.!! !"
!" !"

= !".!" !"
!" !"

 ; EF = 45 in. 
 

• Create a right triangle by constructing a line perpendicular to EF through point A (see 
Figure 7). This forms a 30°-60°-90° Δ EAG. Apply knowledge of relationships 
between sides in a 30°-60°-90° triangle: Since the hypotenuse AE = 13 in., we know 
that AG = 6.5 in. and EG = 11.26 in. GF = 11.26 + 16 = 28.26 in., and EF = EG + 
GF = 38.52 in. 

 

 
 
 
 
 
 
 

Figure 7. Trapezoid ACFE with auxiliary line segments AG and CD shown 

b) Below are several ways to determine the length of the diagonal CE of trapezoid ACFE: 

• On Geometer’s Sketchpad, select points C and E and measure the length of CE. The 
result is 7.89 cm.   Convert this measurement to determine the actual distance from the 
shoulder to the opposite elbow. 
 !.!! !"
!" !"

= !.!" !"
!" !"

; CE = 28 in. 
 

• Create a right triangle by constructing a line perpendicular to EF through point C (See 
Figure 8). The intersection point is labeled D in the figure below.  

 
 
 
 
 
 
 
 
Figure 8. Trapezoid ACFE with auxiliary line segments CD and CE shown  

 
Using the Pythagorean Theorem, the length of hypotenuse CE is 𝐶𝐸! =  𝐸𝐷! +  𝐶𝐷! 

EAG≅ FCD (HA)
13"

11.26" 16"

16"

30°
DG

FE

A C

6.5"

27.26"

16"

D
FE

A C
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We know that AE = 13 inches, the measure of ∠EAC is 150°, and AC = 16 inches (See Figure 9).  

 
Figure 9. Trapezoid ACFE with auxiliary line segment CE shown 

 
We can use the law of cosines within Δ AEC to determine the length of the third side, CE.  

𝐶𝐸! =  𝐴𝐸! +  𝐴𝐶! − 2×𝐴𝐸×𝐴𝐶× cos 150° 

• An isosceles trapezoid is a cyclic quadrilateral because the opposite interior angles are 
supplementary. To construct the circumcircle, see Figure 10. The dashed lines are 
perpendicular bisectors of triangle CEF, and point M is the circumcenter of Δ CEF. Since 
ACEF is a cyclic quadrilateral, Ptolemy’s theorem applies. We know that AC = 16 inches 
(given), AE = 13 inches (given), CF = 13 inches (given isosceles trapezoid, CF ≅	AE), 
EF = 38.54 inches (from problem 4a) and AF ≅ CE (CPCTC, since ΔECF ≅ ΔFEA by 
SAS).  𝐴𝐹 ×𝐶𝐸 = 𝐴𝐶 ×𝐸𝐹 + 𝐴𝐸 ×𝐶𝐹 . 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 10. Trapezoid ACFE with auxiliary line segments CE, AF, and perpendicular bisectors of 
triangle CEF shown 

 

m∠EAC = 150°
13"

16"

FE

A C

m∠FEA + m∠ACF = m∠EAC + m∠CFE = 180°
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Raffle	Activity:	Developing	an	Estimator	

	of	an	Unknown	Parameter	

	

Roy St. Laurent and Terry Crites 
Abstract: This article describes an activity for secondary school students that engages them in 

the use of simulation and sampling to estimate the number of tickets sold for a raffle. Students 

develop and compare competing estimation methods to determine a “best” solution. 

	

Statistics is increasingly becoming a fundamental component of students’ high school 

education. In The Statistical Education of Teachers (2015), the authors write: 

In an increasingly data-driven world, statistical literacy is becoming an essential 
competency, not only for researchers conducting formal statistical analyses, but for 
informed citizens making everyday decisions based on data. Whether following media 
coverage of current events, making financial decisions, or assessing health risks, the 
ability to process statistical information is critical for navigating modern society. 
Statistical reasoning skills are also advantageous in the job market, as employment of 
statisticians is projected to grow 27 percent from 2012 to 2022 (Bureau of Labor 
Statistics, 2014) and business experts predict a shortage of people with deep analytical 
skills (American Statistical Association, 2015, p. 1; Manyika, et al., 2011). 

  

The Arizona College and Career Readiness Standards (ACCRS) (Arizona Department of 

Education, 2013) state that students should “understand statistics as a process for making 

inferences about population parameters based on a random sample from that population” (p. 95), 

and “decide if a specified model is consistent with results from a given data-generating process, 

e.g., using simulation” (p. 96). The Standards for Mathematical Practice, a part of the ACCRS, 

describe abilities that teachers should develop in their students, including reasoning abstractly 
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and quantitatively, modeling with mathematics, attending to precision, making sense of 

problems, and persevering in solving them. 

There has been tremendous growth in the number of students who take Advanced 

Placement (AP) Statistics courses in high school. In 2015, more than 195,000 students 

worldwide took the AP Statistics examination. Approximately 2,000 of those students were from 

Arizona.  

A key concept in the AP statistics curriculum is the sampling distribution of an estimator, 

and what it tells us about the estimator’s properties, especially bias and variability, (Topics III.D 

and IV.A.(1-2), of the College Board AP Statistics Course Description (2010, p. 9). The AP 

statistics curriculum incorporates the use of simulation methods as a way for students to explore 

the properties of sampling distributions (Topic III.D.6). As sampling distribution ideas are 

among the most difficult for students to master, activities that promote students’ understanding 

of these ideas are valuable.  

 The following activity was adapted from Putting Essential Understanding of Statistics 

into Practice, Grades 9-12 (Crites & St. Laurent, 2015). In this activity, students develop an 

estimation method for an unknown parameter in an unfamiliar, but easily accessible setting, 

allowing them to think creatively about how to solve a parameter estimation problem. With the 

aid of their teacher, students can use simulation to examine the properties of different competing 

estimators.    
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Raffle Activity 

Activity Background 

The Ecology Club is having a raffle to raise money for a trip to a recycling center in 

Phoenix. The club is using a roll of raffle tickets left-over from last year’s fundraiser, and the 

tickets are numbered sequentially. 

Jayla and six friends each purchased a $1 ticket at different times over the last two weeks 

from the Club’s booth near the Principal’s office. They are excited about the possibility of 

winning, and would like to know more about their chances of winning. Meghan points out that if 

the number of tickets sold 120, each of them would have 1 out of 120 chances of winning. So if 

they knew that N tickets were sold, the chances of one ticket being the winner is 1/N, and the 

chances of one of the six of them being a winner is 6/N. 

Their ticket numbers are shown in Figure 1. 

0264 0274 0307 0290 0420 0277 0400 

 

Figure 1: Seven ticket numbers 

Kevin bought ticket #0420 after other students bought their tickets. There were still more 

tickets available for sale after Kevin’s purchase. Jayla realizes that the tickets bought later have 

higher numbers.  

Suppose that the number on the first ticket sold is not known to Jayla does not know the 

number on the first ticket, but the ticket numbers are sequential. How can these data be used to 

estimate N? 
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Teacher: Activity Setup  

1. Place students in groups with three or four students in each group.  

2. Give each group a brown paper bag containing N sequentially numbered “tickets.” For 

example, if N = 172, the tickets could be numbered 0251 through 0422. Each bag should 

have the same number of tickets, and ideally the same starting and ending ticket numbers. 

(See note below about this last point.) 

3. The only information students should be told is that the tickets in the bag are numbered 

sequentially. They should NOT be told the lowest ticket number. 

Instructions for Students 

1. Randomly draw seven tickets out of the bag without replacement. Do NOT look in the 

bag while doing so. Record your random sample of seven ticket numbers. 

2. As a group, discuss how you could use these data (ONLY these seven ticket numbers) to 

estimate N, the total number of tickets in the bag. Remember that the ticket numbers do 

not necessarily start with 0001. 

3. How can you know if your estimate of N is any good? 

4. Describe a method (or give a formula) for estimating the total number of tickets N based 

on a sample size of seven. Your method should be general enough so that it could be 

applied to any sample of seven tickets drawn from the bag without replacement.  

5. Record your seven ticket numbers on the board. 

6. Apply your method of estimating N to the samples drawn by other groups and to Jayla’s data. 

7. Your teacher will tell you how many tickets there are in the bag.  

8. If your method came closest to estimating the true value of N, does that mean that your 

method will always out-perform other methods for estimating N?  

9. How would you evaluate which method is the best one to use in all cases? 
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Teacher/Class Talking Points 

1. Based on students’ results, have a class discussion about which method is the “best” for 

estimating N. 

2. What does “best” mean? 

3. Which method would give the most accurate estimate of N? How can we test this? 

4. How does “bias” and “variability” play a role in answering the above questions? 

You may wish to show students certain of the simulation results discussed under Additional 

Information below, corresponding to methods of estimation that students may have developed. This can 

be incorporated into a discussion of how simulation can be used to evaluate the properties of an 

estimator. 

5. What properties of an estimation method would lead to an “unbiased” estimator? 

6. Compare simulation results for the sampling distribution of various estimators. Which 

estimator would you prefer? Why? 

Notes for the Teacher  

The first three lines of Table 1 present common methods of estimation that students may 

suggest for this problem.  

A perceptive student may realize that the range in a sample of tickets sold cannot be 

greater than N, the actual number of tickets sold, and that the sample range is likely to be an 

underestimate of N. This may lead naturally to the idea of multiplying the sample range by some 

“inflation” factor. Although it is very unlikely that a group of students will express that idea, a 

“better” estimate of N based on the sample range, is , where k is the 

number of tickets in the sample. For in the previous activity, . This 

estimator is Method 4 in Table 1. 

1
4 1
ˆ (max min) 1k

kN +
−= − −

7k = 8
4 6
ˆ (max min) 1N = − −
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An important feature of the Raffle Ticket problem is that the lowest ticket number is not 

known. Students who do not take this into account may propose methods for estimating N that 

have good properties in the situation where the ticket numbers begin with 0001, but that 

generally give unreasonably large estimates of N when the lowest ticket number is greater than 0001. 

The last two lines of Table 1 show examples of this.  

Table 1 

Possible student-generated estimators 

Method Formula 
Estimate for Jayla’s 

data 

1. Sample range   156 

2. Four times the sample standard 
deviation 

 256 

3. Four times the interquartile range  312 

4. Modified sample range  207 

5. The sample maximum  420 

6. Twice the sample median  580 

 

The “Correct” Answer 

Although there is no correct answer for the estimate, there is a true value of N that we are trying 

to estimate. Since Jayla’s data are for a random sample of seven tickets drawn without replacement from a 

population of tickets numbered 0251 to 0422, we know that N = 172. 

1
ˆ max minN = −

2
ˆ 4N s=

3
ˆ 4N IQR=

1
4 1
ˆ (max min) 1k

kN +
−= − −

5
ˆ maxN =

6
ˆ 2N m=
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Modifications 

1. If each group of students’ bag of tickets is set up so that it has the same number of tickets N, 

but the sequentially numbered tickets begin and end with different values (e.g., 0251 to 0422 

in one bag, 1749 to 1920 in another bag), methods for estimating N that are based on the 

sample range, standard deviation, or interquartile range, will be unaffected and still be 

comparable among bags. But estimation methods that do not take into account that the lowest 

ticket number is unknown will result in estimates of N that vary substantially from bag to 

bag. As students compare their estimates, the teacher could point out that all bags contain the 

same number of tickets. 

2. If the tickets are numbered sequentially beginning with 0001, this activity is equivalent to the 

German Tank Problem. An internet search will produce many references to this activity, 

some of which include a comparison of different estimators for that problem. See for 

example, http://apcentral.collegeboard.com/apc/public/courses/teachers_corner/228463.html, 

under “Special Focus Materials in Figure 2-7,” and click on Sampling Distributions.  

Additional Information 

Displayed below in Figures 2-7, are histograms of simulation-based estimates of the 

sampling distribution for these methods, along with summary statistics when N = 172, and the 

tickets are numbered 0251 to 0422. Each histogram is based on 50,000 simulations with samples 

of seven tickets each. In each graph, there is a blue line marking the location of the mean of the 

estimated sampling distribution for that statistic, and another vertical line marking the location of 

the “true value” used in the simulations, at N = 172. (Note the scale differences when comparing 

histograms.) The relative accuracy and precision of each estimator is readily apparent from these 

graphs.  
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Figure 2. Sample range 

 

 

 

 

 

Figure 3. Four times the sample standard deviation 

 

 

 

 

 

Figure 4. Four times the interquartile range 
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Figure 5. Modified sample range 

 

 

 

 

 

 

 
Figure 6. The sample maximum 

 

  

 

 

 

  

Figure 7. Twice the sample median 
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Figure 6. The sample maximum 

  
 

  

Figure 7. Twice the sample median 

 
Random Samples 

The sample range, 1
ˆ ,N  tends to under-estimate the true value of N, but has the least 

variability among the first four estimators. Using four times the sample standard deviation, 2
ˆ ,N  

on average slightly over-estimates the true value of N and results in an estimator with greater 

variability than 1
ˆ .N  Using four times the interquartile range, 3

ˆ ,N  substantially over-estimates the 

true value, and has the largest variability of any of the estimators considered. The modified range 

method, 4
ˆ ,N  on average is right on target, although it is somewhat more variable than the sample 
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Random Samples 

The sample range,  tends to under-estimate the true value of N, but has the least 

variability among the first four estimators. Using four times the sample standard deviation,  

on average slightly over-estimates the true value of N and results in an estimator with greater 

variability than  Using four times the interquartile range,  substantially over-estimates the 

true value, and has the largest variability of any of the estimators considered. The modified range 

method,  on average is right on target, although it is somewhat more variable than the sample 

range estimator. As can be seen from the last two histograms, Methods 5 and 6 in Figures 6 and 

7 do not do well here. Although Method 5 tends to produce an estimator with relatively small 

variability, on average, it also gives a gross over-estimate of the total number of tickets sold. 

Method 6, twice the median, produces an estimator that grossly over-estimates N, and has large 

variability. Using twice the mean to estimate N (not shown in here), results in an estimator that 

has poor properties, very similar to those of Method 6.  

These sampling distributions were generated using Fathom software. Teachers may want 

to involve students in generating their own samples and sampling distributions for the various 

estimation methods. Experience in using Fathom to simulate samples of size seven and then 

analyzing the results,  can help students better understand the relationship between the various 

estimation methods and the statistical properties of their respective sampling distributions.  
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Eigenvalue Explorations: A Learning Progression 
through High School Number, Quantity, and  

Statistics Domains 
 

Megan Stone and Guadalupe Lozano 
 

Abstract: Learning progressions identify the process that students proceed through in order to 

master core concepts. The activity described in this article highlights a progression that connects 

eigenvalues of matrices to the	domain of statistics and probability in the Common Core State 

Standards - Mathematics (NGA & CCSSO, 2010). 

The final stages of this activity involve very advanced mathematical concepts. Students 

are presented with a brief glimpse of an active research area known as random matrix theory. By 

illuminating the progression and connecting each part of the activity to the Common Core State 

Standards-Mathematics (NGA & CCSSO, 2010), the exploration is presented in a way 

accessible by high school, and possibly by advanced middle school students.  

 

 Learning progressions identify connections between core mathematics concepts and 

articulate how these connections can lead to deeper understanding (Hess, Kearns, 2011). The 

Common Core State Standards - Mathematics (NGA & CCSSO, 2010) were first developed by 

focusing on learning progressions (CCSWT, 2012). This activity aims to introduce a specific 

learning progression that highlights an inquiry-based approach to advanced explanation of the 

mathematical topics: eigenvalues and random matrices. Informally, an eigenvalue is the factor by 

which special vectors are stretched when multiplied by a matrix.  

This activity was used with students during two meetings of the Tucson Math Circle 

(TMC) in February, 2016. The TMC is an afterschool program for high school students, led by 

graduate students and mathematicians. Lessons used in the TMC are designed to provide 
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students with interesting problems and topics in mathematics, with the goal of encouraging 

excitement about mathematics (Vandervelde, 2009).  

The TMC has worked with high school and middle school students on many advanced 

mathematics problems that build on the mathematics content in grades 6-12. The Eigenvalue 

Explorations activity was conceived as a progression linking the number and statistics domains 

in grades 6-12. To highlight the underlying progression, the activity that follows is separated into 

four parts. 

Part I: Introduction to Eigenvalues 

The Common Core State Standards-Mathematics (NGA & CCSSO, 2010) addressed:  

• 6.NS.C.6 Extend number line diagrams and coordinate axes familiar from 

previous grades to represent points on the line and in the plane with negative 

number coordinates. 

• HSN.VM.A Represent and model with vector quantities.  

• HSN.VM.B Perform operations on vectors. 

 Part I explores connections between multiplying a vector by a constant and a matrix. The 

aim is for students to leverage their knowledge of number line and directionality (left/right of 

zero), to develop a sense of directionality (and orientation) for vectors in the plane. For example, 

students may discover that multiplying the vector +1 by the factor -3 stretches it away from 0 by 

a factor of 3, and reverses the location of +1 relative to 0 (changes its orientation). Students 

could then note that the diagonal matrix −3 0
   0 5  transforms the vector 10  in a similar way: it 

stretches it by a factor of 3 and reverses its orientation: −3 0
   0 5  10 =  −3   0 . 
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Hence, students begin by working with one-dimensional vectors on the real number line 

and two-dimensional vectors in the plane, both visually and arithmetically. After introducing 

scalar multiplication in the one-dimensional case and matrix multiplication on vectors in two 

dimensions, students practice multiplying vectors by matrices in a few examples, and are asked 

to find eigenvectors and eigenvalues (without using those words, yet). 

  Students should be led to notice that the vectors and constants they found (eigenvectors 

and eigenvalues) are special. Unlike most, these vectors get simply stretched by matrix 

multiplication. The vector remains on the same line in the plane after the transformation. 

Eigenvalues are the stretching constants.  

Part II:  Matrix entries chosen randomly 

Common Core State Standards - Mathematics (NGA & CCSSO, 2010) addressed: 

• HSS.IC.A Understand and evaluate random processes underlying statistical 

experiments. 

• HSS.IC.B Make inferences and justify conclusions from sample surveys, 

experiments, and observational studies. 

  Part II introduces students to a particular random process, that of generating matrices by 

rolling dice. Facilitators should lead students to notice the connection between rolling dice to 

randomly generate a single constant (a 1x1 matrix), and rolling dice to randomly choose each 

entry of a 2x2 matrix.  

As students roll dice to choose matrix entries, the eigenvalues of the resulting matrices 

are calculated, recorded, and histograms made for the results. A 1x1 matrix has a single 

eigenvalue: the constant itself. In the 2x2 case, students consider a specific class of symmetric 

matrices whose eigenvalues are the sum or difference of two entries in the matrix. Hence, 
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students begin seeing a connection between eigenvalues of certain matrices and sums of random 

variables.  

For the 1x1 case, students should notice that, with enough data, no single number is more 

likely to occur as an eigenvalue than any other number. Hence, the histogram of eigenvalues 

should be flat (uniform). For 2x2 matrices, the histograms will have a triangular shape. This is 

because what is being plotted is the sum of two dice or the difference of two dice. Students 

should be encouraged to offer explanations for why the histograms look triangular, and why it is 

more likely to get values in the middle rather than at the ends of the distribution. 

Part III: Larger sums of random variables 

Common Core State Standards-Mathematics (NGA & CCSSO, 2010) addressed: 

• HSS.ID.A Summarize, represent, and interpret data on a single count or measurement 

variable. 

• HSS.IC.B Make inferences and justify conclusions from sample surveys, experiments, 

and observational studies. 

  In Part II, students noticed a triangular pattern when plotting the sums and differences of 

two random variables. Although these random variables arise from considering eigenvalues of 

dice-generated symmetric matrices, the observed pattern can be seen for sums/differences of 

random variables, in general.  

In Part III, students set aside the eigenvalue discussion to investigate the distribution of 

the sum of eight random variables. Students roll eight dice several times, calculate and record 

their sum each time, and then plot sums on a histogram.     

 Students should be led to notice that the resulting histogram looks less triangular and 

more bell-shaped, in accordance with the Central Limit Theorem. In order to transition back to 
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the connection with eigenvalues and their distributions, students should be encouraged to explain 

why the histogram looks like a bell curve. 

Part IV: Eigenvalues of large matrices 

Common Core State Standards - Mathematics (NGA & CCSSO, 2010) addressed: 

• HSS.IC.B Make inferences and justify conclusions from sample surveys, 

experiments, and observational studies. 

 Finally, the group will return to talking about eigenvalues by looking at the eigenvalues 

of a few specific larger matrices. Although the relation is more complicated for larger matrices, 

students will observe that eigenvalues still depend on the matrix entries. 

This part of the activity will require a computer program that calculates eigenvalues: 

preferably one that can work with very large matrices, such as Mathematica (Wolfram, 2015). 

Students first consider larger matrices and calculate their eigenvalues. Next, they generate 

matrices with random entries, and histograms of the eigenvalues of these matrices. 

In part III, students see the bell-shape pattern emerge when they plot sums of several 

random variables. In this part, the pattern that results from plotting eigenvalues is a semicircle, 

Wigner’s semicircle. 

Conclusion 

Eigenvalue explorations guide students through a learning progression that connects 

vector and matrix quantities to statistics by randomizing the selection of matrix entries. This link 

between domains gives students a glimpse of mathematics as a system of interconnected ideas, 

and exposes them to a cutting-edge area in mathematics known as random matrix theory.  



	

	
	
	 72 

Activity 

Part I: Introduction to Eigenvalues 

A vector has both a size and a direction. For example, the vector A drawn on the number 

line below has size 2 and positive direction. 

 

Figure 1. Vector A 	

Questions: 

1. Multiply vector A by 2 and by -1. What do you notice that is different about the resulting 

vectors? 

A vector in 2 dimensions is a pair of numbers 
𝑥
𝑦 	that indicates a horizontal (x) and a 

vertical (y) distance away from the origin. For example, the vector 34  looks like this: 

	

Figure 2. Vector 34 . 

	4	
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2. Draw the vectors −1   2 , −3−3 , 
!
!
2

, and 68  on the plane above. Make some observations 

about these vectors. Are any of them related? 

Matrices transform a vector into another. A 2x2 matrix is an array of four numbers that 

looks like this: 𝑎 𝑏
𝑐 𝑑 . Multiplying a matrix by a vector gives a new vector. For 

example:  

𝑎 𝑏
𝑐 𝑑

𝑥
𝑦 = 𝑎𝑥 + 𝑏𝑦

𝑐𝑥 + 𝑑𝑦  

 
 

3. Find 2 0
0 −1

1
0  and 2 0

0 −1
0
1 . Draw the original vectors ( 10  and 01  ) and the 

resulting vectors on a plane. What relationships do you notice between the original vectors 

and the resulting vectors? 

 
 

4. Find 2 0
0 2

3
4  and 1

!
!

0 2
3
4 . 

 
 

5. Find a vector 
𝑥
𝑦  and a number c that makes this equation true: 2 0

0 2
𝑥
𝑦 = 𝑐

𝑥
𝑦 .  

Can you find any others? 
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6. Find a vector 
𝑥
𝑦  and a number c that make the following equation true: 

 1
!
!

0 2

𝑥
𝑦 = 𝑐

𝑥
𝑦 .  Can you find any others? 

The numbers c and the vectors of the form 
𝑥
𝑦  are called eigenvalues and eigenvectors, 

respectively. Geometrically, when a matrix multiplies vectors in the plane, the eigenvectors stay 

on the same line in the plane. Here is a picture of an eigenvector (the blue vector in the picture). 

	

Figure 3. Eigenvalue illustration. Under a specific matrix transformation, the blue vector does 
not change direction. (Eigenvalues and Eigenvectors, 2016). 

	

Part II: Matrix Entries Chosen Randomly 

Experiment 1: 

• Roll a six-sided die. Think of the value you get as a 1x1 matrix.  

• Record the eigenvalue(s) of this matrix. Do this ten times.  

7. If you drew a histogram of all of the eigenvalues, what do you think it would look like? 

8. Were your predictions correct? Can you think of reasons why (or why not)? 
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Experiment 2: 

• Roll a pair of dice. If your numbers are a and b, create the matrix 𝑎 𝑏
𝑏 𝑎 . What are the 

eigenvalues of a matrix that looks like this? (A computer can be used to do this.) 

• Record both 𝑎 + 𝑏 and 𝑎 − 𝑏. Do this ten times. 

9. What do you think the histograms of the sum and difference of dice rolls will look like?  

10. Were your predictions correct? Can you think of reasons why (or why not)? 

 

Part III: Larger Sums of Random Variables 

Experiment 3:  

• Roll 8 dice. Find the sum of all dice rolls, and record this value. 

• Do this ten times, recording your results each time. 

11. What do you think the histogram will look like? 

12. Were your predictions correct? Can you think of reasons why or why not? 

 
Part IV: Eigenvalues of Large Matrices 

In random matrix theory, the entries of a matrix are chosen randomly. But usually, some 

structure is still required. For example, sometimes matrices are required to be symmetric. This 

means they have the form 𝑎 𝑏
𝑏 𝑑 . Also, it is interesting to study larger matrices. The 

eigenvalues of large matrices are harder to find, so we sometimes use computers.  

13. Use a computer to find the eigenvalues of 0 𝑏
𝑏 0 , 

0 𝑏 0
𝑏 0 𝑒
0 𝑒 0

, and  
0 𝑏
𝑏 0

0 0
𝑒 0

0 𝑒
0 0

0 𝑧
𝑧 0

.  

What do you notice about the eigenvalues? 
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14. Use a computer program to generate matrices with random entries. Create a 3x3 symmetric 

matrix with random entries. Then find its eigenvalues. 

15. Now, create a large matrix: 100x100 or larger. Again, the matrix should be symmetric and 

entries chosen randomly. Plot the eigenvalues of your matrix in a histogram. Your histogram 

should have a semicircular shape, like the picture in Figure 4. 

 

	

	

 

 
Figure 4. Eigenvalue histogram of a random symmetric 3000x3000 matrix. Here, the 
eigenvalues were scaled by a factor of !

!"""
  (Wigner Semicircle Law, 2015). 
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