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High Five for Mathematics! 

Susan Looney 

Abstract: High Five For Mathematics tells the story of a first-grade teacher’s use of 

hands and fingers as a way to engage students in and develop their understanding of counting, of 

ways to combine groups to facilitate counting by 5’s and 10s, and of methods for describing their 

findings using words and number sentences.  

  

According to the 2010 joint position statement on early childhood mathematics from the 

National Association for the Education of Young Children (NAEYC) and the National Council 

of Teachers of Mathematics (NCTM), “children’s everyday activities and routines can be used to 

introduce and develop important mathematical ideas” (p 7). Effective routines that exemplify the 

goals of the Common Core State Standards for Mathematics (NGA & CCSSO, 2010) and 

maximize learning opportunities are described in this article. The seemingly “simple” routine in 

Mrs. Carr's
*
 first grade classroom proved to be a powerful opportunity for mathematical 

discourse and the development of multiple mathematical concepts. It is a routine that does not 

become routine, as children are constantly challenged. 

 

Classroom Excerpt (See Figure 1) (Note: Mrs. Carr is using a magnetic whiteboard.) 

 

Mrs. Carr: Hmm…how many fingers are on the board today?  Is there a way to organize them 

to make them easy to count?  Who has an idea to get us started? 

 

Immediate enthusiasm is evident in the class. Students are pointing in the air, whispering 

to each other, and sub-vocalizing their counting. All are engaged. Several students are invited to 

describe their solution methods. 

 

                                                           
* Kristen Carr is a first grade teacher in Westwood, Massachusetts, and a former mathematics 

coach. She also works as a consultant with early childhood teachers throughout the state. 
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FIGURE 1. Hands and Fingers 

 

Sandy: We could look for tens and then fives and fives. 

Sandy proceeds to the board and removes the one full left-right joined “10” and then 

composes four additional groups of 10 using 5 and 5, while continually checking what she is 

doing. She slides the “hands” over into a stack of tens and then explains her thinking. 

Sandy: I found one ten and then I looked for pairs of 5s to make more tens. I found 5 tens. 

Mrs. Carr: How does finding tens make it easier for us to count? 

Sandy: Because I know 5 plus 5 is 10 and I know how to count by tens. 

 I counted 10, 20, 30, 40, 50. 

 

Sandy circles the 5 sets of ten and writes 50. (See Figure 2) 

 

FIGURE 2. Sandy making 10s 
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Mrs. Carr: Who can keep us going? What should we do next? 

Terry: I am going to look for other ways to make fives, like fours and ones because that is an 

easy way to make five. 

 

Terry walks to the board and proceeds to slide a four and a one together, and then puts a 

three and a two together. 

 

Terry: Here is a ten. 

Mrs. Carr: So, when you ran out of fours and ones, you looked for another five? Can you label 

what you have with an equation? (See Figure 3) 

 

 

FIGURE 3. Terry’s equations 

 

The process continues until the class is left with the challenge of combining 2 fours, 1 

three and 1 one, which can’t be made into a ten. 

 

Mrs. Carr: Who has an idea now? 

John: I looked for doubles first and I knew 4 plus 4 equals 8. Then I knew 8 plus 1 equals 9. So 

then I had to do 9 plus 3 which gives me 10 and 2 extras, which is 12. 

 

John not only explained his thinking, but he also kept track of his steps using equations, 

as shown in Figure 4.  
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FIGURE 4. John’s equations 

 

Finally, students were asked to combine partial totals to identify the total number of 

fingers on the board. 

 

Mrs. Carr: Now that we have the fingers in helpful groups, who can use those groups to figure 

out the number of fingers in all?  

 

Lisa: I took the 50 and added one 10 to get 60. Then I added one more 10, which is 70. Then I 

knew that 12 had a 10 hiding in it with 2 extras, so I added 70 plus 10 is 80 and 80 plus 2 is 

82. 

 

FIGURE 5. Lisa’s equations 

 

Mrs. Carr: Thumbs up if you agree that there are 82 fingers on the board today. 

 

There is noticeable pride on the students’ faces for solving the task collaboratively, and 

they confidently and unanimously offer thumbs up! 
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What is the mathematics involved? 

 

Subitizing 

From the moment the finger images are placed on the board, students are subitizing - they 

are recognizing quantities of 5 or less without counting each finger. This skill is foundational to 

the development of cardinality, that is, the use of numbers to tell “how many in a group” (Klein 

& Starkey, 1988). According to Clements (1999), students should be shown pictures of quantities 

of objects to encourage this conceptual subitizing (p. 403). When students pull out the fives, or 

look for fours and ones, they are not counting, but rather, are instantly recognizing the quantities. 

The use of hand images is a powerful visual model for enabling recognition of fives and tens. 

This is then connected to the sequence of counting by ten. A written record helps students 

connect the image to the numerals recorded on the board. 

 

Composing numbers 

Students apply their talents recognizing small amounts to searching for tens. Number 

relationships provide the foundation for strategies that help students remember basic facts. For 

example, knowing how numbers are related to 5 and 10 helps students master facts such as 8 + 6. 

Since 8 is 2 away from 10, take 2 from 6 to make 10, and then 10 + 4 = 14 (Van de Walle & 

Lovin, 2006). According to Liping Ma (1999), children in China and other East Asian countries 

learn to compose and decompose numbers at an early age to prepare them for understanding 

more advanced mathematical topics, including addition and subtraction. As children work 

together to compose tens and explain their thinking, their classmates have the benefit of hearing 

a variety of solution strategies. 

 

Understanding Place Value 

The hands activity described in this article provides a powerful model for understanding 

place value. Basic understanding of place value involves building relationships and making 

connections between key ideas, for example, quantifying sets of objects in groups of ten and 

treating the groups as single units (Steffe & Cobb, 1988; Fuson, 1990). According to the 

National Research Council in their publication Adding it Up (2001), manipulative materials 

should “help them (students) think about how to combine quantities and eventually how this 
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process connects with the written procedure” (p. 198). When figuring out the total of 82 fingers, 

some students began counting with 50 and then added tens, one at a time, until reaching 80. Then 

they added two additional ones to reach 82. In this way, they used “counting on” by tens to 

simplify the solution process. 

 

Summary 

Throughout this activity, whether they were subitizing amounts less than five by 

composing tens from fives, or counting on by tens to reach the total, all students were 

participating. The inclusion of a written record of the count reinforced an understanding of the 

use of addition to figure out a total. Unlike routines that become rote and void of challenge, this 

is a routine that can grow and increase in complexity throughout the year.  

 

A Note about Creating Materials 

 In order to show fewer than 5 fingers on a hand, fingers are folded back into typical 

finger patterns showing 1, 2, 3, or 4 fingers. Ten fingers are shown with both a left and a right 

hand joined at the thumb. 
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Does It Add Up? 

Supermarket Receipt Exploration 

Beth Lazerick 

Abstract: “Does It Add Up?” is a vehicle for enhancing middle school students’ 

understanding of ratios, proportions, percent, and metrics used to describe sets of data, including 

means and ranges. By examining and analyzing supermarket receipts, students learn that sets of 

data can lead to generalizations about a population while gaining specific information about the 

nature of that population (NGA & CCSSO, 2010).  

 

Investigations using supermarket receipts can 

provide students with rich real-life applications of 

concepts and skills from the various domains of 

mathematics, including Number and Operations, 

Operations and Algebraic Thinking, Measurement and 

Data, and Ratios and Proportional Relationships (NGA 

& CCSSO, 2010). What follows are sets of activities in 

which middle school students apply mathematics to gain insight into nutritional practices. 

Students become mini-sleuths as they examine receipts, group and analyze the data, and draw 

conclusions based on the results of their analyses.  

Prior to introducing the activities, collect long supermarket receipts, at least three per 

child. Later, students can contribute to the collection. (Be sure to remove charge card 

information if any are shown.) When receipts are ready, have students imagine that they are the 

managers of supermarkets and their job is to figure out how people spend their money. Teachers: 

Feel free to customize the following activities to your particular classroom situation. 
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FIGURE 1. Supermarket receipt 

with foods sorted by category 

Activity 1 

 Give each student, or pair of students, one supermarket receipt. Direct them to examine 

the receipt, and determine the following: 

1. Were fruits purchased? Vegetables? 

a. List these with their associated costs and compute the total cost. 

b. What is the ratio (cost/weight) of fresh fruits and vegetables to other foods? Note: the 

receipt in Figure 1 combines fruits and vegetables in the general category of produce. 

 

2. Were meats, fish or other protein items purchased?  (Look for tofu or other meat substitutes 

as well.) List these with their costs and compute the total cost. In Figure 1, meat and seafood are 

separate categories. There are no categories for other high-protein products. 

 

3. Were cereals purchased? How about snack foods? List these with the costs for each and 

compute the total cost. 

 

4. Are household items (e.g., bathroom tissue, cleaning 

supplies, light bulbs) on the receipt? List these with 

their costs and compute the total cost for these types of 

items. 

 

5. What other items were purchased?  How would you 

categorize them? 

 

6. What is the ratio of the total cost of: 

a. Fresh foods to packaged foods? 

b. Sugared drinks to other liquid drinks? 

 

Compare your findings with those of your classmates. 
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 After these initial explorations, give each student, or pair of students, one receipt with the 

following assignment. (See Figure 2) 

1. Study the receipt. Group purchased items into categories of your choice. 

a. Create a table to show each category, and the amount of money spent for items in that 

category. 

b. Identify the ratio of the total cost per category to the total cost for all items, and then 

calculate those as percentages. Record the percentages in the table. 

c. Using that same data, create a circle graph. (Note: This activity also may be 

accomplished using a spreadsheet program.) 

2. Write a story about the family who purchased these items. 

a. Does the family have a baby, a dog? 

b. Could the family be vegetarians? How can you tell from the supermarket receipt? 

3. Have groups of students compare their lists, and figure out 

the average amount spent on vegetables? Juices? Other 

categories of items? 

Category 
Category 

Total 
Percent of Total 

for All Items 

Grocery $19.25 63.18% 

Refrig/Frozen $4.49 14.74% 

Meat $3.49 11.45% 

Produce $3.24 10.63% 

Total $30.47 
 

Grocery

Refrig/Frozen

Meat

Produce

FIGURE 2. Data Organization for Activity 1 

 



Fall 2013              OnCore 12 
 

Activity 2 

Give each student, or groups of 2-4 students, an envelope containing 8-10 supermarket 

receipts.  Have them answer the following questions: 

1. What is the average amount spent per shopping trip? 

2. What is the ratio of “savings” to the total amount spent?   

3. What is the range of total costs?  

4. Measure each receipt in the envelope. Figure out the mean length of receipts. Compare the 

mean length to the mean number of items purchased. 

 

Concluding Activities 

After these activities, students may 

1. Generalize from their findings: Do people eat balanced diets? Do they use coupons? Do they 

purchase primarily sale items? 

2. Bring in receipts from home and analyze and compare them with findings from others in their 

envelopes. Whose family purchased the healthier items? Can you determine this from one 

shopping trip? 

 

Reference 

National Governors Association Center for Best Practices & Council of Chief State School 

Officers. (2010). Common Core State Standards for Mathematics. Washington DC: 

Authors. 

 

Beth Lazerick is a veteran of more than 40 years of elementary, middle, high 

school, and university teaching.  She served as the editor of "News from the Net" 

for the Teaching Children Mathematics from the NCTM during the early days of 

internet use and the Statistics Teacher Network of the NCTM and the American 

Statistical Association.  Dr. Lazerick is now enjoying college teaching and doing 

free-lance consulting. 
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Quantitative Reasoning and the  

Figurative Method for Solving Problems 

Valentina Postelnicu and Florin Postelnicu 

Abstract: A sequence of three tasks, to facilitate grades 5 and 6 students’ transition from 

numerical to quantitative reasoning, was designed and tested. To accomplish the transition, the 

Figurative Method (Krutetskii, 1976), using line segments of varying lengths to represent 

magnitudes of attributes of objects, was employed. 

 

Reasoning quantitatively is central to success with the study of algebra and more 

advanced mathematical topics; for modeling, analyzing, and interpreting context-based 

mathematics and science (Mayes, Hatfield, & Belbase, 2012; Mayes, Peterson, & Bonilla, 2013). 

When reasoning quantitatively, problem solvers focus on relationships – a key feature 

highlighted in the Mathematical Practices of the Common Core State Standards for Mathematics 

(NGA&CCSSO, 2010). 

The Figurative Method consists of representing a quantitative situation using line 

segments of varying lengths in lieu of the magnitudes of attributes of objects involved in the 

situation. These representations allow student problem solvers to “see” the relationships between 

and among quantities, and to represent them symbolically. As an example, consider Task 1. 

 

Task 1:  

Two sisters, Ann and Belle, counted their money.  

Together they have $240. Belle has $160 more than Ann. 

How much money does each sister have? 

 

 One grade 5 student’s solution is presented in Figure 1. (Note: Because the image of the 

student’s work was difficult to reproduce, we redrew the figure.) 
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S = Total amount (A + B) 

B – A = N 

 

  

B =  

A =  

240 − 160 = 80 

80 ÷ 2 = 40 

160 

40 

40 N 

 

FIGURE 1. Figurative Method solution to the Ann and Belle problem 

 

As can be seen in Figure 1, the student drew a long line segment to represent Belle’s 

money and a shorter line segment to represent Ann’s money. She named A the amount of money 

Ann has, B the amount of money Belle has, and S “the total amount” (A+B).  When asked to 

compare A and B, she wrote “B – A = N,” and identified N as “how much more money Belle has 

than Ann.” She subtracted N ($160) from the total amount of money S ($240). She pointed out 

that this (difference) $80 is the total amount of money both sisters would have if Belle didn’t 

have the “extra” $160. The student divided 80 by 2, recorded 40 on each shorter line segment, 

and then answered the question: “Ann has $40 and Belle has 40 +160, or $200.” 

After we repeated this first task with different amounts of money, we asked students to 

each write a letter to another student and explain the solution process employed. 

For Task 2, students could choose names for the children referred to in the task, the 

magnitudes of the quantities, and the question to be answered. Some numbers were chosen 

jointly by students and teachers so that answers would make sense in the selected contexts. By 

allowing students to make these choices, we turned over ownership of the tasks to them, which 

had the added benefit of having them lead conversations about their solution processes.  

 

Task 2: 

Two grade 1 students, _(Name)______ and  (Name)________,  and two grade 5 students, 

_(Name)______ and (Name)________,  counted their money.  The two grade 1 students 

have the same amount of money, or $__________ each. The two grade 5 students have 

the same amount of money, or $____________ each. Each grade 5 student has ______ 

times as much money as each grade 1 student. Altogether, the four students have 

$____________. 
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The first few attempts to solve Task 2 were unsuccessful. Several grade 5 students 

decided to divide the total amount of money by the total number of students (4). They knew that 

something “wasn’t right,” but didn’t know what to do.  When directed to use the Figurative 

Method, students “saw” that they needed to divide the total amount of money by the number of 

“equal shares.” Figure 2 presents one student solution. 

 

FIGURE 2. Figurative Method solution to the open problem 

 

As can be seen in Figure 2, each grade 1 student has half as much money as each grade 5 

student (or equivalently, each grade 5 student has twice as much money as each grade 1 student), 

and the total amount of money is $120. The figurative representation with six congruent line 

segments corresponding to six equal shares, together with the explanation given and the correct 

arithmetic operations, point to the fact that the student solver understood the Figurative Method 

as a means of solving the problem. 

For Task 3, we wanted students to begin with an algebraic relationship and move to the 

figurative representation with line segments, and then show the operations with numbers. We 
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suspected that use of the Figurative Method would serve as a catalyst between the symbolic 

representation of the linear equation and the correct sequence of calculations necessary to obtain 

solutions. 

 

Task 3: 

While solving a problem, your friend wrote this equation: b = 3a + 12. 

i) Can you represent this relation with line segments?           

ii) Let’s say that b = 165. Can you find a? What operations will you use? 

 

Figure 3 shows one grade 6 student’s representation. 

 

 

FIGURE 3. Figurative Method solution to an algebraic equation 

 

As can be seen in Figure 3, the student represented a as the shorter line segment, He  

represented b as a line segment three times the length of a, plus an “excess of 12.” The 

representation helped him carry out the calculations necessary to solve for the value of a in  

165 = 3a + 12. First, he “removed” the excess (12) from 165, and then divided the difference 

)12165(   by 3 to get a = 51. 

 

Conclusion 

We found that the Figurative Method is a very useful bridge between numerical and 

quantitative reasoning. We are aware that quantitative reasoning takes time to develop, especially 

given the complexity of problem contexts and types of computation required. In Tasks 1- 3, the 

numbers and computations were relatively simple. When we implemented the method in 

subsequent work with students, we not only used more challenging computations, but also 

included non-tangible quantities, like time measurements, that are more difficult to represent. 

Krutetskii’s 1976 book, describing the mathematical talents of school-age children and ways to 

enhance their mathematical problem solving abilities using the Figurative Method, is a valuable 

resource for teachers, and an inspirational read. 
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“Why use      when all we really mean is  ?” 

Patrick W. Thompson 

 Abstract: Every high school mathematics teacher who has taught function notation has 

heard the question: Why use f(x) when all we really mean is y? This article responds to that 

question by addressing the idea of function notation from historical and pedagogical 

perspectives. 

History 

 Notations are a means of representing something conventionally. As such, we cannot 

understand the invention of function notation without first understanding the idea its inventors 

intended to capture with it. Clearly, function notation was invented to represent functions. But 

the idea of function itself evolved and changed over time. Kleiner described the idea of function 

as “3700 years of anticipation …. [and] 300 years in intimate connection with problems in 

calculus and analysis” (Kleiner, 1989, p. 282). For 3700 years mathematicians and scientists 

envisioned two quantities changing together but had no means to represent “changing together”. 

They could represent values of the two quantities, but they did not have a way to represent a 

relationship that existed between them.  

 Kleiner described the next 300 years, after the advent of algebraic notation, as 

mathematicians’ attempt to express relationships between variables in a way that they could 

speak of relationships yet to be defined explicitly. For example, you know that you had a specific 

height at each moment in time since your birth, but you have no way of knowing exact heights at 

exact moments in time. How might you represent your height at each moment of elapsed time 

since birth without knowing the precise relationship between your height and elapsed time? In 

other words, mathematicians wanted to be able to represent something like “my height had a 

value at each moment of elapsed time” symbolically. 

 Cajori’s history of mathematical notations (Cajori, 1928, 1929)
1
 gives several examples 

of different attempts to represent relationships between the values of two variables. It is worth 

                                                           
1 Many of my statements rely on Florian Cajori’s excellent two-volume history of mathematical notations. 

Cajori numbered his paragraphs across the two volumes, so I will state citations to Cajori’s history as 

(FC, paragraph number). 
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noting that the difficulty occurred in representing the relationship, not in representing the values. 

Early attempts were unsatisfying because the notation highlighted the independent variable and 

the dependent variable, but did not name the relationship between them. In a 1697 letter from 

Johann Bernoulli to Gottfried Leibniz, Bernoulli wrote that he had invented a new notation that 

included the variable used to define a function, a name for the function, and a value of the 

function for a value of x (e.g. Ax for a relationship named A defined in terms of a variable x).  

 In 1734, Euler created our modern notation, writing “If  (
 

 
  ) denotes any function of 

 

 
   …” But Euler’s notation was not taken up generally for several decades. Even Euler 

adjusted his notation so that       denoted the value of a function of one variable and         

denoted the value of a function of two variables (FC, 643). During Euler’s life all functions were 

named by a Greek letter, such as    to name a function     defined in the variable  . It was not 

until the early 1800’s that textbooks began using Euler’s original notation consistently (FC, 645). 

However, ideas like a function’s domain, codomain, image, and range had yet to be thought of 

because the problems mathematicians worked on did not demand them. 

 Today, there are a number of conventions for representing relationships between the 

values of two variables. Each emphasizes a different aspect of the idea of function. For example, 

if one wants to emphasize that a function named h is a relationship between two sets A (the set of 

inputs) and B (a set containing the function’s outputs), one could write   h : A® B  or  A
h

¾®¾ B. 

Pedagogy 

 The historical discussion above concerned adult mathematicians’ attempts to devise a 

notational system for representing functions, where their personal concepts of function were 

quite mature. High school students usually do not have a mature understanding of function, even 

by the standards of 1700. The typical approach taken by high school mathematics textbooks and 

other instructional materials is to just begin using “    ” where they had been using “ ”, leading 

students to ask the natural question, “Why not just use y?”  

 The issue we must address, as Harel (2013) puts it, is how we might necessitate function 

notation—how we might make function notation a solution to what students recognize is a 

problem. Two ways that I find particularly useful are to create situations where students need to 

(1) re-use a formula repeatedly, and (2) name a process before, or without, having an opportunity 

to define it.  
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1 - Re-use formulas 

 To employ the re-use formulas strategy students need a computing device that will allow 

them to define functions. Automatic evaluation of function values is crucial to the success of this 

approach. My examples use the computer program, Graphing Calculator (“GC” for short; 

Avitzur, 2011). 

 Students like formulas. Well, at least they like formulas in comparison to functions. 

Formulas give explicit rules as to what to do, and many (too many) students prefer rules to 

thinking any day of the week. The idea behind the re-use formulas strategy is to make an explicit 

reliance on a rule as inconvenient as possible. 

 Figure 1 presents the well-known Box Problem. What I present here regarding function 

notation should follow a thorough discussion of the situation, especially how one can make a box 

by cutting square corners from a rectangular sheet. The discussion should also clarify the 

following: the box’s height will be the length of the square’s side, the box’s width will be the 

sheet’s width less what is cut out, and the box’s length will be the sheet’s length less what is cut 

out. Students also will need to recall, or be reminded of, how to compute the volume of a 

rectangular prism (area of base times height). 

 

 

FIGURE 1. The box problem 

 Here is an outline of the re-use formulas approach to necessitating function notation. 

Plain type is something you would say. Italic type is a comment. 

We have a rectangular sheet of cardboard that is 16.42 cm long and 13.76 

cm wide. We will cut a square with side-length 4 cm from each corner and 

fold the sheet to make a box. What will be the box’s volume? 
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 Reason together to conclude that volume is base area times height. Base area is width 

times length. So base area is 
 
13.76 - 2*4( ) 16.42 - 2*4( ) , and volume is  

 
4 13.76 - 2*4( ) 16.42 - 2*4( ) . Now calculate. 

 What would the volume be if the length of a square’s side is 2.3 cm? What would the 

volume be if the length of a square’s side is 3.8 cm? What would the volume be if the 

length of a square’s side is 5 cm? What side length for the square makes the box have the 

greatest volume? 

 Anyone tired of calculating? 

 What formula are you using to calculate volumes? 
  V = c(13.76 - 2c)(16.42 - 2c), where c 

is the side-length of the square cutout. 

 Does knowing this formula help us calculate values faster than we’ve been calculating 

them? Not really. 

 Let me show you something. There’s a way to name this formula and have the formula 

calculate itself automatically. 

 Define 
  V (c) = c(13.76 - 2c)(16.42 - 2c) in your computing device while projecting your 

device’s display on a projector screen. Explain that c is the cutout’s width in cm and that 

V(c) produces the box’s volume in cubic cm given a value of c. 

 Type V(2.3). The display shows 249.02376. Have students interpret the display. Type 

V(3.8). The display shows 206.45856. Have students interpret the display. Type V(5). The 

display shows 120.696. Have students interpret the display. See Figure 2. I’ve yet to see a 

student who doesn’t think this is cool. 

 How much does the volume change if we increase the cutout length from 4.1 cm to 4.3 

cm? Calculate this by typing V(4.3) – V(4.1). The display shows -13.87296. Have 

students interpret V(4.3), V(4.1), V(4.3) – V(4.1), and -13.87296. 

 

FIGURE 2. Function V defined, and values of V  

computed by GC when given values of c 
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 How might we think about what (the computing device) is doing when we type 

V(number)? It is important that students develop a mental model of what the device is 

doing to produce numbers. It won’t take long for them to propose something like a 

function machine. 

 How might we use our definition of V to graph the relationship between volume and 

cutout length? 

 Suppose the cardboard sheet was 28 cm by 40 cm. Must we start over from scratch? No. 

Just change the function definition. 

 

 I do not mean to convey the impression that I predict the above outline will match what 

happens in your classroom. But it should give you an idea about how to orchestrate a lesson that 

necessitates the idea of function notation as a convenient way to re-use formulas. 

 It is necessary to address the conventions that lie behind function notation after an 

informal introduction to function notation like re-use formulas. The convention for using 

function notation is that you write the name of the rule, the variable that represents the value on 

which the rule acts, and then the rule that defines the function. Figure 3 unpacks the terms and 

conventions having to do with function notation.  

   V

Name

( u

Input

)

Output

= u(13.76 - 2u)(16.42 - 2u)

Rule for  how to  produce an  output

Function  definition

 

FIGURE 3. Parts of a function definition 

 We often use the phrases “name of rule” and “name of function” interchangeably. The 

values that we put into the rule are called input values. The number that results from applying the 

rule to a specific input value is called an output value, represented above by     . The symbol 

     is an example of representing the function’s output values for varying values of the input  . 

The act of using function notation to represent a relationship between two quantities’ values is 

called defining a function.  
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 It is important to notice that “=” in the definition of V in Figure 3 does not mean that two 

numbers are equal – that the number represented by V(u) is the same as the number represented 

by 
  u(13.76 - 2u)(16.42 - 2u) . Rather, this use of “=” means “is defined to be.” That is why we 

cannot say that the right-hand-side represents the output of V. Instead, it is like the part of a 

dictionary definition that sits beside the word that is being defined. 

2 - Name a process before defining it 

 There is a theorem in number theory (call it Theorem A) that says:  

Suppose that a and b are integers, a > b, and a, b ≠ 0. Suppose that r is the remainder of 

a divided by b. If d is the greatest common divisor of a and b, then d is the greatest common 

divisor of b and r.  

A corollary of Theorem A is that if r = 0, then b is the greatest common divisor of a and b. 

 Theorem A is the basis for Euclid’s algorithm for computing greatest common divisors 

(an important computation in cryptology). I will use “rem” to name a function that produces the 

remainder of one integer divided by another, and “gcd” to name a function that produces the 

greatest common divisor of two integers. 

 

You are given values of a and b, b ≠ 0. To compute gcd(a,b): 

 If rem(a,b)=0, then gcd(a,b) = b. 

 If rem(a,b) ≠ 0, then compute gcd(b,r). 

 

We have, essentially, defined gcd, namely: 

  

gcd(x, y) =
y if rem(x, y) = 0

gcd( y,rem(x, y)) if rem(x, y) ¹ 0

ì
í
î

  

 

But we have not defined rem even though we have said how we will use its output. Thus, we 

need a definition for the function that produces the remainder of one number divided by another. 

 To define rem, we must think about how we would compute a remainder: calculate     

as a decimal number, subtract the integer part, and then multiply the remaining decimal part 
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by  . The function that gives the integer part of a number is called the “floor” function, denoted

 
xêë úû . So, 

  

rem(a,b) = b
a

b
-

a

b

ê

ë
ê

ú

û
ú

æ

è
ç

ö

ø
÷

= a - b
a

b

ê

ë
ê

ú

û
ú

 

 

 Figure 4 shows rem and gcd in action within GC. It also shows that gcd is defined for two 

negative integers. But the example of gcd(-58,-4) shows that the number that gcd produces when 

x and y are negative is not their greatest common divisor. GC says it is -2 when it should be 2. I 

invite you to adjust the definition of gcd so that it works for negative integers. You might also 

adjust the definition of gcd so that it produces an acceptable output even when its inputs are not 

integers. 

 

FIGURE 4. Functions rem and gcd in action 

 

A Misuse of Function Notation 

 It is common for teachers and textbook authors to write statements like 

 =     =    2. This is actually a misuse of function notation and it confounds meanings of 

“=”. But just like any common practice, it has its pros and cons. 

 

On the positive side 

1) Writing   =     =    2 is convenient. It does two things in one line. It says that 

  =       and it says that      =       2. 

2) Many textbooks show it this way. 

3) Many people write statements like this. 
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On the negative side 

4) Writing   =     =    2 reinforces the attitude that      is superfluous. By transitivity 

of equality,  =    2 so, as many students ask, why not just write that? 

5) Writing   =     =    2 confounds two meanings of “=”. The first use of “=” in  

 =     =    2 represents equality between two numbers. The second use of “=”, as 

mentioned earlier, means “is defined as.” 

6) Many people say that you must write   =     =    2 so that   has an output variable. 

But functions have outputs. They do not have output variables;      represents the output of 

  when it is evaluated at a value of x. The phrase output variable confuses the ideas of 

function and variable. 

7) Writing  =     =    2 confounds ideas of formula and function. We write A = L ´W  

to say that the area of a rectangle is the product of its length and width. But suppose L and W 

vary with time? We wouldn’t write “ A = L ´W  after an elapsed time of t minutes.” Nor 

would we write “ A = L(t)´W (t)after an elapsed time of t minutes.” Rather we would write 

“ A(t) = L(t)´W (t)after an elapsed time of t minutes.” 

8) Finally, the statement y = f (x) derives from the mathematical concept of a function’s graph. 

Technically, the graph of a function f:A  B is defined as G f = x,y( ) ÎA ´ B y = f x( ){ } . 

The statement  =      is simply shorthand for saying that, given a value of x, the y-

coordinate of the corresponding point on f’s graph is    . 

 

My recommendation 

 Try to keep these two ideas separate: one is the use of a variable to represent a quantity’s 

value, and the other is to say that a quantity’s value is a function of some other quantity’s value. 

Don’t confound these ideas. Instead of writing  =     =    2 to communicate two ideas in 

one statement, write something like  =     , where     =    2. And write this after 

developing the idea that f represents a relationship between two quantities’ values. One quantity 

has the value x and the other has the value     . 

Why is function notation difficult for students? 

 A major source of students’ difficulties with function notation stems from the fact that 

they only see examples where “y” could be used just as well. Most textbooks state that students 
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must use      when there really is no need for it. Students rarely see function notation used in 

settings where it actually enables them to do things that they otherwise could not do. 

 A second source of students’ difficulties with function notation is that they have not 

internalized the system of conventions in Figure 3 that gives function notation its meaning. A 

common way of thinking among students is that the entire left hand side of Figure 3 is the 

function’s name—that the name of the function in Figure 3 has four characters—and that the 

right hand side of Figure 3 is the only part that matters. Thus, they see nothing wrong with 

function definitions like     =
      

 
 because the right hand side tells them how to compute a 

number and the left hand side doesn’t matter. 

 The moral of this article is that students must see a need for function notation, must 

internalize its conventions in order to use function notation productively, and must find it useful 

for doing interesting mathematics. 
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Horizontal Transformations of Functions:  

A Student’s Exploration 

Scott Adamson, Ph.D. and Philip Monk 

 Abstract: This article presents an example of a Show You Know type assignment in which 

a high school-level student investigates and then demonstrates his understanding of the 

horizontal transformation of functions. 

 

  The Common Core Standards for Mathematics (NGA & CCSSO, 2010) expresses a 

vision for the teaching and learning of mathematics that may affect the preparation of students 

entering college. The website for the Common Core Standards (www.corestandards.org) states: 

“these standards define the knowledge and skills students should have within their K-12 

education careers so that they will graduate high school able to succeed in entry-level, credit-

bearing academic college courses and in workforce training programs.” 

 An innovative feature of the Common Core is the Standards for Mathematical Practices. 

They are: 

 Make sense of problems and persevere in solving them. 

 Reason abstractly and quantitatively. 

 Construct viable arguments and critique the reasoning of others. 

 Model with mathematics. 

 Use appropriate tools strategically. 

 Attend to precision. 

 Look for and make use of structure. 

 Look for and express regularity in repeated reasoning. 

In future assessments, being designed by the Partnership for Assessment of Readiness for 

College and Careers (PARCC, 2012), these mathematical practices will be assessed along with 

mathematical concepts and skills. 

 How might students be encouraged to develop expertise with these mathematical practices? One 

method that I use is Show You Know. A Show You Know assignment is one in which students prepare a 

paper describing 1) their exploration of a new idea in mathematics, 2) their investigation of a novel 

problem, or 3) an in-depth description and analysis of a mathematical idea. Many, if not all, of the 

Standards for Mathematical Practice are employed as students create their papers. These final student 
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products demonstrate their understanding of the mathematical idea, their solution to a challenging 

problem, or their explanation of a concept. Modeling is often needed and students typically use 

technology to create graphs or spreadsheets to facilitate their explorations and explanations. The language 

used in explaining their thinking must be precise so that others can understand and follow their lines of 

reasoning. Recognizing mathematical structure and ongoing reasoning occur frequently as students 

explore, explain, demonstrate, and communicate. 

 What follows is an assignment completed by one student as an example of a Show You 

Know assignment. In this Show You Know, the job for students was to explore the idea of the 

horizontal transformation of functions. That is, when compared to     , the function 𝑔    =

    – 2 , is shifted two units to the right! When compared to     , the function ℎ    =    2   

is horizontally compressed. Algebra teachers are well aware of the challenge that students 

encounter in making sense of ideas involving this concept. One student, Philip (a co-author of 

this paper), made sense of these ideas in his original, unedited work that follows. 

 

Philip’s Story 

 It always seemed to me that everything was backward in horizontal transformations of 

functions.  Negative is to the right, positive to the left?  A coefficient of 2 means a compression 

by a factor of ½?  And, as we discovered recently, even the order of operations seems to be 

backwards! 

     I contend that all of this “backwardness” can be explained by means of inverse functions.  

Math is not broken, it's just slightly more complicated (and, indeed, more beautiful) than I had 

hitherto imagined. 

     In this, I will refer to the input to the transformed function as  𝑡𝑟 𝑛𝑠 and the input to the 

original function as  𝑜𝑟𝑖𝑔.  Thus, the function 𝑆  𝑡𝑟 𝑛𝑠  is a transformation of    𝑜𝑟𝑖𝑔 .  

Thus, 𝑆  𝑡𝑟 𝑛𝑠 =    𝑜𝑟𝑖𝑔  for corresponding values of  𝑡𝑟 𝑛𝑠 and  𝑜𝑟𝑖𝑔. 

 

Shifts 

 Let us consider the following transformation: 

   − 1  

Which, in our new, more verbose, notation, is: 

𝑆  𝑡𝑟 𝑛𝑠 =    𝑡𝑟 𝑛𝑠 − 1  
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From which we can say: 

 𝑜𝑟𝑖𝑔 =  𝑡𝑟 𝑛𝑠 − 1 

So,  𝑜𝑟𝑖𝑔 is a function of  𝑡𝑟 𝑛𝑠.  In other words, given the transformed x values, we can find 

what the original x values look like.  However, we are more interested in  𝑡𝑟 𝑛𝑠 in terms of  𝑜𝑟𝑖𝑔 

because we want to see what the transformed function looks like given the original function.  

How do you switch the input and output of a function?  You find its inverse. 

 Let's solve for  𝑡𝑟 𝑛𝑠: 

 𝑜𝑟𝑖𝑔 =  𝑡𝑟 𝑛𝑠 − 1 

 𝑡𝑟 𝑛𝑠 =  𝑜𝑟𝑖𝑔  1 

The +1 indicates that the transformed function is moved one unit to the right (the positive 

direction).  Notice that this is not backward at all –  positive is right, negative is left. 

 

 

 

Stretches/Compressions 

 Now let’s consider the following: 

  2   

 

From which follows: 

 

𝑆  𝑡𝑟 𝑛𝑠 =   2 𝑡𝑟 𝑛𝑠  

 𝑜𝑟𝑖𝑔 = 2 𝑡𝑟 𝑛𝑠 

Now, solve for   𝑡𝑟 𝑛𝑠: 

 

 𝑡𝑟 𝑛𝑠 =
1

2
 𝑜𝑟𝑖𝑔 
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The ½ means that the transformed function is compressed horizontally by a factor of ½.  Again, 

this is totally straightforward.  After you've found the inverse function, you interpret the result 

just as you interpret vertical transformations. 

 

Flips 

 The final “simple” transformation is flipping horizontally.  This one is particularly easy. 

 

  −   

𝑆  𝑡𝑟 𝑛𝑠 =   − 𝑡𝑟 𝑛𝑠  

 𝑜𝑟𝑖𝑔 = − 𝑡𝑟 𝑛𝑠 

 𝑡𝑟 𝑛𝑠 = − 𝑜𝑟𝑖𝑔 

 

The negative sign means the x values (and therefore the function) are flipped. 
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Combinations (Part 1)  

 The method described here works on complex transformations just as well as on simple 

ones.  Consider the following function: 

  − − 1  

One might think that you should first flip horizontally, then move one unit to the right.  After all, 

we must follow the order of operations, right?  In short, no. We must go in reverse order of 

operations. 

 

Let's use here the method that we used above: 

 

𝑆  𝑡𝑟 𝑛𝑠 =   − 𝑡𝑟 𝑛𝑠 − 1  

 𝑜𝑟𝑖𝑔 = − 𝑡𝑟 𝑛𝑠 − 1 

 𝑡𝑟 𝑛𝑠 = − 𝑜𝑟𝑖𝑔 − 1 

 

At this point, we can interpret this as we would a vertical transformation.  First, we flip, then we 

move one unit to the left (negative direction).  Totally straightforward.  Math works. 

 

 

Combinations (Part 2) 

     Let's do one more combination, this time involving every type of transformation. 

 

  −2x  4  

𝑆  𝑡𝑟 𝑛𝑠 =   −2 𝑡𝑟 𝑛𝑠  4  

 𝑜𝑟𝑖𝑔 = −2 𝑡𝑟 𝑛𝑠  4 

 𝑡𝑟 𝑛𝑠 = −
1

2
 𝑜𝑟𝑖𝑔  2 
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Thus, we can say that the function is flipped horizontally, compressed by a factor of ½, and 

shifted two units to the right (positive direction).  Totally straightforward. 

 

 

 

Summary and Conclusions 

 In summary, to analyze a horizontal transformation of a function, you take the input to 

    and find its inverse.  Then, you analyze it just like you would a vertical transformation. 

 Horizontal transformations should not be scary.  If one merely views them as the inverse 

function of what we are seeking, then all of the confusion associated with horizontal 

transformations disappears entirely.  The shifts finally make sense.  The stretching/compressing 

finally makes sense.  The order of operations finally makes sense.  The math finally makes sense. 

Math works. 

Q.E.D. 

 

Conclusion 

 Philip is obviously a mature, extraordinary student who thrives when asked to complete a 

Show You Know assignment. Not all students produce a final report of this quality. However, all 

students can definitely begin to develop the skills necessary to produce high-quality assignments. 

 One strategy that I use to this end is to choose a robust response like Philip’s and share 

his paper with other students in the class (with the student’s permission, of course.) As a 

homework assignment, students are required to read the sample response and identify up to three 

ideas/computations that helped to clarify ideas for them and three that could be improved or that 

the reader did not understand. In so doing, other students begin to form an image of a high-

quality report. 

 I found that in subsequent Show You Know assignments, more and more students 

produced responses of higher and higher quality. Through preparation of Show You Know 
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assignments, students have the opportunity to develop expertise with Standards for 

Mathematical Practices and become better prepared for college and work. You may contact the 

author for more information about other Show You Know assignments. 
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In My Opinion 

Updating Families About the Common Core 

Jameson Reinick 

What can we do as mathematics educators to help parents, and others in a parenting role, 

support the preparation of students to be college and career ready, globally competitive, and 

productive 21st-century citizens?  The Partnership For 21
st
 Century Skills (2011) is a national 

organization that advocates for 21st century readiness for all students. This organization supports 

the U.S. education system by fusing the 4Cs (Critical thinking and problem solving, 

Communication, Collaboration, and Creativity and innovation) into their tools and resources.  

The presentation on their website is cross-curricular and easily understood by educators and non-

educators alike. Those wanting to know more about the Common Core State Standards for 

Mathematics (NGA & CCSSO, 2010) that are being implemented in many states, would benefit 

from watching the presentation on the website www.p21.org. When parents learn what is 

expected of their children, they will be better able to provide the encouragement and support that 

is critical for success. 

Another recommended resource is the Smarter Balanced Assessments found on the 

website www.smarterbalanced.org. These assessments go beyond multiple-choice items to types 

of questions that allow students to demonstrate their critical thinking talents. The assessments 

can be used for additional practice with core ideas, as well as for test preparation. 

When I have parents in a group, I often begin by asking a mathematical question such as, 

“Which of these numbers does not belong with the others, and why? The numbers are: 4, 16, 24, 

36, 64, and 81.” Among the answers offered are, “Four does not belong because it's the only one 

that is a single-digit number.”  “Twenty-four does not belong because it's not a perfect square.” 

“Eighty-one does not belong because it's not a multiple of four.”  or “Eighty-one does not belong 

because it is not an even number.” 

  This activity helps to illustrate some of what the Common Core is all about.  In 

mathematics, as in life, more than one solution to a problem is often possible. The focus is not 

only on getting an answer, but also on the thought process used to determine the answer, that is 

the “why” component. Consistent with the Common Core, are new mathematics assessments that 

require much more critical thinking than what was required on previous statewide assessments.  

file://itfs1.asurite.ad.asu.edu/ASUP1011/Prime/Shared/AATM/OnCore%20Journal/FALL%202013%20Issue/Rienick/www.p21.org
file://itfs1.asurite.ad.asu.edu/ASUP1011/Prime/Shared/AATM/OnCore%20Journal/FALL%202013%20Issue/Rienick/www.smarterbalanced.org
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 It is also important to point to out to parents that the content standards will not be 

implemented in isolation. The Standards for Mathematical Practice, a “core” part of the 

Common Core (NGA & CCSSO, 2010), focus on how students should process the mathematics; 

the behaviors that strong mathematicians exhibit. Students are now being required to explain and 

justify their thinking more than ever before. With this approach, the hope is that they will 

develop greater depth of understanding of key concepts, skills and reasoning methods; they will 

be smart! 

To support mathematics achievement, I recommend that parents: 

 Encourage children to estimate quantities.  

 Ask for explanations, not just answers.  

 Ask for other ways to solve problems.  

 Promote a mindset that relates achievement to increased time on task. 

 Encourage stick-to-i-tive-ness when solving problems. 

It is critical for students to persevere in, and be successful at, finding solutions to challenging 

mathematics problems. When parents have a better understanding of what is expected, they are 

better able to support and encourage their children. Do not wait to inform parents about the 

Common Core State Standards for Mathematics (NGA & CCSSO, 2010). The sooner they learn 

about it, the sooner their children will benefit. 
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Research Report 

From the Common Core to the Classroom: 

Professional Development to Transform Practice 
Part 2 

Kimberly A. Rimbey 

Key to implementation of the Common Core State Standards for Mathematics (CCSSM), 

and the improvement of education for all students, are teachers (NGA & CCSSO, 2010). They 

are the primary decision makers in the planning and execution of classroom-level instruction and 

the evaluation of student learning. For them to accomplish these tasks, they must understand the 

content standards and the mathematical practices of the CCSSM. This requires focused and 

participatory professional development. 

In the spring 2013 issue of OnCore, I outlined the characteristics of transformational 

professional development.  Providing the “right” number of contact hours (30-100) and focusing 

on grade-level Standards content are necessary, but not sufficient to change teaching practices.  

Just as students require reflective, interactive learning experiences to explore new ideas, so do 

adults. This article describes three experiences that connect professional learning to classroom 

practice, with the end-goal of enhancing student learning. 

 

Problem Solving Tasks 

 Engaging teachers in problem solving tasks, like the one described below, provides a way 

to connect teacher learning to classroom practice. I typically begin each of my workshops with 

such a task. One of my favorites is Marshmallow Peeps. 

Marshmallow Peeps come 10 in a package. Each peep is 2 inches long. How long will a 

train of 10 peeps be if they are lined up in a row with a ½-inch space between them? 

 During the workshop session, teachers engage in solving the problem using multiple 

strategies, including drawing pictures, making tables, and representing the situation 

symbolically. Once solved, teachers anticipate and describe possible solutions that they believe 

their students would provide.  
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 The Problem Solving Task form that accompanies the Marshmallow Peeps problem, used 

with both teachers and students, is shown in Figure 1. Note that the four-step problem solving 

process (understand, plan, solve and check) is highlighted. 

 

 

FIGURE 1. Marshmallow Peeps Problem Solving Form 

(Click here to download this form.) 

 

 

http://www.aatm.org/pdf/Marshmallow%20Peeps.pdf
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Student-work Analysis 

Teachers are assigned to present the Marshmallow Peeps task (or other task(s)) to some 

or all of their students. (I devote some time, in advance of the task work, to talk with teachers 

about how they might scaffold the task to meet the needs of their particular students without 

giving too much direction.) Once students complete the task, teachers analyze the responses, 

perhaps by organizing them into four groups: exceeds expectations, meets expectations, 

approaches expectations, or falls far below expectations.  Teachers select student work samples 

from each group and bring them to the next session for discussion of student performance and 

strategies for enhancing achievement and extending learning. Figure 2 shows the Student Task 

Protocol that I have used for this process. Teachers are directed to complete the Describe section 

prior to the next workshop, and during the subsequent workshop, work in small groups to 

complete the Generalize and Recommend sections. 

 

FIGURE 2. Student Task Protocol 

(Click here to download this form.) 

http://www.aatm.org/pdf/Student%20Task%20Protocol.pdf
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Video-based Discussions 

 Teachers need opportunities to see the Common Core State Standards in practice. This is 

especially true for the Standards for Mathematical Practice—the SMPs (NGA & CCSSO, 2010). 

Whether you select videos from online libraries or create your own, bringing the Standards and 

Practices to life through video is the next best thing to on-site demonstration lessons with 

students. My favorite sites for classroom videos that demonstrate the content standards and 

SMPs include Inside Mathematics (www.insidemathematics.org) and The Teaching Channel 

(www.teachingchannel.org). While viewing videos with teachers, I typically provide a graphic 

organizer or “look-for” list to use as a viewing and discussion guide. One such organizer is 

shown in Figure 3. Teachers record ways in which students in the video engage in one or more of 

the SMPs.  

 

FIGURE 3. Video Guide 

(Click here to download this form.) 

http://www.teachingchannel.org/
http://www.aatm.org/pdf/Standards%20for%20Mathematical%20Practice.pdf
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In this article, I have presented only a few of the many ways to update teachers. Keep in 

mind that for transformational PD to take place, teachers must be engaged in active learning; 

listening alone won’t work. Teachers need opportunities to develop deep understanding of what 

transformed teaching looks like and feels like. They need to practice new teaching strategies to 

the point of fluency and apply their learning in new and innovative ways. Simply put, what is 

good for student learning is also good for adult learning!  
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Kimberly Rimbey, Ph.D. is Chief Learning Officer for the Rodel Foundation of 

Arizona and President of the Arizona Association of Teachers of Mathematics. Her 

primary interests are on helping elementary teachers teach mathematics effectively, 

to insure depth of understanding by all students. 

 

 

 

 

 

 

 

 

 

 

 

 

 

We invite your contributions to future issues of OnCore. 

If you are interested in contributing to future issues, please contact 

Kimberly Rimbey, AATM President, (aatmpresident@gmail.com). 

mailto:aatmpresident@gmail.com
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