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A Message from Your President 

 

Dear AATM Members, 

 

We are so pleased to introduce you to one of 

our new member-only benefits—the Journal of the 

Arizona Association of Teachers of Mathematics.  

The journal will be published twice annually and 

delivered to you by email. Through journal 

articles, you will learn about programs and 

activities that have been used to engage students in 

explorations in mathematics and enhance their 

achievement. If you are interested in contributing 

to the journals, please check out information on 

our website www.aatm.org. 

 

Thank you for your continued participation in 

the Arizona Association of Teachers of 

Mathematics (AATM) and for your ongoing work 

to support quality mathematics education for all. 
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Call the Police!:  
Integrating the Arts with 

Mathematics 
Mary Cavanagh 

 

Principal O’Dell was walking by Ms. Hyatt’s second grade 

classroom when he heard meowing sounds and a student yell, 

“Call the police!” Mr. O’Dell stepped inside the room just in 

time to see the second graders “meowing” and holding up their 

drawings of cats. Ms. Hyatt, acting as Nana Quimby, pretends to 

call the police. O’Dell chuckles as he sits to watch the second 

graders re-enact part of Cat Up a Tree (Hassett, 1998), in which 

quite a few cats are stuck in a tree and none of the city agencies 

are able to come to their rescue. After several more “meows,” the 

cats walk to safety across a phone line (a string stretched across 

the floor) and into Nana Quimby’s arms. Some students re-

enacted the cat rescue using different numbers of cats in the tree. 

Other students kept track of the actions by recording subtraction 

number sentences on the board.  

Ms. Hyatt’s class is not practicing for a play intended for an 

external audience. Rather, she is guiding students through a 

simple performance to help them understand the concept of 

subtraction.  

This form of drama, called process drama, tends to be 

improvised rather than requiring memorization of pre-prepared 

lines. In process drama, participants take on roles that are 

required for the exploration of the context or subject matter of 

the story. The teacher develops ways to connect students with the 

content and enables them to develop responses through active 

engagement and reflection. Notice that Ms. Hyatt is not the 

director in the wings of the stage; she plays an integral role in the 

play and steps out of her role when necessary to advance student 

learning. 

Can the integration of language and performing arts improve 

achievement in mathematics? In the past few decades, an 

abundance of storybooks have been published that support early 

learning of mathematics. Typically, primary grade teachers use 

these books to introduce a lesson. Some teachers, like Ms. Hyatt, 

integrate the arts into mathematics using aspects of stories as 

springboards for dramatic play and the exploration of some big 

mathematical ideas. The integration of language and performing 

arts with mathematics also may provide an opportunity to entice 

teachers who favor teaching the language arts to increase the 

time and care they devote to mathematics instruction. 

  

Integration of Language Arts with Mathematics 

The National Council for Teachers of Mathematics (2000) 

points out that language builds meaning. Children use language 

to think, clarify, and reason about concepts. Research suggests 

that varied approaches to instruction in the social, mathematical, 

and natural sciences should include story-based content so that 

students acquire the specific language of those disciplines. 

Impressively, performance and interactional reading in the 

content areas have produced even greater positive effects on 

learning (Deasy, 2002). 

 

Children's Literature 

 Children’s literature provides a vehicle for exploring 

mathematical language, concepts and relationships in the context 

of authentic or fanciful stories. In the Communication Standard 

of its Principles of Standards for School Mathematics, the 

National Council of Teachers of Mathematics (2000) highlights 

the value of math-related books for reinforcing concurrently, 

both mathematical concepts and vocabulary. Fictional and 

informational books that incorporate a variety of representations 

(illustrations, charts, models, graphs, tables) and show 

mathematics in interdisciplinary contexts, can be used to invite 

children to talk, reason, and solve problems in multiple ways.  

 

Dramatizations 

Dramatic play and fantasy play are excellent ways to engage 

students in discussions or explanations of their mathematical 

thinking - to get students to “talk math.” A puppet or mask might 

give more reserved students the “protection” they need to speak 

more freely to describe a shape, detail how to solve a problem, or 

talk about a mathematical term or concept. Dramatizing a story 

gives children not only an opportunity to be creative and interact 

with other children, but also provides an opportunity for teachers 

to identify students’ depths of understanding and thereby adapt 

curricula or create new activities to address talents or gaps in 

conceptual understanding. 

 

Music, Rhythmic Patterns and Dance 

Students can learn mathematical concepts through the 

performing arts of song and dance. Musical elements such as 

rhythm and tempo reinforce mathematical ideas such as spatial 

relationships, sequencing, counting, patterning, and one-to-one 

correspondence. Participation in musical activities has been linked 

to increased achievement in mathematics, improved memory and 

reading skills, enhanced spatial-temporal reasoning skills, 

proportional reasoning, and concept representation (Harris, 2007). 

 

Social Interaction 

The performing arts provide opportunities for students to 

joyfully interact as they learn. Researchers have explored the 

benefits of peer interaction for learning and motivation in 

classrooms (Kim & Baylor, 2006) and found motivation to have 

a high impact on learning efficiency. Another study showed that 

students working in groups, rather than individually, have greater 

motivation to learn, and achieve higher academic performance 

(Pintrich, 1999). 
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Conclusion 

By integrating mathematics with language and the 

performing arts, Ms. Hyatt increased motivation and deepened 

student understanding. Dramatizing subtraction problems and 

linking them to the written number sentences helped her students 

conceptualize the meaning of the abstract symbols. With 

heightened understanding, students developed a stronger flexible 

base to consider analogous problems and represent problems 

coherently (NGA & CCSSO, 2010). 
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Using Student Interviews 

to Foster Teacher 

Reflection and Change 
Nora G. Ramirez 

 

In class discussion, Cena correctly identifies that 

49 is the number represented by 4 groups of 10 stars 

and 9 left over. From listening to Cena, one assumes 

that Cena understands place value. Later, in a one-on-

one interview, Cena counts 18 cubes and records 18 on 

her paper. The interviewer asks Cena to show what the 

8 in the 18 means and Cena counts out 8 cubes. When 

asked to show what the 1 in the 18 means, Cena shows 1 

cube. The interviewer then asks Cena to explain her 

thinking, “Where do those (the 9 remaining cubes that 

she did not use to explain the 8 and the 1) fit?” Cena 

moves them to the side and says “Over here”. (NCTM 

Illuminations, 1993) 

When working with teachers, I often use video-clips of 

student interviews, like the one above, in professional 

development to provide teachers with opportunities to consider 

and discuss: (a) important mathematical ideas, their underlying 

foundational concepts, and possible misconceptions; (b) what 

teachers know about what students know; (c) the types of 

questions that best uncover children’s thinking about 

mathematical concepts, skills and reasoning strategies; (d) 

effective instructional strategies; and (e) the use of student 

interviews in their own instruction. In this article I describe how I 

use student interviews with teachers and will cite available 

resources for interviews and interviewing techniques.  

Video-clip Interviews 

The scenario described at the beginning of this article is 

quite useful for focusing teachers on student difficulties 

encountered in achieving in-depth understanding of place value 

as identified in the Common Core State Standards in Math 

K.NBT, Compose and decompose numbers from 11 to 19 into 

ten ones and some further ones, and 1.NBT, Understand that the 

two digits of a two-digit number represent amounts of tens and 

ones  (NGA & CCSSO, 2010). When discussing the first video-

clip of Cena, teachers are sure that Cena has understanding of 

place value. Then the disequilibrium for teachers occurs when 

Cena moves the 9 cubes and says, “Over here.” Further 

discussion usually ends with teachers eager to interview their 

students using the same question posed by the interviewer, 

Marilyn Burns. Additional viewing of the interview helps 

teachers prepare to interview their students, and recognize that 

interviewing is not teaching, but rather a time to enter the child’s 

mind and find out what the child is thinking (Ginsburg, 1997). 

http://www.escholarship.org/uc/item/07h5f866
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After conducting the interviews, teachers reported that their 

students did many of the same things as Cena. This gives 

teachers a reason to change, to think harder about teaching place 

value, and to think about not just teaching the concept, but about 

reinforcing it in a consistent way.  

Math Reasoning Inventory 

An important topic that often surfaces in professional 

development sessions is teaching keywords for problem solving. 

In my opinion, teaching students to identity keywords to 

determine a needed operation on numbers gives the message that, 

“You don’t need to think. Just find the keyword.” To support this 

claim, I use a clip of an interview of Marisa solving the problem, 

There are 295 students in the school. School buses hold 25 

students each. How many school buses are needed to hold all 

students? After viewing the video-clip and listening to Marisa 

sound so assured that she knows how to find the answer because 

“all” means “plussing,” teachers begin to think differently about 

the role of keywords in problem solving. This video-clip is 

available from the Math Reasoning Inventory (MRI), a free 

online formative assessment tool developed by a team of 

educators led by Marilyn Burns (Scholastic, 2012). MRI allows 

an educator to gather and manage data on student understanding 

of the mathematics content related to whole numbers, decimals 

and fractions.  

Prior to beginning the MRI online interviews, educators can 

view interview clips and tutorials, review interviewing 

guidelines, and practice selecting student explanations. The tool 

includes interview screens that show the questions, prompts, and 

explanations to use with the students.  Data and notes are entered 

directly into the program. Interview question cards are available 

as descriptions of the reasoning strategies for whole numbers, 

decimals and fractions. The Video Library includes more than 80 

video-clips of students answering MRI Interview questions.  

Additional Resources 

Several books that incorporate student interviews and are 

useful resources in professional development programs are the 

following: Children’s Mathematics, by Carpenter, Fennema, 

Franke, Levi, and Empson (1999), that provides a multitude of 

interviews of primary students that address the problem types 

presented in the Common Core State Standards, Common 

addition and subtraction situations, and Common multiplication 

and division situations. In addition to the text discussion in 

Thinking Mathematically, Carpenter, Franke, and Levi (2003), 

provide video-clips of student interviews on understanding of 

and use of the equal sign. I have used these latter two resources 

quite often to enhance teachers’ abilities to understand problem 

situations, recognize the importance of teaching the meaning of 

the equal sign, develop respect for children’s thinking, and 

prepare them to both teach and interview students using research-

based frameworks for problem solving and equality. The 

Teacher’s Guide to Flexible Interviewing in the Classroom: 

Learning What Children Know about Math, (Ginsburg, Jacobs, 

and Lopez, 1998) provides practical ways of using “flexible 

interviewing” and offers techniques for conducting interviews 

with individual students and groups of students.   

Student interviews are powerful tools in professional 

development. The purpose of their use is multifaceted. They help 

educators gain insight into a child’s mind, re-think instructional 

strategies, understand mathematical goals, and improve practice. 

Viewing and discussing student interviews, as well as conducting 

interviews, can lead to teacher reflection and change.  
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Those Little Words! 
Darcy White 

 

 

 

 

 

 

 

 

 

 

 

The Application of the Common Core Curriculum to English 

Language Learners (ELL) states that “To develop written and 

oral communication skills, students need to participate in 

negotiating meaning for mathematical situations and in 

mathematical practices that require output from students” (p. 3). 

(NCA and CCSSO, 2010) This article will address one of the 

many challenges in reaching this goal. 

I was privileged to work with a cadre of teachers from the 

Phoenix area doing action research around the challenges of 

teaching the language of mathematics. From examining students’ 

writing, we noted that students, especially ELLs, had difficulty 

with prepositions (Antrim, 2008). Deeper investigation showed 

that it is common for ELLs to first learn the meaning of concrete 

nouns and then verbs.  Prepositions seem to be one of the last 

types of words for which students become proficient.  

At first we did not think this would be much of a problem, 

but then we became curious about the role of prepositions and 

conjunctions in mathematics. Our investigation found that the 

preposition is often key to distinguishing the mathematical 

operation. For example, increased  by 500 requires a different 

operation than increased to 500. Take half of 6 is different from 

take half from 6. Six divided by 2 is 3; however, 6 minus ½  is 

5½ . 

We determined that English contains 68 common 

prepositions and 82 less common ones (according to 

www.Englishclub.com, 2012) and Spanish contains 19 common 

prepositions and 22 compound ones.  According to the American 

Heritage Spanish Dictionary (2001), the preposition por in 

Spanish translates to as many as 13 different English 

prepositions: by, for, along, through, around, over, towards, 

throughout, about, in, at, after, as. 
 
To complicate this further, 

dividir por and dividir entre are the same operation in Spanish 

(both mean to divide “a” by “b”.) 

 

 

 

 

 

 

Por: Translations 

from Spanish to 

English 

Examples of mathematical 

preposition use 

by, for, along, 

through, around, 

over, towards, 

throughout, about, 

in, at, after, as 

Increases by  - Increased to 

Divided by - Divided  into 

Half  of  - Half  from 
 

5 by 4          5 into  4        5 of 4 

 

This action research made us more aware of the language of 

mathematics and its complexity. We noticed prepositions 

everywhere and brainstormed lists of their uses and ways that we 

could help students understand them. We became more explicit 

about our instruction. For example, we put two examples side by 

side on the board: Take half of 6, and take half from 6. We had 

students write the examples in their journals side by side, draw a 

model of the two situations, and make notes to facilitate 

understanding.  

 

Take half of 6: 

 
 

 
       

I get half of the whole thing: 3. 

 
I need to split 6 into 2 equal 

groups and find out how many 

in each group. 

 

Take half of 6. 

Cut into 2 parts. 

Divide by 2. 

Multiply by ½. 

Take half from 6: 

  
 

 
  

 

 
 

½ box is removed or taken 

away. 

 
 

I have 6 and have to subtract ½ 

from the 6. 

 

Taking from is the same as 

taking away. 

This is subtraction. 
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6  ______    2 

for       into       by       and       or       to 

 

Insert the prepositions or conjunctions, one at a time. 

How do the different words affect the mathematical 

relationship? 

Take half of 6     Take half from 6      

 

  6 x 1/2 = 3     6 – 1/2 = 5 1/2 

 

I get half of the whole thing: 3  1/2 box is removed or taken away 

 

 

 

 

http://www.benthamscience.com/kopen/toalj/articles/v001/42toalj.pdf
http://www.benthamscience.com/kopen/toalj/articles/v001/42toalj.pdf
http://www.englishclub.com/
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Figure 1: Team 1 

Figure 2: Team 2 

Who Had the Most to Eat? 
Jean Tsuya 

Brian Beaudrie 

 

Introduction 

Understanding ratios and fractions is fundamental to 

achievement in mathematics, particularly at the elementary and 

middle-school levels. (NGA & CCSSO, 2010; Schield 2008, and 

Usiskin, 2001). Research suggests that students have a 

procedural knowledge of operations with fractions rather than an 

understanding of underlying concepts (Mack, 1990).  For 

example, students often apply their knowledge of operations on 

whole numbers to operations on fractions, which leads to 

computational errors. As described by Carpenter, et al. (1981), 

when a group of eighth graders were asked to estimate the sum of   
  

  
 
 

 
  (given four answer choices), most chose either 19 or 21 

with only 24% choosing the correct answer of 2. This illustrates 

the application of an incorrect algorithm of adding numerators 

(12 + 7) or denominators (13 + 8), rather than understanding that 

each of these fractions has a value of about one. 

This article describes grade 8 students’ solutions to a 

problem that involves understanding and application of ratios and 

computations with fractions and decimals. 

 

Problem Centered Learning   

Assuming that by grade 8 all students have been exposed to 

the standard algorithms for operations with fractions, our eighth 

grade students were asked to work in teams to solve a problem in 

a familiar context (class field trips), and create a poster showing 

their solutions and descriptions of methods used. Once students 

completed their posters, whole class discussion ensued. 

 

The Problem 

There were four groups of students each going to a different 

location for its field trip:  Kartchner Caverns, Slaughter’s 

Ranch, Flandrau Planetarium, and Reid Park Zoo.  The 

Kartchner Caverns group had 5 students and 4 submarine 

sandwiches to share for lunch. The Slaughter’s Ranch group had 

4 students and 3 submarine sandwiches to share. The Flandrau 

Planetarium group had 8 students and 7 submarine sandwiches 

to share. The Reid Park Zoo group had 5 students and 3 

submarine sandwiches to share.  Did all group members get the 

same amount of sandwich to eat? If not, which group had more 

to eat per student?  Explain your reasoning.

Teacher’s Role 

Throughout the collaborative work phase of the project, the 

teacher moved from group to group, asking questions in relation 

to students’ approaches and solution strategies. Although the 

primary purpose of the task was for students to examine the 

connection between ratios and division, the task was open 

enough that each group could develop its own strategies. When 

students realized that 7 sandwiches divided by 8 people could be 

recorded as the ratio 7/8, they made that connection. With ratios, 

determining which group had the most for each student was 

simplified. 

During whole class discussion, the teacher was the facilitator 

of student thinking. This mentoring role is vital. Teachers need to 

guide and encourage students to decide on the reasonableness of 

their solutions, rather than “stating or rating” solutions or 

strategies. 

 

Discussion 

Most teams of students were able to perform the arithmetic 

operations successfully. The submarine sandwiches were divided 

equally among the students in each field-trip group.  Several 

teams were successful in determining that the Planetarium group 

members each had the most to eat.  However, it was more 

difficult for students to explain why that was the case. 

 

Figures 1 – 4 show teams’ solutions to the problems. 

 

 

 

 

 

 

As can be seen in Figure 1, Team 1 members demonstrated 

limited understanding of ratios.  While they obtained the correct 

solution and were able to guarantee that each student in a field 

trip group had the same amount of sandwich, they did not use 

ratios because they didn’t know how to write or compare them. 

As reported in Clarke and Roche (2009), “Children’s 

understandings about ordering whole numbers often adversely 

affect their early understandings about ordering fractions” (p. 

128).  It would be interesting to know if this team would offer the 

same solution if the problem was presented in a different format. 

For example, if the ratios were presented to the students in 
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Figure 3: Team 3 

 

Figure 4: Team 4 

fractional form (e.g.,
5
3

8
7

4
3

5
4 ,,, ), would they decide that 7/8 was 

the largest because it had the greatest numerator?  In any case, 

this solution does illustrate why it is important for the teacher to 

ask students to explain and justify their solutions, for often, this 

is the time when student misconceptions are revealed. 

As can be seen in Figure 2, Team 2 used their knowledge of 

a 12-inch submarine sandwich and computed how many inches 

of sandwich each field trip group had available. They then 

divided that by the number of students in the group. Using this 

strategy, they correctly determined that each of the Planetarium 

group members would have the greatest amount. Although this 

strategy proved to be successful, and is a fairly creative strategy, 

team members converted the problem to one involving whole 

numbers and decimals rather than using fractions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Team 3 (Figure 3) attempted to use percentages to solve the 

problem.   During whole class discussion, several students 

questioned the computational errors (6% instead of 60% and 8% 

instead of 80%).  The team was able to describe how to fix the 

errors and arrive at a correct solution. Also, their illustration for 

Reid Park Zoo’s split of the sandwiches does not follow the 

pattern of the other three illustrations, and may indicate an error 

in thinking about parts of the whole. It appears that the team 

equated one-third of one sandwich with one-fourth of another.   

Clarke and Roche (2009) note that a circular region (which 

appears to be what these students were using) can cause 

problems when making comparison decisions.  Therefore, it is 

important to use a variety of models (e.g., rectangles) when 

working with fractions. 

 
 

 

Team 4 (Figure 4) did fair sharing of pieces correctly but 

failed to give a written explanation. This lack of explanation 

regarding how they chose to partition the sandwiches and 

determine what “each student gets” made it difficult to assess 

their conceptual understanding of ratios. 
 

Concluding Comments 

Using the type of contextual problem illustrated in this 

article will allow teachers to gain insight into their students’ 

thinking and understanding of ratios and fractions.  Several of the 

students were taking algebra as eighth graders, yet when it came 

to this type of reasoning, they struggled.  It is imperative that 

when designing lessons for students, teachers provide a rich 

contextual atmosphere where students are able to explore the 

mathematics of the concept, and not learn only the algorithms. 
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Honey, I Shrunk the Kids: 
Proportional Reasoning is the Key 

to Success in Algebra 
Carole Greenes 

 

Proportions and proportional reasoning are identified as core 

topics in middle school mathematics (NGA & CCSSO, 2010). 

Understanding of these is not only central to success with the 

study of algebra, but also for explorations in other areas of the   

K – 12 curriculum. What are proportions? What is proportional 

reasoning? How can we foster student understanding of these?  

Determining how numbers and measurements vary in 

relation to one another and reasoning about those relationships 

are the essence of proportional reasoning. Proportions can be 

expressed as an equality of two ratios. When graphed, 

proportions are straight lines that contain the origin. The equation 

of the line is y = mx + b where b = 0. Proportional relationships 

are multiplicative in nature. 

When do students reason proportionally? In elementary and 

middle grades, students reason proportionally when they regroup 

ones to tens and tens to hundreds, and compute unit costs, miles 

per gallon, equivalence classes of fractions, and percentages. 

When studying measurement, students reason proportionally to 

convert among measurement units and determine actual distances 

between locations using a map’s scale. When studying geometry, 

students reason proportionally to identify similar triangles, and in 

algebra, they reason proportionally to determine slopes of lines.   

 

Problems and Activities to Develop Students’ Proportional 

Reasoning Talents 

As mathematics educators, it is our job to identify or create 

memorable problems and projects that will engage students in the 

use of proportions and proportional reasoning, and thereby 

increase their understanding of the mathematics and its power to 

solve problems in a variety of contexts. What follows are four 

problems and one activity that provide opportunities for students 

to explore mathematical ideas in memorable situations and to 

have “mathematical conversations” about solution approaches 

with their peers and teachers. For each problem, suggestions are 

made to facilitate student explorations. 

 

1. ARIZONA  

ARIZONAARIZONAARIZONAARIZ…. 

 

The ARIZONA pattern continues. How many vowels are in 

the first 1000 letters? 
 

Suggestions: Because of the great many letters to be considered, 

urge students to look at the problem from a different perspective. 

ARIZONA has seven letters, of which four are vowels; that’s 

4/7. So, how many ARIZONA’s are there in 1000 letters? 

 1000/7 = 142 R6. What does the R6 mean? After 142 complete 

ARIZONA words with 4 vowels each (142 words x 4 vowels = 

568 vowels), there are 3 more vowels in the 6 extra letters 

(ARIZON) for a total of 571 vowels. Have students consider the 

numbers of vowels in patterns formed from other state names. 

Which state name has the greatest number of vowels? The 

greatest percentage of vowels? 
 

2. One-Day Sale 

At their one-day sale, a prominent department store offered 

customers three coupons. 

 Coupon A: $10 off a total purchase of $30 dollars or more. 

 Coupon B: $25 off a purchase of $100 or more. 

Coupon C: 20% off the total purchase. 

Which coupon saves you the greatest amount of money? Under 

what conditions? 
 

Suggestions: Coupon savings vary based on the total purchase 

amount. Students might consider different totals and decide 

which coupon to use for each. For example, if the total is $90, 

Coupon A saves $10, Coupon B can’t be used because the total is 

less than $100, and Coupon C saves $18. Have students figure 

out the range of total purchase amounts for which each coupon 

would be best to use.  
 

3. Baseball Record 

Arnoldis Chapman of the Cincinnati Reds holds the record 

for the fastest pitch, clocked at 105mph. At that speed, how long 

would it take the ball to reach home plate, a distance of 60 feet 6 

inches? 
 

Suggestions: This is an application of the D=rt formula, but also 

requires conversions among measurement units and keeping 

track of those units. The actual time is less than half a second. As 

with other challenges, allow students to use calculators for the 

messy computations. If students are interested in timing their 

own pitches and computing their pitching speeds, that would 

provide greater practice with the formula. 
 

4. Super Hero Movies 

In the movie, The Incredible Hulk, Dr. Bruce Banner 

transforms from a 6-foot man into an 8-foot hulk. Imagine 

transforming at the same time and rate as the Hulk. What would 

be the length of your hand? Foot? Pinkie finger? Hair? 
 

Suggestions: Point out to students that the change is a rate. It is 

multiplicative, not additive. For example, if your foot measures 9 

inches, then to figure out your Hulk-length foot, you could use 

the “Hulk to you” proportion: 
 

             

           
 

                

                       ( )
  OR 
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In the movie, Honey I Shrunk the Kids, a scientist 

accidentally zaps and shrinks his children as well as all animals 

and bugs in his lab. The African elephant in the lab was shrunk 

from a height of 10 feet to a height of 2 feet. 

  If a 5-inch black scorpion shrunk at the same time as the 

elephant, what would be its “shrunken length”? 

 If everything you have shrunk at the same time as the elephant, 

what would be the “shrunken length” of your pencil? Math 

book? Calculator? Teacher? 
 

Suggestions: In this problem, items are being shrunk, not 

enlarged as in Hulk. The change is 10 to 2, or 5 to 1. So the black 

scorpion will be shrunk to a length of one inch. Have students 

shrink or enlarge other items using different rates. 
 

5. Feel the Beat – Activity 

Your pulse is your heart rate, that is, the number of times 

your heart beats in one minute. Pulse rates vary from person to 

person, and can be influenced by a variety of factors, as for 

example, being dehydrated, overly tired, or consuming too much 

caffeine (like in chocolate and cola drinks). Pulse rate is also 

affected by exercise. When you are at rest, your pulse rate is 

lower than when you exercise. How is your heart rate influenced 

by exercise?  

You need: Stop watch, large balloon, large black binder clip 

and graph paper. 

What to Do: Take your wrist or neck pulse while sitting. 

Count the beats for 10 seconds and then multiply by 6 to get your 

at-rest pulse rate for one minute. You may have to practice a 

couple of times until you “feel the beat.”  

Experiment to find out how your pulse rate varies based on 

various types of exercises. Be sure to rest for one minute between 

exercises. After doing each of these, record your pulse rate. 

1. Blow up a large balloon quickly.  

2. Open a large binder clip with one hand and hold it open for 

30 seconds.  

3. Flex your arm muscles for 30 seconds.  

4. Jog in place for 30 seconds.  

Final project: Develop a report to present your findings. Use 

graph paper to show the changes in your pulse rate. 
 

Suggestions: Have students work in pairs to help with the timing 

of the experiments. The report may also be completed by 

students working together. In that case, they may opt to produce 

a two-color graph to show their pulse rates. 
 

Reference 

 

National Governors Association Center for Best Practices and the 

Council of Chief State School Officers (2010). Common 

Core State Standards for Mathematics. Washington, D.C.: 

Author.  

 

Focusing on Conjectures 

 in Instruction 
Margaret Kenney 

 

“Most ideas about teaching are not new, 

but not everyone knows the old ideas.” 

Euclid,C. 300 B.C. 

 

Conjecture as an Instructional Tool  

Conjecturing is an important but often neglected component 

of the problem-solving process (NGA & CCSSO, 2010). This is 

unfortunate since conjectures are an integral part of discovery 

learning and are useful in stimulating the essential skill of 

problem posing. Consider creating a classroom culture that 

encourages making, testing, modifying, and proving or 

disproving conjectures routinely. That is, think about developing 

the practice of conjecturing as a targeted habit of mind for 

students to acquire. Conjecturing can help deepen student 

understanding of mathematics. This can be accomplished through 

empowering students to take ownership of ideas in class 

discussions about conjecturing. In the process of fostering this 

behavior, students can improve their communication and 

reasoning skills. Additionally, students learn that making 

mistakes can be positive and valuable learning experiences. 

 

Explore the History of Mathematics through the Lens of 

Conjectures 

Students should learn to appreciate elements of the rich 

history of mathematics while they are acquiring mathematical 

content knowledge appropriate for their level.  They can do this 

by examining conjectures that have remained unresolved for 

hundreds of years, as well as some that have been proven.   

Although numerous conjectures require sophisticated 

mathematics in order to be understood, there are many others 

that are within the purview of middle and secondary school 

students.   These conjectures can be converted into rich 

activities for students to probe.  For example, when learning 

about prime numbers, have students investigate the work of 

Christian Goldbach who in 1742 claimed that: Every even 

number greater than two can be written as the sum of two 

prime numbers. Or the work of Alphonse de Polignac, who in 

1849 stated that: The number of twin primes is infinite. 

Contrast those unproved conjectures with some famous 

conjectures that were proved. 

 

 

 

A conjecture is a statement, opinion, or conclusion that 

appears to be true but is based on incomplete evidence. 
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For example: 

 

1) Francis Guthrie’s 1852 four-color theorem: 

Any map on a plane or sphere can be colored with no more 

than 4 colors so that regions with a common border have 

different colors. 

This conjecture was proved in 1976 by Wolfgang Haken and 

Kenneth Appel at the University of Illinois. 
 

2) Pierre de Fermat’s last theorem (first stated in 1637): 

There are no positive integers a, b, c such that a
n 
+ b

n 
= c

n
   

for positive integers n > 2. 

This conjecture was proved in 1995 by Andrew Wiles at 

Princeton University with the help of Richard Taylor. 

 

Student Created Conjectures versus Teacher-Driven 

Conjectures 

To build a classroom environment in which student 

conjecturing is a 'natural' and routine part of lesson development, 

teachers need to guide discussions around instruction carefully 

and suggest that students pursue a particular conjecture or 

provide a specific situation and ask what related conjectures 

might be formulated. In time, and with much practice, students 

should learn to make their own conjectures.   

Other thoughts to keep in mind: 1) present conjectures that 

are based on all strands of the mathematics curriculum, and 2) 

consider how manipulative materials and hands-on experiences 

might facilitate student involvement in conjecturing.  The 

following examples are intended to illustrate these points.  Enjoy 

conjecturing! 

 

Example 1:  Number and Algebra 

Topics: Consecutive natural numbers, multiples, algebraic 

expressions  

Conjecture: All natural numbers can be written as a sum of 

two, three, four, or more consecutive natural numbers. 

After experimenting with several numbers, form related 

conjectures and try to prove that your conjectures are valid. 

 

For example: 

Conjecture 1:  Every odd natural number greater than 1 can 

be written as a sum of two consecutive natural numbers. 

Discussion:  The expression 2n + 1 represents any odd 

natural number when n = 0, 1, 2, 3, ….  

Furthermore,  2n +1  =   n +  (n +1),  and  n, n + 1 are 

consecutive natural numbers. 

Conjecture 2:  Every nonzero multiple of 3 can be 

written as a sum of three consecutive natural 

numbers. 

Discussion: 

a. 3n + 3 is a nonzero multiple of 3 when n = 0, 1, 2, 3, 

… , and  3n + 3 = n + (n + 1) + (n +2) . 

 

b. 3n is a multiple of 3 when n = 1, 2, 3, … and 

3n =  (n - 1)  + n  + (n + 1). 

Conjecture 3: 45 can be written as a sum of 

consecutive natural numbers in four ways. 

Discussion: 45 = 22 + 23, or 14 + 15 + 16, or 

7 + 8 + 9 + 10 + 11, or 

1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 

 

Example 2:   Number and Geometry 

Topics: Rational and irrational numbers, Pythagorean theorem, 

right triangles, line segments, congruent segments 

Tools: Geoboard and/or square dot paper. 

Conjecture:  The number of non-congruent line segments on 

an n x n Geoboard is (1 +  2 + 3 + 4 + 5 +  … + n)  -  1. 

Discussion:  The conjecture is disproved. In Figure 1, 

the number beside a dot gives the length of the 

segment drawn to the dot from the dot in the upper left 

corner (S). If n = 1, 2, 3, 4, or 5, the conjecture is 

valid.  However when n = 6 the number of non-

congruent line segments is not 

(1 + 2 + 3 + 4 + 5 + 6)  - 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 1: n  x n Geoboard 

S 
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Figure 2: Stars 

Example 3: Conjecture Challenge! 

Topic: Angle measure. 

Conjecture about the sum of the angle measures at the tips 

of the 5-, 6-, 7-, and 8 -pointed stars in Figure 2. 

 

 

 

 

 

 

 

 

Discussion: This problem presents a variety of possibilities 

for exploration and discovery. Secondary school students 

can conjecture and prove in numerous ways that the sum of 

the measures of the angles in a 5-pointed star is 180
 O

. One 

approach is shown in Figure 3. 

 

 

 

 

 

 

 

 

 

 
 

 

The sum of the measures of the angles in the 5 triangles 

AJC, AHD, BFD, BIE and CGE is 900
 O

. The sum of the 

measures of the angles in the pentagon FGHIJ is 540
 O

. The 

difference (900-540) or 360
 O

 is twice the sum of the angle 

measures at the tips. Thus the sum of the angle measures at the 

tips of a 5-pointed star is 180
 O

. 

A closer look at the 6- and 8-pointed stars leads to the 

observation that the solutions for the sum of the angle measures 

are 2(180
 O

) or 360
 O

 for the 6-pointed star, and 2(360
 O

) or   

4(180
 O

) or 720
 O 

for the 8-pointed star. 

 

 

 

 

 

 

 

 

 

 

 

 

 

The case of the 7-pointed star (Figure 4) is more 

challenging.  Examining the results for the 5, 6 and 8-pointed 

stars, a conjecture for the sum of the angle measures for the 7-

pointed star might be 3 (180
 O

). 

One way to achieve a result of 3(180
 O

) is to notice that the 

sum of the angle measures in the quadrilaterals AXDF and 

BYEG each total 360
 O

. Using the triangle XCY total angle 

measure of 180
 O

 and the exterior angle measure property, the 

result for the 7-pointed star simplifies to 3(180
 O

) or 540
 O

. 

Students may be interested in analyzing the four star types 

with their tips lying on a circle. Making use of inscribed angle 

measures, students will discover interesting relationships 

including another solution strategy for a 7-pointed star! 
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 Edition. New York, NY: Addison Wesley. 

National Governors Association Center for Best Practices and the 

Council of Chief State School Officers (2010). Common 

Core State Standards for Mathematics. Washington, D.C.: 

Author.  

Polya, George (1962). Mathematical Discovery: On 

Understanding, Learning, and Teaching Problem Solving, 

Volume I. New York, NY: John Wiley & Sons, Inc.  
  

Figure 4: 7-Pointed Star 
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B 
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Figure 3: 5-Pointed Star 

G 
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Cube-Antics 
Carol Findell 

Carole Greenes 
 

As avid mathematical problem solvers and educators, we are 

always on the look-out for ways to develop students’ 

mathematical creativity, expertise in solving challenging 

problems, spatial visualization talents, and love for mathematics. 

These goals are in concert with the Common Core State 

Standards (NGA & CCSSO, 2010) for Mathematical Practice: to 

make sense of problems and persevere in solving them, reason 

abstractly and quantitatively, and model with mathematics; and 

with the algebra standard, create equations that describe numbers 

and relationships, and build functions. 

In this article, we present three of our favorite cube problems 

whose solution approaches achieve these goals. We gave these 

problems to grade 9 students in Arizona and Massachusetts. Two 

student solutions accompany each problem. 

 

Cubes in Space 

Imagine a 10-by-10-by-10 cube, formed from 1000 unit cubes, 

that is floating in space. What is the maximum number of 

cubes you can see at any given time? 

 

Melissa’s Solution: I started by thinking about the greatest 

number of faces of a large cube I could see when it is floating. I 

could see at most three faces. In the figure below, I labeled the 

faces I could see, A, B and C.  

 

 

 

 

 

 

 

 

 

Figure 1:  Cube Faces A, B and C 

 

On A, I could see faces of 100 unit cubes.  

On B, I could see 9 x 10, or 90 new unit cubes. 

(The 10 cubes on the top edge are part of A.) 

On C, I could see 9 x 9, or 81 new unit cubes. 

 

So at any one time, you can see 271 cubes: 

 (100 + 90 + 81)

Derrick’s Solution:  You can see only three faces of the large 

cube. I decided to look at smaller size cubes, count cubes I could 

see on each of the faces, and then find patterns that would lead 

me to the answer. I made a table. 

 

 Table 1:   Numbers of Cubes Seen 

n x n x n 

Cubes 

Face A    Face  B   Face C    Total  

2 x 2 x 2 4 2 1 7 

3 x 3 x 3 9 6 4 19 

4 x 4 x 4 16 12 9 37 

5 x 5 x 5 25 20 16 61 

6 x 6 x 6 36 30 25 91 

     

n x n x n n2 n( n – 1) (n – 1)2 3n2 – 3n + 1 

 

I looked at numbers in the columns and saw that: 

 Numbers in A and C are square numbers. 

 Numbers in B are oblong numbers. 

I also saw that: 

 Numbers in A are n
2
 

 Numbers in B are n(n-1) 

 Numbers in C are (n – 1)
2
 

That means that the maximum number of cubes is:  

 

n
2 
+ n (n-1) + (n – 1)

2 

 

For n = 10:  100 + 90 + 81 = 271 cubes. 

 

Cubes in a Box 

Imagine a 10-by-10-by-10 box without a top. 

The box is filled with 1000 unit cubes. 

How many unit cubes are touching the box? 

 

 

 

   

  

 

 

    

 

 

 

Figure 2: Open Box with 1000 Cubes 

  

A 

B 
C 
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Dan’s Solution: I looked at the problem from outside to inside. I 

counted the number of unit cubes touching each side of the box. 

There are 5 box sides: the bottom, and sides, A, B, C, and D. I 

made A and C the front and back, and B and D the left and right. 

 Bottom: 10 x 10, or 100 cubes are touching the bottom of the 

box. 

 For Front and Back, I already counted one edge of cubes from 

the bottom. That leaves 9 x 10, or 90 cubes for the front, and 9 

x 10, or 90 cubes for the back. 

 For Left and Right, I already counted the bottom edge and the 

left edge from the back and the right edge from the front (or 

vice versa). That leaves 8 x 9, or 72 cubes for the left and 8 x 

9, or 72 cubes for the right. 

 That’s a total of 424 cubes. (100 + 90 + 90 + 72 + 72 = 424) 

 

Lesley’s Solution: I looked at the problem from inside to 

outside. I started with the number of cubes in the box, and then 

figured out how many were not touching the box. 

 There are 10 x 10 x 10, or 1000 cubes in the box. 

 There are 8 x 8 x 8, or 512 cubes that are inside the outer layer 

of cubes and so are not touching the box. 

 Because there is no top on the box, there are 8 x 8, or 64 more 

cubes on the top that don’t touch the box. 

 That leaves 1000 – 512 – 64, or 424 unit cubes that are 

touching the box. 

 

Sticky Cubes 

Imagine that you glue together 1000 unit cubes to make a  

10-by-10-by-10 large cube. 

How many unit cubes have glue on: 

3 faces? 4 faces? 5 faces? 6 faces? 

 

Nancy’s Solution: I started by imagining the locations of the 

unit cubes that have glue on 6 faces, then 5 faces, 4 faces, and 3 

faces. 

 6 Faces: These unit cubes can’t have any faces exposed. They 

are not in the outer layer of unit cubes. That’s 8 x 8 x 8, or 512 

cubes that have glue on all of their faces. 

 5 Faces: These unit cubes are in the center of each face of the 

large cube. That excludes the edges. There are 8 x 8, or 64 in 

the center of each of the 6 faces of the large cube. That’s a 

total of 6 x 64, or 384 unit cubes. 

 4 Faces: These unit cubes are in the middle of the 12 edges of 

the large cube –not including the corners. There are 8 on each 

edge, for a total of 12 x 8, or 96 unit cubes. 

 3 Faces: These are the 8 unit cubes on the corners of the large 

cube. 

Check:  512 + 384 + 96 + 8 = 1000 

 

 

 

 

Matt’s Solution: I decided to analyze smaller cubes (I started 

with a 3 x 3 x 3 cube), collect the same type of info on each one, 

and look for patterns that lead to the solution of the large cube. 

The table shows the data I collected. In the table, n is a 

dimension of any “large” cube. 

 

  Table 2: Sticky Cubes Data 

Large Cube 

Dimensions 

Glue 

on 

3 

faces 

Glue on 

4 faces 

Glue on 

5 faces 

Glue 

on 

6 faces 

Total 

Number 

of Cubes 

3 x 3 x 3 8 12•1 = 12 6•12 = 6 13 = 1 27 

4 x 4 x 4 8 12•2 = 24 6•22 = 24 23 = 8 64 

5 x 5 x 5 8 12•3 = 36 6•32 = 54 33 = 27 125 

6 x 6 x 6 8 12•4 = 48 6•42 = 96 43 = 64 216 

      

n x n x n 8 12( n – 2) 6•(n – 2)2 (n – 2)3 n3 

 

I saw that the number of unit cubes with glue on: 

 3 faces is always 8. These are on the corners. 

 4 faces is 12(n-2). These are on the 12 edges. 

 5 faces is 6(n – 2)
2
. These are on the 6 faces. 

 6 faces is (n – 2)
3
.  These are hidden in the center. 

 

So, for the 10 x 10 x 10 cube, there will be:  8 with glue on 3 

faces, 96 with glue on 4 faces, 384 with glue on 5 faces, and 512 

with glue on 6 faces. 

 Check: 8 + 96 + 384 + 512 = 1000. 

 

Conclusion 

The solution approaches presented are examples of the 

different ways our students solved the problems. Providing 

sufficient time for students to think hard and wrestle with the 

challenges is necessary for development of their problem solving 

abilities. Problems for which solution paths are not immediately 

obvious and there are multiple solution approaches are excellent 

for motivating students to make observations, experiment with 

models, and view objects from different perspectives. And, from 

working on these types of problems, students gain greater insight 

into their own problem solving talents and abilities to 

communicate solution strategies to others.   
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Using a Computer Game 

to Advance Achievement in 

Mathematics 
Brooke Hesson 

Ed Anderson 

 

Rovio’s Angry Birds ™ (2009) is a computer game (also 

available for smart phones and tablets) in which a player is 

required to launch a bird from a slingshot and destroy pigs that 

are sitting atop, and sometimes within, various structures. The 

player wins when all pigs have been destroyed. Using a game 

such as Angry Birds ™ with which students have prior 

experience, can increase student engagement and allow for 

insightful student-led discussions about mathematical discoveries 

made during game play. We used images from Angry Birds ™ to 

help students develop deeper understanding of quadratics by 

discovering how the roots and vertex determine the shape of the 

parabola as well as the equation that defines it. 

The Common Core State Standards for Mathematics (NGA 

& CCSSO, 2010) states that second year Algebra students should 

gain greater insight into 1) understanding the relationship 

between roots and factors of polynomials (A-APR 2) and 2) 

creating equations with two variables (A-CED 2). In the 

following activity, both of these are addressed as students 

identify the factors of a parabolic trajectory given the zeros, and 

then create a quadratic equation using those zeros and the vertex.  

At an early stage in understanding parabolas, students must 

be able to find the vertex and opening direction of a parabola 

from the standard form of the equation  2  y ax bx c  and 

from its graphical representation. They also should be proficient 

in “completing the square” to derive the parabola formula in 

vertex form   2
  y a x h k . And they must understand the 

relationship between the vertex and the axis of symmetry. It is 

important that students keep these ideas in mind as they work 

through this activity, since the data collected using the vertex and 

roots will be used to create equations in the final discussion 

stage. 

 

Activity 

To begin, give students a worksheet with images of a bird 

being launched to destroy its piggy targets and the parabolic 

trajectory that is created. On each image, locate and label the 

point of origin (See Sample Worksheet). If you choose not to 

label the origin on a few of the images, you may want to have a 

classroom discussion as to possible placement of the origin. This 

is vital for correctly identifying characteristics of each of the 

parabolas. Along with the images, give each student an overhead 

transparency with a printed x-y coordinate plane. Students use 

the transparency to identify the coordinates of the vertex and 

roots, as well as the axis of symmetry for each trajectory image 

on the worksheet. Have students record these data next to each 

image for later reference. At this point, students need only the 

vertex and roots to move on to the discussion phase of the 

activity. 

 

Discussion 

Once students have completed the images worksheet, lead a 

discussion using questions like these: 

 What are the roots and vertex for each of the parabolas? Are 

some of your answers different? Why?  

 Based on these trajectories, what must be true about the 

squared term in all equations representing the parabolas? How 

do you know? 

 The equation representing one of the trajectories contains the 

factors (   ) and (   ). Which one? How do you know? 

 What is the parabolic equation modeled by the path of the 

Angry Bird ™? With the data (vertex and roots) gathered from 

each image, have students, in groups of three, develop the 

equation that represents the trajectory. You may need to 

emphasize the vertex and root form for the parabola:  

(  
2

  y a x h k ). Give each group a whiteboard or large 

piece of paper to record their collaborative work before 

presentation to other groups. It is quite likely that the students 

will generate various forms of an equivalent equation. 

The main focus of the activity is to develop the parabolic 

equation modeled by the flight of the Angry Bird ™. It may be 

helpful to post this goal and corresponding equations on the 

board. The process may be lengthy, so be sure to allow sufficient 

time for exploration. Once a method for creating an equation has 

been developed and shown to be mathematically sound, direct 

students to create equations for the remaining bird trajectories on 

the images worksheet.  

This activity can be used as an introduction to demonstrate 

the relationship between the graphs of parabolas and their 

equations. A good extension activity would involve students 

collecting pictures of parabolic shapes and developing equations 

to represent them. This will help to reinforce student recognition 

of the abundance of geometric shapes around them. Your 

students may see Angry Birds ™ not only as a game, but also as 

a mathematical study of parabolas. 
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Sample Worksheet 

Directions: Use the coordinate plane to identify the vertex and 

zeros for each trajectory.  The origins in images #1 and #2 have 

been marked with dots to assist you.  

Coordinate Plane: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  1.    Vertex:  

       Roots/Zeros:    

Solution:  

Vertex: (2,5)    Roots: (-3,0) (7,0)       

Equation: 𝑓(𝑥)   
 

5
(𝑥   )    or equivalent forms 

 

 

2.    Vertex:  

       Roots/Zeros: 

   

Solution:  

Vertex: (5,4)    Roots: (1,0) (9,0)      

Equation: 𝑓(𝑥)   
 

4
(𝑥   )  4 or equivalent forms 

                    

 

#1 

#2 
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My Opinion 

The Common Core State 

Standards: 
Challenges and Opportunities! 

James Burnett 

The NGA and CCSSO Common Core State Standards (NGA 

& CCSSO, 2010) are a monumental achievement for schools in 

the United States. Educators around the country are hard-at-work 

interpreting the document and endeavoring to translate it into 

classroom practice. In addition to the usual difficulties of 

interpretation, education leaders face numerous challenges 

finding ways to assist teachers in the implementation of both the 

content and intent of the Standards. With each of these 

challenges, I see great opportunities – opportunities to improve 

student learning and achieve all that the writers of the Common 

Core intended. Although this essay treats each challenge 

separately, they are interrelated. 

 

Challenge and Opportunity #1 

Technology has changed the way students acquire and learn 

information. Teachers are engaging students by incorporating 

computers, mobile devices and interactive whiteboards into their 

daily instruction. Despite these technological advances and their 

implementation, teaching practices in the United States have 

remained virtually unchanged for nearly a century. Extensive 

practice of demonstrated procedures dominates the mathematics 

classroom. We must give greater emphasis to conceptual 

understanding and focus less on procedures. 

As an employer, I do not look for employees who are 

efficient with multiplication or division algorithms. Technology 

will always be able to do these procedures faster and with greater 

accuracy. It is more important to me that employees know how to 

think for themselves and be able to solve our business problems. 

The power and efficiency of mental strategies far out-weighs 

formal algorithms.  

To prepare students to compete in the global market we need 

to change the way we teach. I see the opportunity to teach 

today’s students “how” to think rather than focusing on “what” to 

think as was the case in years past. 

 

Challenge and Opportunity #2  

Decreased revenue has led states and local municipalities to 

cut education funding. This happened at the same time that the 

CCSS recommended that school districts transform their 

mathematics programs. 

To accomplish the shift to new content and pedagogy in 

concert with the CCSS, schools must be supported with new 

resources that are not only significantly more cost-effective, but 

also rely heavily on school investments in technology.  

Challenge and Opportunity #3 

There is no proven positive correlation between money spent 

on classroom mathematics resources and student achievement. 

However, there is evidence that effective teaching can mean the 

difference in a full grade level of learning for struggling students.  

Districts nationwide are dealing with tight budgets, yet they 

still need to find a way to provide effective professional 

development. The traditional model of hosting workshops 

sporadically should be abandoned. The smarter approach is to 

leverage existing technology, offer professional development 

online, and embed it into teachers’ daily work. Professional 

learning should address the content and pedagogical knowledge 

teachers need to honestly implement the Common Core State 

Standards and facilitate the much sought after change. 

Challenge and Opportunity #4 

The Common Core was intended to make us rethink how 

mathematics is taught. Many educators are concerned about 

existing core math programs that are being rebadged “CCSS 

Edition.” It’s disappointing to think that students might transition 

into a world of the Common Core without noticing the slightest 

difference. Textbook developers have yet to recognize that the 

CCSS are radically different from their predecessors. If we 

rehash existing products then we will simply get what we have 

always gotten, and miss one of the greatest opportunities to bring 

about significant improvement in mathematical understanding. 

The CCSS for mathematics is a very good document. It 

shifts the focus from procedures to conceptual understanding. 

Teachers will need cost-effective professional learning that is 

sustained and embedded in their daily instruction. They will also 

need resources that are honestly written to address both the 

content and intent of the Common Core. 
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