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A Message from the Editor 
Dear Colleagues, 

I am pleased to present the fall 2015 issue of the AATM journal, OnCore. In this issue are 
activities, explorations, and investigations designed for students, grade 1 through high school, as 
well as for teachers in pre-service and in-service programs. The articles are organized by grade 
level focus. However, it is always possible to make adjustments to the activities in several of the 
articles to target other grades.  

In the first article, Fisch describes multimedia activities for grades 1 and 2 students, 
which were developed for the UMIGO project funded by US Department of Education. Through 
games and activities based the book Charlie and the Chocolate Factory, the second article by 
Christy and Payson presents ways to use literature to motivate the study of mathematics for 
grades 3 – 5 students. In the next article, Hillwig presents five games to help students develop 
expertise with arithmetic operations as well as with number theoretic relationships. The Greenes, 
Cavanagh, Tian article presents a number game designed to provide students, upper elementary 
thorough middle school, with opportunities to develop their creative equation formation talents 
while solidifying their knowledge of number relationships and the use of various mathematical 
symbols. Sokolowski’s article focuses on the concept of function, and ways to develop middle 
and high school students’ understanding of the concept by beginning with physical models, and 
transitioning to diagrams and tables of data, and then to equations. Middleton’s article presents 
activities that will strengthen middle and high school students’ understanding of “real” data as 
related to problem contexts, and how statistical concepts, as for example, measures of central 
tendency, facilitate understanding of those data. The journal concludes with the article by 
Schiffman, focusing on Pascal’s Triangle, and the various patterns that can be observed and 
analyzed by middle and high school students. 

Before closing, several comments.  

First, a big thank you to all of the authors.  

Second, I invite readers to consider submitting an article for inclusion in the spring 2016 
OnCore. Specs for developing articles may be found on the AATM website. 

Third, and finally, very best wishes for a joyful holiday season. 

 

Carole Greenes  
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Media, Math, and Mayhem: Using UMIGO’s Multi-media 
Program to Help Children Learn Mathematics 

 
Shalom Fisch 

Abstract: UMIGO is a multimedia project that uses video, digital games, music, and 

hands-on activities to help first and second graders learn mathematics.  This paper describes the 

educational approach at the core of UMIGO, and presents a card game that teachers can use to 

help young children explore “greater than” and “less than” mathematical relationships. 

 

A broken roller coaster that no one can ride.  A runaway mummy on the loose.   

A hotel filled with ghosts. Welcome to the world of UMIGO (www.umigo.com), a multimedia 

experience that unites wacky cartoon comedy-adventures, online games, and music videos in 

“appisodes” that are designed to help first and second graders learn mathematics.  Produced by 

WTTW (the PBS station in Chicago) and DHX Media under a Ready to Learn grant from the 

U.S. Department of Education, UMIGO stars three best friends: Bean (a sensible female with an 

elastic tail), Bit (a cautious, anthropomorphic box who’s always ready to supply – or become – 

the tools they need), and Dizzy (a good-natured goof who’s always the first to jump into any 

situation...and the first to get in trouble).  Not to mention the Umis, a mischievous horde of 

walking, talking spheres, cubes, and pyramids – although the Umis “talk” in an indecipherable 

language all their own. 

 Where’s the math in things like ghosts and mummies?  Everywhere!  Bit, Bean, and 

Dizzy measure the lengths of the gaps in a roller coaster track to fill them with track pieces that 

fit.  They combine shapes to assemble the hexagonal magic pendant that will put a restless 

mummy back to sleep.  Bean sets the dial on her “ghost getter” to trap three ghosts, leaving 

Dizzy to subtract and figure out how many ghosts are left for him to catch. 

 But Bean, Bit, and Dizzy aren’t the only ones doing math in UMIGO.  “UMIGO” stands 

for “You Make It Go” – because when the characters get in trouble, real-life kids take over and 

play along in interactive “Make It Go” moments that are embedded throughout the cartoon.  For 

example, in one appisode about the concepts “greater than” and “less than,” Dizzy competes to 

become the world champion at Stinktank, an obstacle course game.  To run the course, Dizzy 
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must jump over (greater than) or under (less than) the stinky obstacles on the course.  As Dizzy 

reaches an obstacle in the animated cartoon (Figure 1), the appisode automatically transitions to 

a “Make It Go” moment in which the child is challenged to choose a number that will get Dizzy 

safely past the obstacle (Figure 2).  A correct answer (e.g., choosing a number greater than 8) 

causes Dizzy to clear the obstacle.  An incorrect answer (choosing a lesser number) causes him 

to smack into the side of the obstacle, which triggers a hint to support the child in trying again. 

 

 

 

 

 

 

 

 

 

 
 

Figure 1.  In the animated cartoon, Dizzy encounters an obstacle that reaches up to 8 on the 
vertical number line in the background (Image © UMIGO, Inc., 2015). 

 

 

 

 

 

 

 

 

 

Figure 2. ...at which point the interactive “Make It Go” moment asks children to help Dizzy by 
choosing a number that is greater than 8 so that he can jump over the obstacle (Image © 
UMIGO, Inc., 2015). 
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 To further scaffold children’s understanding of the underlying mathematical concepts, the 

“Make It Go” moments increase in sophistication over the course of each appisode.  In the 

Stinktank appisode, the first obstacle course is comprised entirely of “greater than” problems.  

The next course contains only “less than” problems.  The third course includes a mix of both.  

And, in the final course, Dizzy must jump between two obstacles, to introduce the concept of 

“greater than X and concurrently less than Y” (Figure 3). 

After completing the appisode, children can choose to extend the challenge by playing a 

related, leveled online game.  As in the appisode, the levels of the game scaffold players’ 

understanding by becoming increasingly more challenging.  Furthermore, the lower levels of the 

game are untimed, to allow children to take as much time as they need while tackling unfamiliar 

concepts.  As children master these concepts, they can choose to challenge themselves by racing 

the clock in the highest levels of the game. 

 

 

 

 

 

 

 

 

 

 

Figure 3. Children launch Dizzy between two obstacles by choosing a number that is greater 
than 6 and less than 9 (Image © UMIGO, Inc., 2015). 
 

 To date, eight UMIGO appisodes have been produced, addressing the following topics, 

which span the areas described by the Common Core State Standards for Mathematics (NGA & 

CCSSO, 2010) for grades 1 and 2: 

x Addition: Making 10 with two (or three) addends 

x Subtraction to 20 

x Counting by 2s, 5s, and 10s 
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x Place value 

x Function machines 

x Greater than/Less than 

x Standard and nonstandard units of length measurement 

x Separating and combining two-dimensional shapes 

All of the appisodes and games are designed to be accessible for children to use on their 

own.  However, the “Grown-Ups” section of the UMIGO website provides support for teachers, 

parents, and other interested adults.  Recognizing that teachers and parents may have limited 

time to locate online resources and use them, the website’s Parents and Educators pages feature 

links by which interested adults can access a single game or music video on a particular topic 

directly at point of need. These pages also include links to hands-on activities by topic that were 

designed in collaboration with the Children’s Museum of Manhattan and the Education 

Development Center, and which can be used by teachers to extend student learning beyond the 

“screen”. 

The following is a card game that you may want to try with your students to provide 

practice with the concepts of “greater than” and “less than.“ 

 

0 1 2 3 4 

5 6 7 8 9 

 

 

 

 

 

 

Figure 4. Template for the card game (cut on dotted lines). (Image © UMIGO, Inc., 2015). 

 

1. Photocopy one set of cards (Figure 4) for each child. Direct the children to cut the cards 

along the dotted lines.  Or, have each child cut 10 rectangles from a piece of paper to 

make cards, and then mark the cards with the numbers, 0 through 9. 
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2. Have children play the game in pairs.  Have each child shuffle his or her deck of cards 

and place it face down. 

Round 1:  
1. Both children in the pair say “U…MI… GO!” and flip over the top cards of their piles. 

The player with the greater number wins and takes both cards, making a new “win” pile, 

which may be kept off to the side. Before the winner can collect the cards, he or she must 

make a statement using the words “greater than” or “less than” to compare the numbers 

on the cards (e.g., “I win because 6 is greater than 2.”) 

2. If both players draw the same number, each adds that one card to his or her “win” pile 

and states, for example, “It’s a tie because 6 equals 6.”  

3. When both players have used all cards in their decks, they count the cards in their “win” 

piles to see who has the greater number.  The winner must make a final “greater than” 

statement, such as “12 is greater than 8. I win!” 

Round 2: 
Return the original 0-9 cards to each player, have players shuffle the cards, and play 

again.  However, in this round, players win by drawing the card with the lesser number, 

and they must make “less than” statements each time, as for example, “I win because 0 is 

less than 5.” 

Round 3: 
After mastering the concepts of “greater than” and “less than,” the challenge of the game 

may be increased by having students compare sums.  On each turn, each player draws 

two cards and adds the numbers on the cards.  The player with the greater sum wins the 

round. 

UMIGO’s educational approach grows out of recent research studies on the benefits of 

cross-platform learning, that is, learning from joint use of multiple types of educational media, 

such as an educational television program and a related digital game (Fisch, 2013).  Although 

children can acquire academic knowledge and skills from a single piece of educational media, 

they gain even more insight and understanding when they use several forms of related media in 

combination.  For example, when children watch an educational video about a math concept and 

then play a related game, they can apply the lessons learned from the video to help them employ 

more sophisticated mathematical problem-solving strategies during game-playing.  To this end, 
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UMIGO leverages the strengths of each medium: 1) animated stories to engage children and 

explain concepts, 2) interactive moments and games to give children opportunities to practice 

skills and concepts themselves, 3) music to reinforce key concepts, and 4) hands-on activities in 

which children can receive in-person support from parents and teachers who know their needs 

and abilities best. 

Obviously, UMIGO appisodes on eight topics cannot replace classroom instruction by a 

skilled teacher, nor are they intended to do so.  Rather, UMIGO is designed to engage children in 

fun, substantive math activities and to serve as a helpful, motivating resource for educators and 

parents to use with children both in and outside the classroom. 

 

References 
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Figure 4. Template for the card game (cut on dotted lines) (Image © UMIGO, Inc., 2015). 
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The Math Factory: Math – Literature Confections 
Donna Christy and Christine Payson 

Abstract: Want to add some standards-based sweetness to your classroom? Transform it into a 

luscious Math Factory by dishing out the activities presented here and modeled after R. Dahl’s 

Charlie and the Chocolate Factory.  The three activities, one each for grades 3-5, are aligned 

with the Common Core State Standards for Mathematics (NGA&CCSSO, 2010) and NCTM’s 

Principles and Standards for School Mathematics (2000). Mathematics-literature connections 

never tasted so good! 

 
Hum the following poem to the tune of “The Candy Man Can” from the 1971 movie 

Willy Wonka & the Chocolate Factory (http://www.youtube.com/watch?v=78gt7pfjlCU) : 

Who can take a classroom 

And make it standards-based? 

Sprinkle it with literature to 

Enhance and integrate. 

The math teacher can! 

The math teacher can cause s/he 

Sparks imagination to make 

Students math fans! 

Transform your standards-based math classroom into a tantalizing Math Factory using 

characters, events, and themes from Charlie and the Chocolate Factory (Dahl, 1964) along with 

activities presented in this article. As Principles and Standards for School Mathematics states, 

“Many interesting problems can be suggested by everyday experiences, such as reading 

literature” (NCTM 2000, p. 256). Three activities, one for each of grades 3-5, are presented in 

this article.  All activities are customizable. That is, all or part of an activity can be used or 

modified as needed. Table 1 displays the activity title, along with the main National Council of 

Teachers of Mathematics, Principles and Standards for School Mathematics, and the Common 

Core State Standards for Mathematics. (NGA&CCSO, 2010) 

 

http://www.youtube.com/watch?v=78gt7pfjlCU
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Table 1 

Math Factory Activity and Matching Standards 

Activity 
Title  
Grade Level 

NCTM Standards Grades, 3-5 
 

CCSSM 
 

Chocolate 

Factory Doors 

Gr. 3 

Measurement 
Understand attributes including length, 

area…and select the appropriate…unit for 

measuring each attribute. (p. 170) 

Measurement & Data 
3.MD.5-8 (p. 25) 

Oompa Loompa 

Symmetry 

Gr. 4 

Geometry 
Identify and describe line…symmetry in two-

dimensional shapes…(p. 164) 

Geometry 
4.G.3 (p. 32) 

Chocolate 

Factory Recipes 

Gr. 5 

Number And Operations 

Use visual models…and equivalent forms to add 

and subtract...fractions (p. 148) 

Number And 
Operations-Fractions 
5.NF.1-7 (pp. 36-7) 

 

Materials Needed and Teacher Tips 
Chocolate Factory Doors: Materials 

x Foam core doors, 36” x 18”, covered with felt 

x  Cup hooks centered on top, left, and right sides of each door 

x Laminated 6” x 6” yellow squares and 9” x 9” red squares 

x Candy garland with Velcro tabs to attach squares to doors 

x Flat 9” candy measure (used as a nonstandard unit of measure) 

x Paperclips. 

Oompa Loompa Symmetry: Materials 

x Mirrors can be used to help draw the figures.  

Chocolate Factory Recipes: Materials  

x Yellow snap-cube sticks of “butter”, if desired. 

x Some materials are provided at the end of this article to download and print.  
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Implementation 

Integrating mathematics and literature affords a wonderful opportunity to promote 

reading and problem exploration across content areas. To implement the activities in this article, 

it is not necessary that you or your students read the book on which the activities are based. 

Instead, each activity begins with a quote from the book to set the stage for the mathematics that 

follows in the activity. After completing an activity, students may be inspired to read the book.  

 The activities are designed to provide practice in a fun and imaginative context, and can 

be incorporated in your classroom in a variety of ways. For example, they can be used before, 

during, or after instruction on the particular topic the activity addresses. Another option is to use 

the activity as a problem of the week assignment or a portfolio submission. As a school-wide 

family event, a mathematics-literature theme is a great opportunity to showcase the 

interdisciplinary nature of the content areas. This particular book provides a rich environment in 

which to do so. 

Conclusion 
 There are a plethora of book choices, spanning classics to contemporary, to ignite the 

imagination of students. The explorations offered in this article give teachers the opportunity to 

‘blend’ math and literature. ‘Stir up’ some tasty math treats in your classroom today! 

 

Activity 1: Grade 3 
Chocolate Factory Doors 

They passed a yellow door on which it said: STOREROOM NUMBER 77-ALL 

THE BEANS, CACAO BEANS, COFFEE BEANS, JELLY BEANS, AND HAS 

BEANS…when a bright red door came into sight ahead, he suddenly waved his 

gold-topped cane in the air and shouted, “Stop the boat!”…On the door it said, 

INVENTING ROOM-PRIVATE-KEEP OUT. “This is the most important room in the entire 

factory!” he said. “All my most secret new inventions are cooking and simmering in 

here!...Lovely stuff, lickable wallpaper!” cried Mr. Wonka.      

  From Charlie and the Chocolate Factory (pp. 86-7; 104). 
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What to Do 
The Oompa-Loompas want to cover the doors with flavored, lickable square tiles! Let’s 

help them cover the yellow door with yellow, lemon-flavored square tiles, and the red door with 

red, strawberry-flavored square tiles. Then, you can help decorate the outline of a door with one 

candy garland. The length of the garland is measured with a giant candy. Help the Oompa-

Loompas figure out how many giant candy units long a garland must be. 

 
Part I: The Yellow Door 

x Take a door and some yellow lemon-flavored square tiles.  

x Lay the tiles end-to-end to cover the door. Oompa-Loompas ask that you do  

not overlap the tiles. Only whole sides of tiles can touch. 

x Count and record the number of yellow tiles that cover the door.  

We need ______ yellow tiles to cover the door. 

x Gently remove and return the yellow tiles. Keep your door to use in Part II. 

 

Part II: The Red Door 

x Take some red strawberry-flavored square tiles. 

x Repeat the directions above using the red tiles. 

x Count and record the number of red tiles that cover the door.  

We need _____ red tiles to cover the door. 

x What do you notice about the size of the flavored tiles and the number of those tiles 

needed to cover a door? Circle your choices, and then explain how you know: 

As the size of the square tiles gets larger / smaller, we need more / fewer square tiles to 

cover the door because ____________________________________________________ 

______________________________________________________________________ 

x Gently remove and return the red tiles. Keep your door to use in Part III. 

 

Part III: Candy Garland 

x Take a giant candy, paperclips, and a candy garland. 

x Place one end of the garland in any hook on the door. This is the starting place. 

x Hang the garland around the door. Use the hooks to hold it in place. 
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x When the garland meets its starting point again, place a paperclip on the garland to mark 

that place. That’s where the garland ends. 

x Remove the garland from the door and lay it in a straight line of the floor. 

x Use the giant candy to measure the length of the garland.  

o First, place one end of the giant candy at the starting place 

on the garland. 

o With a paperclip, mark the placement of the giant candy’s 

other end. Together, count aloud “ONE” and mark a tally in the 

chart below. 

o Avoiding any gaps or overlaps, repeat these steps. Count paper clips and make 

tallies until you reach the end of the garland. 

x Count the tallies and record your answer:  

We need a piece of garland that is __________ giant candy units long to go all the way 

around the door. 

TALLIES FOR GIANT CANDY 
 

 

 

  

 

 
Activity 2: Grade 4 

Oompa- Loompa Symmetry 

The tiny men - they were no larger than medium-sized dolls – had stopped what 

they were doing, and now they were staring back across the river at the visitors…. 

“But they can’t be real people,” Charlie said. “Of course they’re real people,” 

Mr. Wonka answered. “They’re Oompa Loompas.”    

Charlie and the Chocolate Factory (pp.67-68) 
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What To Do 
Part I 

x Look at the picture of the Oompa Loompa and determine if 

you can fold the figure such that both sides of the fold have 

matching parts. Template of Oompa Loompa is on the next 

page. 

x Can you draw a dotted line on the Oompa Loompa so that 

both sides match up exactly? If so, draw it! 

 

Part II 

x If both sides of a figure have matching parts, the 

figure is symmetrical.  

x Draw a dotted line in the hair of the Oompa 

Loompa figure, so that when folded, there are 

matching parts of hair. This is called a line of 

symmetry.  

x Color in as many parts as you can that have a line of 

symmetry. 

x For each part you colored, can you find more than 

one line of symmetry? If you find more than one 

line of symmetry, draw the lines on those parts. 
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Oompa Loompa Symmetry Template 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Part III 

x The following are portions of symmetrical figures. Draw the second portion of each 

figure across the dotted line. 

 

 

 

 

 

 

 

 

a. 
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Part III Continued 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b. c. d. 

e. 

f. 
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Activity 3: Grade 5  
Chocolate Factory Recipes  

“Now, over here,” Mr. Wonka went on, skipping excitedly across 

the room to the opposite wall, “over here I am inventing a 

completely new line in toffees!” He stopped beside a large 

saucepan. The saucepan was full of thick gooey purplish…boiling 

and bubbling. By standing on his toes, little Charlie could just see inside it. 

Charlie and the Chocolate Factory (pg. 90).  

What To Do 
Here is some top-secret news from the Chocolate Factory! Tasty treats called Colossal 

Cookies are being developed. They will come in four delicious flavors: Cauliflower Chip, 

Peanut- Butter Pepper, Raisin Radish, and Banana Bacon Bars. To get these fun flavors to be the 

tastiest cookies ever made, the Oompa-Loompas are experimenting with different recipes. Help 

them with their recipe calculations. Which one would you like to taste-test? 

1.  One batch of Cauliflower Chip cookies needs 53 cups of salt.  

One batch of Banana Bacon Bars needs 34 cup of salt.  

How much salt does one batch of Cauliflower Chip cookies and two batches of Banana 

Bacon Bars need altogether? 

2. The recipe for Peanut Butter Pepper cookies requires 5 2
3 cups of flour.  

The recipe for Raisin Radish cookies calls for 3 1
4 cups of flour.  

How much more flour is needed for the Peanut Butter Pepper cookies recipe than for the 

Raisin Radish recipe? 
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3. The Oompa-Loompas made a batch of Banana Bacon Bars for Charlie and his friends. 

Oops! The Oompa-Loompas burned some bars.  

There are only four Banana Bacon Bars to be shared equally among the five children. 

How many Banana Bacon Bar does each child get?  

Use these bars to help you decide. 
 

 

 

 

 

 

 

 

 

4.  To make one batch of Raisin Radish cookies, 3 2
3 cups of raisins are needed. How many 

cups of raisins are needed to make 6 batches of these cookies? 

5.  Banana Bacon Bars are topped with frosting. To frost two Banana Bacon Bars, 18 

teaspoon of banana frosting is needed. How many teaspoons of frosting must be made to 

cover 24 Banana Bacon Bars? 

6. There is 12 pound of cauliflower chips to share equally among 3 batches of Cauliflower 

Chip cookies. How many pounds of cauliflower chips are needed for each batch? 
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3. Mr. Wonka lost his notes for his top-secret recipe for Brownie Broccoli Bites. He 

remembered that the shape of each Brownie Broccoli Bite is a square that is 12 inch on a 

side. The special baking sheet needed is 6 inches by 2 inches to have all the Bites in one 

batch. He forgot the number of Brownie Broccoli Bites in one batch. Use some Brownie 

Broccoli Bites and a baking sheet to figure this out for Mr. Wonka. Template is on the 

next page. 

a)  How many Brownie Broccoli Bites can be lined up, side-by-side, along the 6 inch 

side of the baking sheet? ____________________ 

b)  How many Brownie Broccoli Bites can be lined up, side-by-side, along the 2 inch 

side of the baking sheet? ____________________ 

c)  How many Brownie Broccoli Bites are in one batch? 

_______________________ 
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Problem 7. Brownie Broccoli Bites and baking sheet templates 

 

Brownie Bites 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 

 

 

 

  Baking Sheet 
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Games to Deepen Mathematical Understanding 
 

Phyllis H. Hillwig, Ed.D. 
 
Abstract. This article describes five games that, with little preparation, can be implemented with 

little preparation into math classes at all levels, as well as used in teacher-update programs. The 

games provide a fresh and joyful way of exploring mathematical ideas while deepening students’ 

conceptual understanding. 
 

Simple games are powerful tools for engaging students in mathematical explorations, and 

helping teachers gauge students’ understanding. The following games may be adapted for use 

with students of varying ages. Enjoy! 

1. BINGO – Warm-Up, Review, Practice  
Have each student draw a 4 x 4 bingo-type matrix with 16 cells on a piece of paper. 

Students will record numbers or text in the cells that are answers to questions relating to the topic 

of study. For example, if your students are studying computation with fractions, create 16 

fraction problems and their solutions. Read the solutions aloud in random order. Have students 

record those solutions in any cells in their matrices. Next read the problems. The job for students 

is to solve the problems, and place an X on the answer in the matrix. The first player to get 4 Xs 

in a row, column or in either of the two major diagonals, is the winner.  

Variations in the game could include identifying shapes from their attributes; computing 

with whole numbers, decimals, or integers; identifying families of numbers (e.g., prime, perfect, 

triangular), and so on. You may also have students create their own bingo games, along with 

questions and answers, and then conduct those games with their peers. 

2. NUMBER LINE RACE – Build Number Sense 
Draw a number line on the board, or have each student draw one on a piece of paper, and 

label two end points, as for example, 1 and 10, or 0 and 100, or  -1 and + 1.  Give students a time 

limit, and have them place as many numbers as possible on the number line between the end 

points that share one or more of a given characteristic. Below are examples.  
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Between 1 and 10: 

a. Multiples of 2, or 3  

b. Numbers between 2 and 8 

c. Fractions with denominators of 2 

Between 1 and 100: 

a. Square numbers 

b. Cubic numbers 

c. Prime numbers 

d. Powers of 2 

e. Palindromes 

Between -1 and + 1.  

a. Decimals in tenths greater than 0 and less than +0.7 

b. Fractions with denominators of 4  

c. Multiples of -1/2 

d. Numbers with an absolute value of 1 

When using the number line in a competitive game situation, adjusting the end points is one way 

to vary the difficulty level of the game. Another is, of course, providing more complex 

relationships. 

3. CONCEPT TREE – Pre or Post Assessment, Building Connections 
For teachers who want to develop creative visual models to enhance student 

understanding, the concept tree works very well. Think of a tree with roots, a trunk, branches, 

and leaves. The trunk represents a big idea (concept). For example, consider multiplication as the 

big idea. The branches could show fact families (e.g., multiples of 2, 7, and 9). The leaves are 

examples of the fact families. Some leaves could show equal groups of objects with their 

numerical expression, or arrays. Other leaves could show word problems. The roots of the tree 

would show the pre-requisite skills for multiplication, which may involve, for example, repeated 

addition or skip counting. Students can work together to design their trees based on a main idea. 

What is placed on the branches, leaves, and roots are good foci for discussion. This will 

encourage students to see how mathematical concepts, pre-requisites, definitions, skills, and 

examples are interrelated. 
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4. ROTATE! –Practice Numeric Operations, Solving Multi-step Problems 

Rotate is a grand way to practice multiplication and division with multi-digit numbers, 

addition and subtraction with numbers greater than 1000, and the Fundamental Order of 

Operations when evaluating expressions or solving equations. As an example, consider the 

subtraction problem, 4,506-1,503. Have students work in teams of four. All students record the 

problem on paper. Then direct students to complete one step of the solution (e.g., subtract ones, 

or thousands). When you say, “Rotate,” students pass their papers to their neighbors (to the 

immediate right), who complete more steps of the solution. This process continues until all teams 

have completed the problem and checked their solutions. Not only is this activity excellent for 

practicing computational algorithms, but it also prompts students to evaluate other team 

members’ answers and help one another over the “tough spots.”  

Variations to this game include having students create or select problems from a set of offerings. 

Then, as you rotate, each student will see a new problem to solve.  

5. WHO AM I? – Reviewing Concepts, Definitions 

To review big ideas, you present examples, and students have to identify the category or 

big idea. Examples follow. Student responses are samples.  

Say, “2, 3, 5, 7, 9, and so on.” Students may say, “prime numbers,” or “numbers divisible by 

only two numbers, themselves and 1.” 

Say, “Triangle, square, quadrilateral, pentagon, and so on.” Students may say, “polygons,” or 

“plane shapes.” 

Say, “2, 4, 6, 8, 10, 12, and so on.” Students may say, “even numbers,” or “numbers that follow 

the rule 2x when x is a whole number greater than 1”  

Say, “1 and 12, 2 and 6, 3 and 4.” Students may say, “pairs of whole numbers that have a product 

of 12,” or “factors of 12.”  

Say, “Parabola, hyperbola, ellipse.” Students may say, “conics.”  
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Summary 
  In the age of standards, high-pressure testing, and accountability, it is important to 

remember that without engagement and motivation, it will be difficult for students to reach their 

full potentials. Through the use of games, student knowledge of key mathematical ideas and 

skills can be assessed, and their understanding enhanced. Furthermore, students enjoy the games 

and are eager to participate, by providing alternative solutions or creating new problems. All of 

the games described are easily adaptable.  

Time spent on exploring, explaining, and enjoying mathematics is time well spent. 
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CalEquate: Increase Curiosity and Enhance Learning 
Carole Greenes, Ed. D., Mary Cavanagh, and Yifan Tian 

 

Abstract. CalEquate is a number game designed to develop students’ equation-formation 

creativity talents and concurrently provide a means for assessing their knowledge of number and 

operations with numbers. Variations of the game have been used with students in the upper 

elementary through middle-school levels, as well as in teacher updating programs. In this article, 

the game is described, as well as variations to offer greater challenge. 
  

Since the early 1900s, a major goal of mathematics education has been to spark and 

develop students’ curiosity, that is, their desire to investigate topics, to wrestle with problems, 

and to persist until an adequate or ideal solution is reached (Gillan, 1909, MAA, 1923; NCTM, 

1980, 2000; NGA &CCSSO, 2010). Various researchers have studied the strong relationship 

between curiosity and learning (Keller, 1987; Berlyne, 1960; Stenger, 2014). Other researchers 

have identified curiosity as a critical component of creativity (Mann, 2006; Stenger, 2014). To 

enhance student curiosity, as well as to increase students’ knowledge of number, the various 

types of numbers (e.g., whole, integer), operations with them, and the fundamental order of 

operations for evaluating expressions (NGA & CCSSO, 2010), we designed the game CalEquate.  

CalEquate, was first used with middle school teachers in our STEM in the Middle 

Project, funded by the Helios Education Foundation. The teachers played the game (they 

wouldn’t stop until they achieved higher scores), and then used the game with students in their 

classes. Teachers discovered that CalEquate motivated their students to: 1) ask “mathematical” 

questions identifying what is problematic, 2) persist (they wouldn’t stop, either!) until they 

reached a solution with a high point count, 3) describe approaches to get high point equations, 

and 4) collaborate with others in team variations of the game. Concurrently, teachers learned 

how to use questions during game play and the CalEquate equations to gauge students’ depths of 

understanding. 

Below is a description of the game and a page of 6-frames. These are followed by 

examples of equations created by middle-school students and the number of points earned by 

each. Check them out!!! Then play the game with your students, friends, and family. 
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CalEquate 
Goal 
 This is a competitive game requiring teams of players to use 6 numbers to create an equation 

that has a high point value.  

Number of Players 
 2 or more teams, with 3 players per team 

Materials 

x Monthly Calendars with dates in squares. Squares are the same size as those in the 6 

Square Frames. 

x 6-Square Frame Transparencies (master included) 

x Paper and Pencil 

How to Play 
As a team: 

Step 1: Place a 6-square frame on a monthly calendar so that it covers 6 numbers. The frame 

may be slid, rotated or flipped. The numbers covered are the team’s choice.  

Step 2: Choose one of the six numbers to be the target number. 

Step 3: Use all of the remaining five numbers (singly) and any of the mathematical 

operations described below, to form an expression equal in value to the target number. 

(Be sure to place parentheses correctly.) Score the equation. This is Round 1. 

Step 4: Move the 6-square frame to cover six numbers (at least one of the next set of numbers 

must be different from the ones used in Round 1). Then follow steps 2 and 3 for 

Round 2. 

Step 5: Follow directions identified in Step 4 to Play Round 3.  

Step 6: Combine scores for the three rounds to determine the team’s total score. 
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Variations 

1. Use a different 6-square frame. 

2. Allow numbers to be used together to form greater numbers (e.g., 2 and 4 may be 

combined to form 24 or 42). 

CalEquate 
Scoring 

Each operation symbol has a point-value. The score for an equation is the sum of the point 

values. Note: Numbers used for exponents, or inside the square root symbol, or with 

factorial, must be from the set of five numbers.  

Addition (+) = 1 point Exponentiation (*) = 10 points 

Subtraction (-) = 1 point Square Root (√ ) = 10 points 

Multiplication (x) = 5 points Factorial ( ! ) = 10 points 

Division (÷) = 5 points  
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CalEquate Example with Different 6-Sqaure Frame 
Calendar Numbers: 2, 3, 7, 8, 9, 10 

 
 
 
 
 
 

Expression  Target Number  Points Scored 

(10 – 9)3 + 8 – 7   = 2    13 

(10 – 9) + (8 – 7)3  = 2    13 

10! ÷ (7 + 3)! + 9 – 8  = 2    28 

(10 – 9) ÷ (8 - 7) + 2   = 3    8 

9 ÷ [2 + (8 – 7)10]  = 3    13 

(8 + 2 – 3) (10 – 9)  = 7    13 

(8 + 2 – 3) x (10 – 9)  = 7    8 

(10 + 7 – 9) x (3 – 2)  = 8    8 

(10 – 9) x (3 – 2) + 7  = 8    8 

7! ÷ (2 x 3)! + 10 - 9  = 8    32 

10(3-2) + 7 – 8    = 9    13 

10 + 2 – 3(8-7)   = 9    13 

(8 – 7)9 + 32   = 10    22 

(9 – 8)2 x 7 + 3  = 10    17 
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CalEquate Example with Different 6-Sqaure Frame 
Calendar Numbers: 1, 2, 7, 8, 9, 10  

 
 

 
 

 
Expression  Target Number  Points Scored 

(9 + 1) x (8 - 7)2   = 10    17 

 √(9) + 8 - 17   = 10    22 

 8 + 2 - 1(7 x 10)    = 9    17 

 (7 + 2!) x (10 – 8 -1)   = 9    18 

 10 - 2! x (9 – 7 - 1)  = 8    18 

 10 – 1 – [9! ÷ (7 + 2)!]  = 8    28 

 (9 - 2!) x (10 – 8 - 1)             = 7    18 

 (8 - 1) x (10 - 9)2   = 7    17 

 10 + 8 – 9 - 71    = 2    13 

 (10 + 8) ÷ 9 x 17   = 2    21 

 (10 + 8) ÷ ( 9 + 7 + 2!)  = 1    18 

 [(8 - 7) x (10 - 9)]2   = 1    17    

    

 
 



  

34 
 

CalEquate Example with Different 6-Sqaure Frame  
Variation: Combining Numbers to Make Greater Numbers 

 
Calendar Numbers: 2, 3, 7, 8, 9, 10 
 
 
 
 
 
 

 
 
 

Expression  Target Number  Points Scored 

27 ÷ 3 + 9 – 8     = 10    7 

 8 + 10 – 27 ÷ 3   = 9    7 

 (10 – 9)32 + 7    = 8    12 

 (92 + 8) ÷ 10 – 3   = 7    7 

 2 + (10 – 9)87    = 3    12 

 3 – (10 – 9)78    = 2    12 
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CalEquate Example with Different 6-Sqaure Frame  
Variation: Combining Numbers to Make Greater Numbers 
 
Calendar Numbers: 1, 2, 7, 8, 9, 10 
 

 
 

 

Expression  Target Number  Points Scored 

27 ÷ 9 + 8 – 1    = 10    7 

18 – 10 + (8 – 7)2    = 9    13 

27 – 10 – 9     = 8    2 

10 – (28 – 1) ÷ 9   = 7    7 

17 ÷ (9 + 8) + 110    = 2    17 

2 – [17 ÷ (9 + 8)]10    = 1    17 
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Easing into Algebra: A Foundation for Functions 

 
Carole P. Sokolowski 

 

Abstract. Three forms of a problem, adapted from Kaseberg’s 2004 edition of Introductory 

Algebra: A Just-in-Time Approach, provide the foci for this article. The first form emphasizes 

the use of physical models and tables of values to answer questions generated by a problem 

situation, and prompts discussion of the difference between the conditions given and the 

unwritten assumptions that the solver brings to bear to the problem. The second form requires 

students to identify patterns in diagrams and tables of values, and write algebraic expressions to 

represent these patterns. The third form requires students to write algebraic equations to describe 

patterns in diagrams and tables, and use those equations to solve more challenging problems. The 

difference between using variables as specific unknowns to solve problems, and using variables 

as varying quantities to describe functional relationships, is emphasized. The problems presented 

in this article are representative of the types of problems useful in introducing students at the 

upper elementary, middle or high school levels, to the algebraic thinking needed to understand 

and work with functions. 

 

 The concept of the algebraic variable as a true varying quantity – the way it is used in a 

function – is central to the study of algebra and other courses in mathematics and the sciences. It 

is also a concept that poses great difficulty for students transitioning from thinking of the 

variable as a simple placeholder or specific unknown, to using a variable to represent a varying 

quantity. The sets of related problems offered in this article are designed to help students 

progress toward this very sophisticated, functional way of thinking about variables. 

 The problem is adapted from those found in the book, Introductory Algebra: A Just-in-

Time Approach (Kaseberg, 2004) and will be referred to as Nina’s Pony Pen Problem. This 

problem is intended for exploration by groups of three or four students in Algebra I. Part I of the 

problem may be used with students in earlier grades to provide a foundation for the study of 

functions. 
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Part I of Nina’s Pony Pen Problem  

Goal: Learning to use models and tables to solve problems, and discussing differences between 

conditions given in a problem and assumptions made by the problem solver. 

 Note: Each of the parts of the problem, shown here in rectangles, should be read aloud to 

students. 

 

 Nina has just been chosen to direct the project of constructing livestock pens for the 

ponies that will be on display at the County Fair this fall. She has a crew to help assemble the 

pens and a supply of panels to form the pens. All panels are exactly the same size. They may be 

joined together only at the ends, not in the middle of a panel. How many panels will be needed to 

construct one pony pen? 2 pens? 3 pens? 5 pens? 10 pens? 

 Your group was given some toothpicks. Think of the toothpicks as the view of the panels 

from above, and construct some models of the pony pens. Draw your models on paper after you 

have constructed the toothpick models, and answer the questions. 

 

 After students have had sufficient time to work on this problem, ask each group to draw 

their pony pens on the board. Some groups may have a single or double row of attached squares. 

Some may have a single row of attached triangles. Some may have triangles arranged in a circle 

like a pie. (It is important that these models are designed using the toothpicks and not simply 

drawn. The condition that all panels are the same size means that the triangles must be 

equilateral, so each angle measures 60º and only 6 triangles fit together, forming a regular 

hexagon.)  

 Once all figures are drawn and students have answered the questions based on their 

models, engage then in conversation about the difference between the written conditions of a 

problem and the unwritten assumptions that solvers bring to a word problem. For example, the 

groups with the string of squares may have assumed that there is unlimited space to build the 

pens. The groups that used triangles may have assumed that there are a limited number of panels. 

Sometimes, groups will design the pens attached in a sort of checkerboard pattern. These groups 

may have assumed that there didn’t need to be access to the ponies to feed them or clean the pens 

or, they may have assumed that there would be no need for visitors at the fair to see the ponies 
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inside the pens. All groups would have to assume that one of the panels could be attached in such 

a way that it could be swung open for access to the pen. 

 No algebra is needed or encouraged to solve this problem. Merely the use of physical 

models and perhaps tables of values should be sufficient at the outset. After students have had 

some experience with using variables as specific unknowns to solve simple equations and as 

generalized numbers to simplify expressions, the pony pen problem may be revisited. 

 

Part II of Nina’s Pony Pen Problem  

Goal: Using a diagram and a table of values to identify a pattern, and writing an algebraic 

expression to represent the pattern. 

 

 Let’s revisit Nina’s Pony Pen Problem. Half of the class will look at the case in which the 

pens are connected squares, as in Figure 1a. The other half of the class will look at the case in 

which the pens are connected triangles, as in Figure 1b.  

  

      a.            . . .  b.                    . . . 

 

Figure 1: Pens for Ponies 

 Now I’ll assign your group to consider the squares or the triangles (assign groups). Each 

group’s job is to determine how many panels will be necessary to make any number of pens, say 

100 pens. To do this, each group will make a table of values with the number of pens in the left 

column and the corresponding number of panels needed in the right column. Begin by solving a 

simpler problem – one that you may have done the last time you worked on this problem – and 

record the number of panels needed to make 1 pen, 2 pens, 3 pens, 4 pens, 5 pens, and so on. Try 

to figure out a pattern by using both the diagram and the table of values. 

  

After students have worked in groups on these problems, have them record their work on 

the board. Ask someone from each group to describe how the group solved the problem. Their 

tables could resemble Table 1 for connected squares and Table 2 for connected triangles. 
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  Table 1     Table 2 

   Connected Squares                   Connected Triangles 

No. of Pens No. of Panels  No. of Pens No. of Panels 

1 4  1 3 

2 7  2 5 

3 10  3 7 

4 13  4 9 

n 3n + 1  n 2n + 1 

 

By examining the diagram, some students may have seen a pattern and developed an 

algebraic expression such as 4 + 3(n – 1) for the connected squares and 3 + 2(n – 1) for the 

connected triangles. Assuming that the students have had some experience simplifying 

expressions, they should be encouraged to simplify these expressions to determine whether they 

are the same as those presented by other students. Once students have developed expressions for 

the number of panels for n pens, they can answer questions regarding the number of panels 

needed for 100 pens, or for any number of n pens. They simply substitute the required number of 

pens in their expression and perform the arithmetic calculations. The power of algebra! 
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Independent variable 
Independent Var.    Dependent Var. Independent Var.    Dependent Var. 

Part III of Nina’s Pony Pen Problem  

Goal: Developing the concept of an algebraic function described by two variables. 

 

 Now let’s look at the tables we developed previously and create new names for the 

columns. Since the number of panels used depends on the number of pens needed, we will call 

the number of pens the independent variable, x, and the number of panels the dependent 
variable, y. Our resulting equations may look like those in the last rows of Table 3 and Table 4. 

   Table 3:  Table 4: 

   Connected Squares Function Connected Triangles Function 

  

No. of Pens 

x 

No. of Panels 

y 
 

No. of Pens 

x 

No. of Panels 

y 

1 4  1 3 

2 7  2 5 

3 10  3 7 

4 13  4 9 

x y = 3x + 1  x y = 2x + 1 

 

 Discussion of how a change in the number of pens results in a change in the number of 

panels is a good way to introduce students to the functional relationship between the variables, x 

and y. This is a very different use of the variables than as specific unknowns. Once a relationship 

between the two variables is established, many different activities with follow-up questions can 

be provided, including: 

1) Make a graph for each of the two equations in Tables 3 and 4. Should the points on the 

graph be connected or left as discrete points? Why or why not? 

2) How many panels are needed to make exactly 50 pens in each of the following 

arrangements in Figure 1a? In Figure 1b? 

3) What if you had a limited number of panels, say, 160. How many 4-sided pens, as in 

Figure 1a, could you make? How many 3-sided pens, as in Figure 1b? Would there be 

any panels left over in either case? Explain. 
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4) Draw a figure, make a table, and write an equation to describe the pattern that develops 

when the pens are arranged as in Table 1, but with a second row of pens connected at the 

bottom of the first row. Then, how many panels would be needed to make 50 pens? 

(This is a difficult problem. Many different functions may emerge. One possible answer 

is ; y = 127 panels for 50 pens.) 

 A good discussion involving (2) and (3) above would be to ask students to notice that 

these questions result in equations in which only one variable is unknown. The problem is to 

solve that equation for the unknown. By contrast, numbers (1) and (4) above involve working 

with two variables that vary with respect to one another – a functional relationship. There is not 

necessarily an equation to solve, but there are patterns to recognize, tables to make, and graphs 

that can be drawn to illustrate the relationships involved. 

 These types of problems may be amended and extended to fit any particular classroom 

situation. These are only intended to be suggestions. The important take-away from these 

problems is that they are meant to introduce students of any age to the algebraic thinking needed 

to deal with the functions that they will encounter in algebra and beyond, by recognizing and 

ultimately generalizing patterns.  
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Making Data 
 

 James A. Middleton  
 
Abstract. Research has shown that students have difficulty understanding data as a distribution 

rather than as a jumble of points. Measures of Central Tendency and Variation become isolated 

from the data as opposed to serving as descriptors of them. This article and accompanying activity 

show that making real data can be an engaging, meaningful connector of natural variation in the 

world with the statistical concepts and skills that help students make sense of those data. 

 

I wrote an article last year for OnCore that addressed the importance of variability in 

teaching statistics: The only reason we have statistics as a field is that there is natural variation in 

the world, and we need some way of getting a handle on this variation if we are to understand 

phenomena enough to predict their behavior, and perhaps make good decisions based on our 

understandings. 

Stepping back just a bit, this article focuses on the pedagogical importance of using data 

in teaching of statistics. But not just any data! Most mathematics teachers have used data 

presented in texts or have searched online for data from scientific studies to use in their courses. 

(http://www.triolastats.com/Data-Sets.html is a good example). There is nothing inherently 

wrong with this approach, but research has shown that to enable students to understand data, they 

need to “make it” themselves (Lehrer & Romberg, 1996; Leavy & Middleton, 2011).  

We often use the word, “collect” to describe the process of building a dataset, but this 

presumes that the data are “out there” in some ready form, just waiting to be picked up and put 

into our mental basket. But that is not the true nature of measurement. Data are not something 

that are handed to the scientist or economist. Data are made. Data can be made well or made 

poorly. Error of measurement can mask certain characteristics of the phenomenon under study. 

Data can even mislead the researcher. And most importantly, assumptions that researchers bring 

to the measurement situation determine the nature of the data they take from it.   
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Variation in Paper Airplanes 
As an example, I often use this activity in class. I have used it effectively with 7th graders, 

as well as high school Algebra and college-level mathematics students. (See handout at end of 

article.). Most students know how to make a paper airplane of some kind. Some students in my 

classes invariably create different favorite designs. One plane may fly straight as an arrow, while 

another might be quite acrobatic. We begin the class with a think-pair-share discussion to decide 

on criteria make a “good” paper airplane (Kagan, 1989). Leaving the question open encourages 

students to come up with their own criteria. I have heard criteria like: “Flies straight,” “Stays in 

the air a long time,” “Flies a long distance,” “Makes lots of loop-de-loops,” and “It’s pretty.” 

Clearly, what makes a “good” paper airplane depends on the purpose and goals of the designer; 

different designers may cite characteristics that together, define “good.” 

Following this discussion, the class chooses one or more criteria that canal agree defines 

a “good” paper airplane. Let’s say we choose “flies the farthest.” I divide the class into two 

teams. The job for each team is to design one airplane that will stay aloft for the longest amount 

of time. Other criteria might also be set, such as accuracy of landing on a specific target. This 

makes a more complicated problem, but it can also be more motivating for students Students 

then build their designed planes. We try to aim for about 15 to 20 planes per design for testing. 

  Once the planes are built, a test plan must be articulated: 1) What will be measured (e.g., 

distance, time); 2) How will it be measured (e.g., stopwatch, tape measure); 3) How will each 

trial be standardized? For example, how do we prevent the initial force applied to the plane from 

being high for some trials and low for other trials? Must we throw all planes from the same 

height? In the same direction?’ and 4) How many trials of each design should we conduct before 

we think we have a good enough sample to accurately describe the behavior of the aircraft? Each 

of these questions has multiple ways in which it can be answered.. You can infer from this 

process that by building data, I mean the choices researchers (students) make that form a unique 

method for helping them answer their question of interest. In this case, the question is, Which 

airplane is best for the criteria they value? 

These issues are critical to understanding why a data set contains the numbers it does. 

When, for example, my students throw their airplanes and measure, say, the distance flown or 

time in the air, they can see the one instance when the wind blew a plane off course, impacting 

its measured distance. Each data point, therefore, corresponds to a unique flight pattern, affected 
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by random variables (e.g., wind gusts, poor throwing technique, and the like). These random 

factors can be seen only when the students themselves record the data. 

 

Recording Data 
Although paper-and-pencil is a time-honored means for recording thoughts and 

manipulating mathematical symbols, it is entirely inefficient, pedagogically, for data collection 

and analyses of real problems. The time spent recording and cleaning up data can take a good 

portion of mathematics time. Calculating means and deviations, making accurate plots, these also 

can take a long time if students only have paper and pencil tools. I have found (also see Konold, 

Harradine, & Kazak, 2007) that using a data tool such as Tinkerplots, Fathom, or even plain old 

Microsoft Excel, enables much more efficient use of time, and provides effective means of 

representing the data visually, so that the real essence of statistical reasoning can be focused on: 

What the heck is going on in that pile of airplane data?  

Just a couple of weeks ago, my class built four different types of airplanes (about 15 

planes were built for each type), and flew them in the courtyard, recording the distance each 

flew. Four people were in charge of recording (on a laptop) the distances flown, one recorder per 

airplane type. Each of these recorders then emailed me a copy of their spreadsheet, which I then 

appended together in a master sheet, which I displayed on the board. Once data were displayed, 

we produced the scatterplot of the data shown in Figure 1. 
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Figure 1. Scatterplot of Real Airplane Data  

 

Representing and Talking about Data 
Looking at this representation, one of the first things we talked about, was: “Which plane 

design is the best design?” Plane 0 and plane 1 have the greatest mean distance flown (276 and 

227 inches, respectively). Planes 3 and 4 have the most consistent flights (range of 55 and 25 

inches respectively). What do we value most? If, in a real life scenario, disaster were to occur 

should the plane fly fewer than 100 inches, then plane 4 is clearly the best. If typical distance 

flown is valued, then plane 0 is best. These types of questions may be answered with “canned” 

data, but research shows that when students generate the criteria for measurement and carry out 

those measurements themselves, the values take on more contextual meaning (Romberg & 

Lehrer, 1998). Moreover, in my own work, we found middle school students jumping straight to 

calculating averages as opposed to seeing that the mean is only one indicator of the behavior of a 

set of data (Leavy & Middleton, 2011). This is due partly to pedagogical emphasis on the mean 

because it is easily calculated and very useful, but this is also due to the fact that students have 

little experience with real data: skewed, “clumpy,” and definitely “non-normal.” 
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Multiple Representations 
A more sophisticated graph is the box-and-whiskers plot shown in Figure 2. In addition 

to the information we discerned in Figure 1, we can now see the median values (the red lines in 

the center of the boxes), the interquartile range (the boundaries of the boxes), the minimum and 

maximum (the end of the “whiskers”), and some outliers (the plusses beyond the minimum of 

Plane 1 and Plane 2). What is gained by this representation is a focus on the summary statistics 

for each plane, at the expense of seeing each of the data points. Note that younger students can 

often get lost, not being able to see the “forest for the trees,” meaning, they have difficulty being 

able to look at the data set as a distribution of measurements, a single mathematical entity, as 

opposed to a confusing collection of points. Armed with this representation, we can now ask, 

“Which plane shows the most variability in its behavior (Plane 0)?”  “Which plane, on average, 

flew the farthest (Plane 0)?” “Which plane showed the most consistent flight (Plane 4)? “And, of 

course, we can ask other questions pertinent to the investigation. 

 

Figure 2. Box and Whisker Plot of Plane Distances 
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The Shape of Data 
We can point to some individual datum so that students understand how the collected 

data form a pattern when analyzed together. The skew of Plane 4, for example, might be a nice 

investigation for the class. Figure 3, below, shows a histogram of just the flights of Plane 4. 

Notice how the data have “modal clumps,” and a negative skew. The fact that we have a clump 

of airplanes that flew much farther than the rest (centered on 194 and 198 inches), the median is 

quite a ways from the mean. In my class, we use this kind of finding to show how the mean is 

greatly affected by outliers and skewed data.  

 

Figure 3. Histogram of Plane 4 Data 

A nice thought experiment (for younger kids) or a great algebra problem for older 

students is to think of Bill Gates making $11.5 billion per year, versus average Joe or Josephine 

American. The median household income for all Americans (including Bill) is about $53,000. 

The mean income, however, is $73,000. Taking Bill Gates and a few other extremely rich folks 

out of the equation drops the “average” by about $20,000 per year! Just eliminating Bill himself, 

as a single data point, would drop the average salary of 123 million households by $100.00 each! 
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Such a digression into the income of Bill Gates provides important conceptual support for 

how to interpret the data for Plane 4. In a very short discussion, a class can see the importance of 

the mean, median, shape of the distribution (skew), and its variability (range). Rather than 

perpetuate the “tyranny of the mean” (my own pet irritation when teaching statistics), students 

should see its place in the larger set of descriptors that enable them to make sense of real data. 

Wrap-up 
My goal thus far, has been to make the case for the use of real data, of making data 

critical, pedagogically, for statistical reasoning. The description of the activities I do with my 

own classes is easily adaptable to younger students. If however, the thought of letting 36 middle 

schoolers throw paper airplanes in the school building halls gives you the cold sweats, the 

exploration may be adapted to other contexts.  For example, I have used dried spaghetti as a 

means for testing the effect of different treatments on the strength of building materials. Heating 

spaghetti for a short time while it dries out, making it stronger, but more brittle. Measuring how 

far the spaghetti bends before it breaks with different levels of heating, soaking in water, painting 

with glue, or other methods devised by the students, is a close analog to the paper airplane 

activity, and much less likely to raise the hackles of administration. With algebra students, you 

can measure how far the spaghetti bends as a function of the force applied (using a spring scale). 

This is an excellent example of how Hooke’s law (the spring constant) can be applied to building 

materials to determine their “springiness.” 

The point of the matter is not the specifics of the activity as stated, but the importance of 

taking the time to make the data, discussing with your students the which methods must be used 

to insure that different experimental conditions are comparable to each other, what is to be 

measured and exactly how this is to be done to reduce error of measurement, and how different 

representations of data reveal global characteristics of the phenomenon under study.  

As a final word, the importance of using appropriate technology cannot be overstated: 

Because real data are messy, because you may have assemble a lot of data to get a reasonably 

stable distribution, and because calculations on even relatively small sets of data are 

excruciatingly tedious, to teach statistical reasoning you must incorporate tools such as Excel, or 

other more tailored programs, so that students do not lose sight of the question they are trying to 

answer, merely because their mental energy is taken up by computation or graphing. 
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For those interested in studying the research underlying this article, I have listed 

references that are tied to research in real classrooms, and that provide a basic introduction into 

how children and young people develop their statistical reasoning powers.  If you are interested 

in conducting the paper airplane activity, see the following Handout and notes.   

Activity and Handout: The Paper Airplane Problem 
Begin the activity by showing an example of a (not very good) paper airplane. Throw it 

and express frustration that, if you only knew what characteristics make a great airplane, perhaps 

you could design a better one. 

Then lead the students in a discussion about what makes a paper airplane “good.” You may 

elect to do this as a Think-Pair-Share activity to get all students involved, and to elicit many 

different criteria for discussion. 

1. What makes a really great paper airplane? Be creative and think of the best paper airplanes 

you have built, or you have seen, and list the criteria you would use to judge the quality of 

a plane that you and your classmates might build. 

2. Great! Now we are going to divide you into teams to design your own paper airplanes. 

Given the criteria we came up with are: (here list criteria), you should come up with ONE 

DESIGN PER TEAM that you think will perform best. 

3. Ok, given our criteria for “best” airplane were _____________________, how should we 

go about designing a fair test of the different designs? Here small group discussion for 2 

minutes prior to whole group discussion will insure that all teams are represented in the 

final decision of how airplanes are to be flown, and how measurements are to be taken. 

Record the agreed upon procedure on the board. Remember to weave into the discussion 

the following topics: 

a. Error of measurement 

b. Control of unwanted variation 

c. “Fairness” of a test 

d. Number of trials that is appropriate 

e. If there is more than one criterion, will each be a separate contest, or will there be 

some kind of overall best plane. If there will be an overall best, how will we 

incorporate different measures fairly into our determination of “best?” 
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Following discussion of methods, students should quickly perform their trials and record 

their data. In my experience, it is best to put all of the data into a single spreadsheet so that all 

groups can have all the data to analyze. The spreadsheet is easiest to read if you make multiple 

columns, each corresponding to a single airplane design. 

You may discuss the data as a whole class (usually the next day), or have students do 

initial analyses for homework, and follow up with discussion, data analysis, and explicit 

instruction on statistical concepts the next day. Of course, if students do not have experience 

graphing with technology, you may need more time to teach this skill, or make a worksheet to 

assign these skills for homework practice. 

For young students (Grades 3 to 5), line plots of the data are probably best. For older 

students, scatterplots or box-and-whiskers plots help them focus on key features of the data, and 

incorporate their knowledge of summary statistics.  

4. Now, looking at these graphs (or summary statistics), which design is best? Regardless of 

what students decide, you should direct them to incorporate not just measures of central 

tendency like the mean or median, but also on the range, min and max, and, for older 

students, interquartile range. Emphasize that a huge set of data can be summarized 

effectively with just a small set of numbers. 

Follow-up for this activity may be an assignment to show how summary statistics and 

graphical representations can be used with other types of empirical questions (for example the 

stretchiness of rubber bands, depending on their width, or the “tastiness” of bananas at various 

stages of ripening, or for older students, how bean sprouts grow, depending on the temperature in 

which they are placed). This activity can be adapted or extended to any scientific or social 

question that needs data to help generate an answer. 

You may discuss the data as a whole class (usually the next day), or have students do 

initial analyses for homework, and follow up with discussion, data analysis, and explicit 

instruction on statistical concepts the next day. Of course, if students do not have experience 

graphing with technology, you may need more time to teach this skill, or make a worksheet to 

assign these skills for homework practice. 

For young students (Grades 3 to 5), line plots of the data are probably best. For older 

students, scatterplots or box-and-whiskers plots help them focus on key features of the data, and 

incorporate their knowledge of summary statistics.  
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5. Now, looking at these graphs (or summary statistics), which design is best? Regardless of 

what students decide, you should direct them to incorporate not just measures of central 

tendency like the mean or median, but also on the range, min and max, and, for older 

students, interquartile range. Emphasize that a huge set of data can be summarized 

effectively with just a small set of numbers. 

Follow-up for this activity may be an assignment to show how summary statistics and 

graphical representations can be used with other types of empirical questions (for example the 

stretchiness of rubber bands, depending on their width, or the “tastiness” of bananas at various 

stages of ripening, or for older students, how bean sprouts grow, depending on the temperature in 

which they are placed). This activity can be adapted or extended to any scientific or social 

question that needs data to help generate an answer. 
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Handout 

 

Paper Airplane Challenge! 

 

Rules:  

x Each plane must be made using a single sheet of 8.5”x11” paper.  
x No cuts can be made in the paper.  
x No tape, staples, glue, or paper clips can be used to hold the plane together.  
x Nothing can be added to change the plane’s weight or balance.  
x Each design must qualify as being able to fly. Wadded up pieces of paper do not fly. 

They fall horizontally… 
x Each person on your team must build the same number of planes. You should have 

about 15 to 20 planes for trial.  
x When it comes time to test your designs, each throw must follow the procedure that we 

will develop as a class. Any throw that does not follow the procedure will be 
disqualified. 

x One member of your team will be recorder, entering the measurements for each trial in 
the provided spreadsheet. 

Judging: 
x The teacher’s judgment rules! If there is a discrepancy, I will determine whether the 

trial was fair, or whether a “re-do” is appropriate. 
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Pascal’s Triangle Exploration 

 
Jay L. Schiffman 

 
Abstract. Pascal’s Triangle provides the context for the exploration of number and algebraic 

relationships, and the development of the habits of mind described in the Mathematical Practices 

of the Common Core Standards for Mathematics (NGA & CCSSO, 2010). In this article, patterns 

evolving from Pascal’s Triangle are explored. They are particularly suitable for students at the 

middle and high school levels. 

 

Pascal’s Triangle Construction 
Blaise Pascal (1623-1662) is generally credited with the triangle bearing his name. 

However, the configuration was known centuries earlier in China, India, and Persia. Hence, who 

put the Pascal in Pascal’s Triangle has been the subject of debate in the history of mathematics. 

Row 0:                                                               1 

Row 1:                                                    1                   1   

Row 2:                                            1                 2              1                 

Row 3:                                    1              3                  3           1           

Row 4:                              1            4                6                4       1 

Row 5:                        1          5            10                10           5          1  

Row 6:                   1        6          15              20               15       6          1 

Row 7:               1       7        21            35                35         21          7       1 

Row 8:            1     8      28          56              70               5 6      28        8       1 

Row 9:         1     9    36        84          126              126         84        36       9       1 

Row 10:   1   10   45     120        210            252            210       120    45      10      1   

 

Figure 1: Pascal’s Triangle Rows 0-10 

The first 11 rows of Pascal’s Triangle are shown in Figure 1. As can be seen in Figure 1, 

the apex of the triangle in Row 0 has a 1. Row 1 contains two 1s. Each successive row contains 

one more entry than the previous row, and begins and ends with a 1. Other row entries are 
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obtained by adding the two entries in the previous row closest to the center. For example, to 

obtain the third entry 6 in Row 4, the two 3s in the row above (Row 3) are added.  

Although well known for generating the coefficients in the expansion of , the 

triangle is enormously rich in patterns that lead to connections in other branches of mathematics, 

including combinatorics, discrete mathematics, and number theory.  

Series of Numbers in Pascal’s Triangle or Derived from the Triangle 

Triangular Numbers in Pascal’s Triangle 
Triangular numbers are sums of consecutive counting numbers, beginning with 1: 1, 

(1+2) or 3, (1+2+3) or 6, (1+2+3+4) or 10, and so on. These numbers can be found in Pascal’s 

Triangle by beginning with Row 2 and following each diagonal from right to left or left to right. 

Karl Frederich Gauss is credited for the formula for computing any triangular number, T. 

Gauss noticed that if you recorded the numbers 1-10 in a row and below that list you recorded 

the numbers in reverse order, 10 to 1, and then added the pairs of numbers. 

  1    2    3    4    5     6    7    8      9   10 
          + 10   9    8    7    6     5    4    3      2    1     
             11+11+11+11+11+11+11+11+11+11 

There are ten 11s and 10 x 11 = 110. However, 1-10 has been added twice, so the sum must be 

divided by 2. So, the sum of the numbers 1 through 10 is (10 x 11)/2, or 55. For any sum of 

consecutive counting numbers beginning with 1 and ending with n, the sum or total is 

T(n)=[n*(n+1)]÷2. 

� �na b�
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Tetrahedral Numbers in Pascal’s Triangle 
Along the diagonals of Pascal’s Triangle, from left to right and right to left, beginning 

with Row 3, are the tetrahedral or pyramidal numbers: 1, 4, 10, 20, 35,… These numbers are 

sums of triangular numbers beginning with 1. Note: 1 = 1; 1 + 3 = 4; 1 + 3 + 6 = 10;  

1 + 3 + 6 +10 = 20; 1 + 3 + 6 + 10 + 15 = 35, and so on. 

  
 Powers of 2  

When the numbers in the rows of Pascal’s Triangle are added, their sums are powers of 2 

(see Table 1). 

Table 1 

Powers of 2 

 

The sum of the numbers in any row of Pascal’s Triangle is 2n where n is the row number. 

  
 
 
 

 
 
 
 
 
 
 

Row 0 Sum is 1 20 = 1 

Row 1 Sum is 2 21 = 2 

Row 2 Sum is 4 22 = 4 

Row 3 Sum is 8 23 = 8 

Row 4 Sum is 16 24 = 16 

Row 5 Sum is 32 25 = 32 
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Fibonacci Series 
The Fibonacci series of numbers is 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89… Each successive 

number is found by adding the two numbers preceding it, as for example: 8 = 5 + 3, 13 = 8 + 5, 

and 89 = 55 + 34.  When the numbers on diagonals of Pascal’s Triangle are added, their sums are 

terms of the Fibonacci Series. See Figure 2. 

 

 

 

 

 

 

 
 
 

 

 

 

  

 
 
 
 

Figure 2: Fibonacci Series 
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An Appealing Excursion 
Table 2 shows the type of number -odd or even- for each entry on Pascal’s Triangle’s for 

Rows 0 through 24.  These data and other data are displayed in Table 3.   

Table 2 

Odd and Even Numbers in Pascal’s Triangle 

Row                           

0 O                         

1 O O                        

2 O E O                       

3 O O O O                      

4 O E E E O                     

5 O O E E O O                    

6 O E O E O E O                   

7 O O O O O O O O                  

8 O E E E E E E E O                 

9 O O E E E E E E O O                

10 O E O E E E E E O E O               

11 O O O O E E E E O O O O              

12 O E E E O E E E O E E E O             

13 O O E E O O E E O O E E O O            

14 O E O E O E O E O E O E O E O           

15 O O O O O O O O O O O O O O O O          

16 O E E E E E E E E E E E E E E E O         

17 O O E E E E E E E E E E E E E E O O        

18 O E O E E E E E E E E E E E E E O E O       

19 O O O O E E E E E E E E E E E E O O O O      

20 O E E E O E E E E E E E E E E E O E E E O     

21 O O E E O O E E E E E E E E E E O O E E O O    

22 O E O E O E O E E E E E E E E E O E O E O E O   

23 O O O O O O O O E E E E E E E E O O O O O O O O  

24 O E E E E E E E O E E E E E E E O E E E E E E E O 
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Table 3 shows the total number of odd and even entries, total number of entries 

(combined odd and even), the cumulative number of odd entries, the cumulative number of even 

entries, and the ratio of the cumulative number of even and odd entries to the cumulative total. 

Table 3 

Odds, Evens, Totals, Cumulative Totals, and Ratio 
Ro
w 

No. of Odd 
Entries 

No. of      
Even 
Entries 

Total  
No. of 
Entries 

Cum 
No. of 
Odd 
Entries 

Cum 
No. of 
Even 
Entries 

Cum 
Entries 

Ratio of 
Cum Odds 
to Cum No. 

Ratio of Cum 
Evens to 
Cum No. 

0 1 0 1 1 0 1 1/1 0/1 
1 2 0 2 3 0 3 3/3 0/3 
2 2 1 3 5 1 6 5/6 1/6 
3 4 0 4 9 1 10 9/10 1/10 
4 2 3 5 11 4 15 11/15 4/15 
5 4 2 6 15 6 21 15/21 6/21 
6 4 3 7 19 9 28 19/28 9/28 
7 8 0 8 27 9 36 27/36 9/36 
8 2 7 9 29 16 45 29/45 16/45 
9 4 6 10 33 22 55 33/55 22/55 

10 4 7 11 37 29 66 37/66 29/66 
11 8 4 12 45 33 78 45/78 33/78 
12 4 9 13 49 42 91 49/91 42/91 
13 8 6 14 57 48 105 57/105 48/105 
14 8 7 15 65 55 120 65/120 55/120 
15 16 0 16 81 55 136 81/136 55/136 
16 2 15 17 83 70 153 83/153 70/153 
17 4 14 18 87 84 171 87/171 84/171 
18 4 15 19 91 99 190 91/190 99/190 
19 8 12 20 99 111 210 99/210 111/210 
20 4 17 21 103 128 231 103/231 128/231 
21 8 14 22 111 142 253 111/253 142/253 
22 8 15 23 119 157 276 119/276 157/276 
23 16 8 24 135 165 300 135/300 165/300 
24 4 21 25 139 186 325 139/325 186/325 
25 8 18 26 147 204 351 147/351 204/351 
26 8 19 27 155 223 378 155/378 223/378 
27 16 12 28 171 235 406 171/406 235/406 
28 8 21 29 179 256 435 179/435 256/435 
29 16 14 30 195 270 465 195/465 270/465 
30 16 15 31 211 285 496 211/496 285/496 
31 32 0 32 243 285 528 243/528 285/528 
32 2 31 33 245 316 561 245/561 316/561 
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As can be seen in Tables 2 and 3: 

1.  All entries in Rows 1, 3, 7, 15, and 31 are odd numbers. One can correctly conjecture that the 

only rows where all the entries are odd are of the form 2n-1, where n is a member of the set of 

natural numbers beginning with 1. 

2.  The entries in rows 2, 4, 6, 8, 16, and 32 are even numbers, with the exception of the first and 

last entries which are both 1. This in general occurs in rows of the form 2n, where n is a 

member of the set of natural numbers that begin with 1, and is an immediate consequence of 

the first conjecture and the binomial identity  

3.  With the exception of Row 0, the number of odd entries in any row of Pascal’s Triangle is 

always even. This is a consequence of the symmetry of the binomial coefficients as 

represented by the identity � � � �, , .C n r C n n r �   

4.  The number of odd entries in any row of Pascal’s Triangle is a power of two. 

5.  The ratio of the cumulative total of even entries to the total number of entries approaches 1 as 

the number of rows in the triangle increases. For example, the cumulative total of even 

entries to total entries, Rows 0 through 64, is 1351/2080l; for rows 0 through 128, is 

6069/8028. 

Conclusion 
The activities presented in this article place rich mathematical problem solving in context 

and require deep and sustained mathematical thinking. It is essential for teachers at all grade 

levels to have their students investigate rich problems, like these that foster independent learning 

and thinking. Through engaging with explorations such as these, students will grow to appreciate 

the beauty of mathematics. 

 
 
 
 
 
 
 

� � � � � �, 1, 1 1, ; .C n r C n r C n r r n � � � � �
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